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is a difficult stochastic, integer, nonlinear program-

ming problem. In general, the objective function and

constraints of the problem are not available in closed-

form. An approximation formula for predicting the
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two-moment approximation formula involving the ex-

pressions for M/M/1/K systems. The closed form

expressions of M/M/1/K and M/G/1/K systems are
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1 Introduction

In almost all real physical systems, finite buffers ex-
ist. For example, in manufacturing systems, there is
limited waiting room between workstations in assembly
lines, material handling systems, and cellular manufac-
turing cells. In telecommunication systems, there are
finite capacity telephone lines, computer networks, and
capacitated ATM switches. Finally, in service systems
such as facilities, there are limited circulation systems
(elevators, stairways, and corridors), capacitated activity
spaces, and finite storage areas. In all these system ap-
plications, it is crucial to compute the performance mea-
sures of these systems with finite buffers. It is also im-
portant to determine the optimal configuration of these
systems with these finite buffers in mind. Any way in
which this optimization process can be facilitated would
be a great boost to the applications.

1.1 Motivation

One of the principal reasons for this paper is to de-
velop closed form expressions for the blocking probability
in general finite queueing networks. These closed form
expressions would then be very useful in both analytical
and simulation modelling of these general finite queue-
ing systems. Finally, these closed form expressions can
quickly generate buffer allocation solutions to complex
topologies involving series, merge, and splitting topolo-
gies such as those in Figure 1.

1.2 Outline of Paper

In Section 2 an overview of the BAP is given and the
focus is presented with which this paper is concerned.
In Section 3, the mathematical model of the closed form
expression for the optimal buffer size in M/M/1/K sys-
tems is examined and the approximation formula for
M/G/1/K systems is developed. In Section 4, the Ex-
pansion Method is explained and its use in computing
optimal buffer allocations for series, merge, and splitting
topologies is shown in Section 5. Finally, Section 6 con-
cludes the paper.

DocNum 1 . 2. 0. 0



Networks, Buffer Allocation Problem typeset May 18, 2004 Smith & Cruz

series

. . .

. . .

.

.

.

.

.

.

. . .

. . .

oo Kn

K7

K8

K6K5

K3

K2

K1

K4

merge

λ θ

split
. . .

Figure 1: Example queueing network topology.

2 Buffer Allocation Problem (BAP)

For the sake of the argument, the BAP is concerned
with how many buffer spaces must be provided so that
the loss/delay blocking probability will be below a spe-
cific threshold. In particular, it can be argued that the
BAP in its simplest form is to find the smallest integer
K ≥ 0 for which the blocking probability pK ≤ ε for any
acceptable threshold level ε ∈ (0, 1). For the most part,
we will assume that the system utilization ρ < 1 since if
ρ ≥ 1 there may not exist an optimal value of K [24].
This aspect will be demonstrated in the experimental
part of this paper.

2.1 Problem Formulation

If we have more than one finite queue in a network of
queues, the topology of the queueing network can become
a difficult problem to model because of the interdepen-
dence of the blocking of one workstation upon another.
For the most general case in a network of queues, the
BAP is perhaps best formulated as a nonlinear multiple-
objective programming problem where the decision vari-
ables are the integers. Not only is the BAP an NP-hard
combinatorial optimization problem [8], it is made all the
more difficult from a practical point-of-view by the fact
that the objective function is not obtainable in closed
form to inter-relate the integer decision variables x and
the performance measures such as throughput Θ, work-
in-process L, total buffers allocated

∑

i xi, and other sys-
tem performance measures such as system utilization ρ
for any but the most trivial situations. Because we can-
not obtain the problem in closed form, then derivative
based methods would go through numerical computation
of gradients and Hessians which is beyond the scope of
this paper.
In this paper, we will consider the following type of

optimization problem:

primal:

min f(x) =
∑

i

cixi (1)

s.t.:

Θi(x) ≥ Θmini , ∀i, (2)

xi ≥ 0, ∀i, (3)

that minimizes the allocation cost
∑

i cixi, constrained

to provide minimum throughput Θmini . In the above

formulation Θmini is a threshold throughput value and
xi is the buffer decision variable. While the above for-
mulation resembles a linear programming problem, the
buffer allocation in the objective function is not explic-
itly modelled, since Θi(x) is a complex function of the
arrival, service rates, traffic intensity, and other param-
eters and variables in the queueing system.
Another problem which is essentially the dual of the

primal is given by:
dual:

max g(w) =
∑

i

Θmini wi (4)

s.t.:
∑

j

Θj(x
∗)wj ≤

∑

i

cix
∗
i , (5)

wj ≥ 0, ∀j, (6)

which finds the dual prices wj such that the overall in-
come is maximized subject to the constraint that no more
money

∑

j Θj(x
∗)wj is spent in the design

∑

j cix
∗
i . This

will result in the most economical buffer allocation x∗

which will balance the design cost ci and the per unit
throughput wj . We certainly could view wj also as fixed

prices instead and the threshold throughput Θminj as a
decision variable. In such a case, the problem would be

of maximizing the profit
∑

j wjΘ
min
j subject to a max-

imum budget
∑

j wjΘ
min
j ≤∑

j wjΘ(x
∗) = B. In both
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cases again, one must remember that Θ(x) is not avail-
able in closed-form to relate x with the system parame-
ters and other design variables.

Maximize

Throughput

Minimize Total

Buffers

Noninferior

Set

Tradeoff

Curve

Figure 2: Pareto tradeoff curve.

Rather than select either the primal or the dual prob-
lem, what we shall do in this paper is generate an approx-
imation to the non-inferior set of solutions for the two
objectives which are maximizing throughput and mini-
mizing the total buffer allocation. It is felt that examin-
ing the non-inferior set of solution through tradeoffs of
the two objectives is both insightful and practical. Fig-
ure 2 gives one an indication of the approach we shall
take.

2.2 Literature Review

The literature on the BAP can be generally broken
down into one of four general methodological approaches:
Dynamic Programming, Search Methods, Metaheuristics
and Simulation Methods. The area of metaheuristics in
the BAP is just beginning to bear fruit.

Dynamic Programming is a logical and very power-
ful approach to the BAP problem as it takes an essen-
tially complex, non-closed form objective function and
proceeds to allocate buffers to the stages of the network
topology in the very natural way in which dynamic pro-
gramming is designed to perform. The performance mea-
sures utilized in dynamic programming, however, may
have to make certain restrictive assumptions in order to
effectively compute the performance measure of the net-
work topology.

The disadvantage with dynamic programming is in
the exponential growth in the number of solution stages
and states which thus requires an exponential amount of
memory and consequently limits its applicability to small
network topologies with few buffer alternatives.

Search Methods on the other hand tend to resolve the
exponential explosion in the number of alternative buffer
vectors by quickly sifting through the many alternative
buffer vectors to discover those which yield close to op-
timal results.

Their main disadvantage is that often very restrictive
assumptions must be made with the performance mea-
sures, and, even then, approximate performance models
must be used in order to make the search process effec-
tive, thus, trading off accuracy in the performance mea-
sures for searching the buffer alternatives.

Metaheuristics are related to search methods but use
a series of more general rules to search for feasible so-
lutions to problems and eventually close in on the op-
timal solution. Typical solution techniques in this area
include simulated annealing, tabu search, and genetic al-
gorithms. Their chief advantage over traditional search
methods is that they can jump over local optimal solu-
tions in search of the global optimal ones. Their main
disadvantage is that they often do not utilize the special
structure of the problem which may be available in the
objective function and constraints to guide their search
and thus, have to “tune-up” to produce solutions to a
specific problem type.

Simulation Methods on the other hand represent an
attempt to capture the performance measures for a wide
range of robust assumptions (probability distributions)
which allow it to be a very general method indeed.

However, its generality may make the search process
for the optimal vector either impossible or severely lim-
iting because the computation times become prohibitive.
Actually, it is the very nature of the inter-dependencies
in the multi-variable optimization process of the BAP
which creates difficulties in the use of simulation meth-
ods.

Figure 3 illustrates a sampling of some of the ap-
proaches to the BAP over the years, with appropriately
cited references. If some references have been left out in
this diagram, it is certainly not for exclusionary reasons,
but for the sake of brevity and conciseness.

For a recent compendium of some of the newest liter-
ature on this topic, one is encouraged to review the new
material in Smith, Gershwin, and Papadopoulos [34].

3 Mathematical Models

In this section of the paper, we will develop our closed
form expression for M/M/1/K and M/G/1/K systems.
We will first develop the closed form expression for re-
lating the optimal buffer size as a function of the block-
ing probability and the system utilization. Then we will
develop an approximation for the blocking probability
in M/G/1/K systems that builds upon the formula for
the M/M/1/K system. This is claimed to be a novel
approach since most approximations are based upon in-
finite queueing systems rather than finite ones. First,
some convenient notation to guide the reader.

3.1 Notation

The following section presents some of the notation we
need for the paper.
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BAP

Dynamic
Programming

Series Topologies

M/M/1 Kubat and Sumita, 1985 [20]

Yamashita and Suzuki, 1987 [41]

Jafari and Shantikumar, 1989 [16]

M/G/1/K Yamashita and Altiok, 1995 [43]

General Topologies Yamashita and Onvural, 1992[42]
. . .

Search
Methods

Series Topologies

M/M/1/K Altiok and Stidham, 1983 [1]

M/Ek/1/K Hillier and So, 1991 [13]

M/D/1/K , M/M/1/K Seong et.al. 1994 [29]
. . .

General Topologies
M/M/1/K Smith and Daskalaki, 1988 [31]

M/M/1/K Smith and Chikhale, 1995 [32]

Metaheuristics
Series Topologies

M/M/c/K Simulated Annealing Spinellis, Papadopolous, Smith [36]

Tabu Search

Genetic Algorithms

General Topologies

Simulation
Methods

Series Topologies

Soyster, Schmidt, and Rohrer, 1979 [35]

Ho, Eyler and Chien, 1979 [15]

Conway, Maxwell, and Miller, 1988 [5]

Powell, 1992 [27]; Harris and Powell, 1999 [11]

General Topologies Baker, Powell, and Pike, 1990 [2]
. . .

Figure 3: Morphological diagram of BAP approaches.

a2 := squared coefficient of variation of the arrival
process.

λi := external Poisson arrival rate at node i.

µj := exponential mean service rate at node j.

ε ∈ (0, 1) := threshold for the blocking probability.

ρi = λi/µi := the traffic intensity at node i.

Kj := buffer capacity at node j including those in
service.

pK := blocking probability of finite queue of size K.

s2 := squared coefficient of variation of the service
process.

Θ := mean throughput rate.

3.2 M/M/1/K Systems

The blocking probability for an M/M/1/K system
with ρ < 1 is well-known:

(1− ρ)ρK

1− ρK+1
= pK

If we relax the integrality of K, we can express K in
terms of ρ and pK and arrive at a closed-form expression
for the buffer size which is the largest integer as follows:

K =

⌈

ln( pK
1−ρ+pKρ

)

ln(ρ)

⌉

This is a very useful formula for determining the buffer
size K of an individual queue.

What also is interesting about the formula is illus-
trated in Figure 4 which shows the smooth monotonic
nature of the function over the range of ρ and pK . The
general range of the function for all values of ρ, pK is
in Figure 4 and the specific function values for K in the
range of most practical interest is in Figure 4 on the
bottom.

In a previous paper [33], we showed that the closed
form expression for the optimal buffers was not a con-
vex function over the entire range of the variation of pK
and ρ. This implies that only local optimal solutions are
possible. This local optimality feature is reflected in the
results we are able to achieve in this paper as we shall
demonstrate in Section 5.

DocNum 4 . 3. 3. 0



Networks, Buffer Allocation Problem typeset May 18, 2004 Smith & Cruz

0

0.2

0.4

0.6

0.8

1

pk

0

0.2

0.4

0.6

0.8

1

rho

0
20
40
60
80

100
120
140
160
180
200
220
240

m/m/1/k buffer size

0.001

0.002

0.003

0.004

0.005

pk

0.88

0.9

0.92

0.94

0.96

0.98

rho

20
40
60
80

100
120
140
160
180
200
220
240

buffer size

Figure 4: M/M/1/K function properties.

3.3 Non-Markovian Systems

In principle, for the M/G/1/K system, one could de-
velop the blocking probability for fixed K and all the
other probabilities, but this would be tedious and not as
useful when it comes to modelling the design of queueing
networks with varying buffer sizes, see Chapter 5 §5.1.8
in Gross and Harris [10].

3.4 Different approximations

There are numerous other approximations for the
blocking probability possible for M/G/1/K systems.
One survey article by Springer and Makens [37] analyzes
in some detail five approximation formula and concludes
that the formula by Gelenbe is the most accurate and
robust. In the following analysis, we shall examine this
closed-form approximation formula, and, as in the pre-
vious paper [33], examine the monotonic nature of the
blocking probability. There are other buffer allocation

approximations [23, 24, 38, 44] that could be analyzed,
and we will include in particular the approximations of
Tijms and Kimura, and compare then with Gelenbe’s in
Subsection 3.7 of the paper. The Tijms and Kimura’s
approximations are not closed-form but are very accu-
rate.

3.5 Gelenbe’s Formula

Gelenbe’s formula is based on approximating the dis-
crete queueing process as a continuous diffusion process.
The blocking probability from Gelenbe’s equation with
squared arrival and service process coefficient of varia-
tion is given by the following equation [9] where a2 and
s2 are respectively the squared coefficient of variations
of the arrival and service processes:

λ (µ− λ) e
−2

(µ−λ)(k−1)

λ a2+µs2

(

µ2 − λ2e
−2

(µ−λ)(k−1)

λ a2+µs2

) = pK .

The closed-form expression derivable for K from Ge-
lenbe’s formula is the following:

K = 1/2
2λ− 2µ+ ln( pKµ2

λ(−λ+µ+pKλ)
)λa2 + ln( pKµ2

λ(−λ+µ+pKλ)
)µs2

(λ− µ)
.

If we assume we have a Markovian system, then a2 =
s2 = 1 and we get the function whose graph is illustrated
at the top in Figure 5. Further, if we set a2 = 1, s2 = 0
we get a monotonic function that is indicated on the
bottom in Figure 5. The Markovian approximation is
very accurate, while the M/D/1/K is not as accurate
an approximation, even though the order of magnitude
reduction in the buffer size which is roughly 2 is quite ac-
curate. This assessment of Gelenbe’s formula essentially
agrees with the assessment of Springer and Makens [37].
The smooth monotonic nature of the M/G/1/K ap-

proximation is an important property that should be
shared by all approximations.

3.6 M/G/1/K Approximation Development

Let us now develop our closed form expression for
the blocking probability which is based on Kimura’s for-
mula for the buffer size. In order to describe Tijm’s and
Kimura’s approximations, an additional bit of notation
is needed at this point in the paper. Let us define Kε(M)
as the Markovian expression for the optimal buffer size
as a function of the blocking probability and the thresh-
old, pK(ε). Also, Kε(D) is the expression of the optimal
buffer size as a function of a deterministic service process.

3.7 Two-moment Approximation Schema

Tijm’s two-moment approximation [6, 38, 40] relies on
a weighted combination of an exact (if available) expres-
sion of theM/M/1/K blocking probability as well as the
blocking probability of the M/D/1/K formula:
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Figure 5: Gelenbe’s M/M/1/K on top and M/D/1/K
expression on bottom.

KT
ε (s

2) = s2Kε(M) + (1− s2)Kε(D).

Of course, if exact expressions are available for both for-
mulas, then Tijm’s approximation is exact for the two
extreme cases. His approximation has been shown to be
very good, and we shall corroborate his results.
Kimura, on the other hand, has also a two-moment

approximation that turns out to be a little simpler and
is the one we shall build upon since it utilizes Markovian
approximations as its basis. His expression is:

K̃ε(s
2) = Kε(M) + NINT

(

1/2(s2 − 1)√ρKε(M)
)

.

where NINT is the nearest integer. An important ob-
servation about Kimura’s expression is that his formula
estimates the pure buffer without the space for the cus-

tomers in service, while Tijm’s formula is more general
and includes those in service.
Rather than simply use Kimura’s expression, we shall

substitute the formula for the optimal buffer size of the
M/M/1/K system and relax the integrality of K to
yield the following closed-form expression for the opti-
mal buffer size for M/G/1/K systems.
Let us repeat for clarity the formula for the optimal

buffer size for the M/M/1/K formula:

K =
ln( pK

1−ρ+pK ρ
)

ln(ρ)
.

Here, we add Kimura’s expression for the approximation
of the optimal buffer size based on his two-moment ap-
proximation formula. It is important to note here that
we subtract the space for the server in each of the two
terms of Kimura’s formula in order to estimate the true
buffer space in the queue:

(

ln(
pK

1− ρ+ pK ρ
) (ln(ρ))

−1 − 1
)

+1/2
(

s2 − 1
)√

ρ

(

ln(
pK

1− ρ+ pKρ
)(ln(ρ))−1 − 1

)

.

Now we factor the terms of the above expression to give
the following simplified expression for the optimal buffer
size in M/G/1/K formulas:

(

ln( pK
1−ρ+pK ρ

)− ln(ρ)
)

(

2 +
√
ρs2 −√ρ

)

2 ln(ρ)
.

If s2 = 1, then the formula yields the same expression as
for the M/M/1/K formula, when we subtract the space
for the server.
As an added side benefit for developing the closed form

expression for the optimal buffer, if we invert the last
expression we can obtain the blocking probability for the
M/G/1/K system as:

pK =
ρ

(

2+
√
ρs2−√ρ+2K

2+
√
ρs2−√ρ

)

(−1 + ρ)
(

ρ

(

2
2+

√
ρs2−√ρ+K

2+
√
ρs2−√ρ

)

− 1
) .

In order to test the efficacy of the blocking probabil-
ity formula a small set of experiments are performed
comparing our approximation with Gelenbe’s and the
M/M/1/K model and exact results from Seelen, Ti-
jms, and Van Hoorn [28] for an M/G/1/K model with
s2 = 0.50, see Tables 1–5 and the resulting Figures 6–8.
The results from Table 1 are due to the fact that this
first experiment is just an Erlang loss model, so all the
approaches should yield the same results which they in-
deed do. The results of our new formula in the other
tables when compared to Gelenbe’s are surprisingly ac-
curate, especially in the ρ < 1 values and in relation to
the growth of the blocking probability values over the
range of the parameters. Gelenbe’s formula does better
in ρ ≥ 1.50, however, this is beyond the range of ρ we
feel is most appropriate to consider.
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Table 1: Comparison of pK formulas.
K=1, s2=0.50

ρ new M/M/1/K gelenbe exact
0.10 0.090909 0.090909 0.090909 0.090909
0.20 0.166667 0.166667 0.166667 0.166667
0.30 0.230769 0.230769 0.230769 0.230769
0.40 0.285714 0.285714 0.285714 0.285714
0.50 0.333333 0.333333 0.333333 0.333333
0.60 0.375000 0.375000 0.375000 0.375000
0.70 0.411765 0.411765 0.411765 0.411765
0.80 0.444444 0.444444 0.444444 0.444444
0.90 0.473684 0.473684 0.473684 0.473684
1.10 0.523810 0.523810 0.523810 0.523810
1.20 0.545455 0.545455 0.545455 0.545455
1.30 0.565217 0.565217 0.565217 0.565217
1.50 0.600000 0.600000 0.600000 0.600000
1.70 0.629630 0.629630 0.629630 0.629630
1.90 0.655172 0.655172 0.655172 0.655172

Table 2: Comparison of pK formulas.
K=2, s2=0.50

ρ new M/M/1/K gelenbe exact
0.10 0.00739 0.009009 0.00053 0.00698
0.20 0.02630 0.032258 0.00458 0.02576
0.30 0.05323 0.064748 0.01659 0.05316
0.40 0.08543 0.102564 0.03886 0.08629
0.50 0.12072 0.142857 0.07055 0.12281
0.60 0.15746 0.183673 0.10894 0.16087
0.70 0.19446 0.223744 0.15102 0.19917
0.80 0.23089 0.262295 0.19425 0.23676
0.90 0.26619 0.298893 0.23687 0.27306
1.10 0.33214 0.365559 0.31637 0.34047
1.20 0.36251 0.395604 0.35238 0.37132
1.30 0.39111 0.423559 0.38577 0.40032
1.50 0.44312 0.473684 0.44503 0.45251
1.70 0.48873 0.516995 0.49537 0.49804
2.00 0.54678 0.571429 0.55728 0.55556

As one final set of experiments, Figure 8 illustrates
the performance of the new probability model when the
squared coefficient of variation s2 = 2 and the buffer sizes
range from K = 2, 3, 6, 11. For the buffer size K = 1 and
s2 = 1/2, all models have the same results as K = 1
and s2 = 1/2. Again, as can be seen in Figure 8, the
new model does remarkably well as compared with Ge-
lenbe’s formula, the M/M/1/K lower bound, and sim-
ulation. Since we had no exact blocking probability re-
sults, we simulated the system with a Gamma random
variable and 200,000 simulated time units to approach
steady state. ARENA was the simulation language em-
ployed.

Given confidence in the accuracy of the blocking prob-
ability formula, we want to embed it in an optimization
process to search for the optimal buffer sizes. Let us now
discuss the algorithmic process for doing this.

4 Algorithm

The Expansion Method is a robust and effective
approximation technique developed by Kerbache and
Smith [18]. As described in previous papers, this method
is characterized as a combination of repeated trials

Table 3: Comparison of pK formulas.
K=3, s2=0.50

ρ new M/M/1/K gelenbe exact
0.10 0.00061 0.000900 0.00000 0.00049
0.20 0.00427 0.006410 0.00013 0.00378
0.30 0.01297 0.019054 0.00129 0.01210
0.40 0.02772 0.039409 0.00600 0.02677
0.50 0.04867 0.066667 0.01768 0.04811
0.60 0.07523 0.099265 0.03865 0.07551
0.70 0.10635 0.135413 0.06893 0.10777
0.80 0.14074 0.173442 0.10650 0.14342
0.90 0.17711 0.211980 0.14852 0.18098
1.10 0.25132 0.286792 0.23583 0.25699
1.20 0.28750 0.321908 0.27776 0.29369
1.30 0.32232 0.355099 0.31735 0.32880
1.50 0.38675 0.415385 0.38838 0.39323
1.70 0.443553 0.467771 0.44870 0.44955
2.00 0.51508 0.533333 0.52206 0.52000

Table 4: Comparison of pK formulas.
K=6, s2=0.50

ρ new M/M/1/K gelenbe exact
0.10 0.00000 0.000001 0.00000 0.00000
0.20 0.00002 0.000051 0.00000 0.00001
0.30 0.00020 0.000510 0.00000 0.00013
0.40 0.00104 0.002462 0.00002 0.00081
0.50 0.00373 0.007874 0.00032 0.00322
0.60 0.01026 0.019200 0.00218 0.00949
0.70 0.02322 0.038462 0.00912 0.02245
0.80 0.04484 0.066342 0.02633 0.04456
0.90 0.07596 0.101867 0.05711 0.07653
1.10 0.16039 0.186732 0.15002 0.16255
1.20 0.20778 0.231187 0.20198 0.21023
1.30 0.25484 0.274518 0.25232 0.25723
1.50 0.34150 0.354055 0.34207 0.34329
1.70 0.41457 0.422050 0.41574 0.41569
2.00 0.50059 0.503937 0.50147 0.50108

and node-by-node decomposition solution procedures.
Methodologies for computing performance measures for
a finite queueing network use primarily the following two
kinds of blocking:

1. Type I: The upstream node i gets blocked if the ser-
vice on a customer is completed but it cannot move
downstream due to the queue at the downstream
node j being full. This is sometimes referred to as
blocking after service (BAS) [25].

2. Type II: The upstream node is blocked when the
downstream node becomes saturated and service
must be suspended on the upstream customer re-
gardless of whether service is completed or not. This
is sometimes referred to as blocking before service
(BBS) [25].

The Expansion Method uses Type I blocking, which is
prevalent in most production and manufacturing, trans-
portation and other similar systems.
Consider a single node with finite capacity K (includ-

ing service). This node essentially oscillates between two
states — the saturated phase and the unsaturated phase.
In the unsaturated phase, node j has at most K− 1 cus-
tomers (in service or in the queue). On the other hand,
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Table 5: Comparison of pK formulas.
K=11, s2=0.50

ρ new M/M/1/K gelenbe exact
0.10 0.00000 0.000000 0.00000 0.00000
0.20 0.00000 0.000000 0.00000 0.00000
0.30 0.00000 0.000001 0.00000 0.00000
0.40 0.00001 0.000025 0.00000 0.00000
0.50 0.00006 0.000244 0.00000 0.00004
0.60 0.00043 0.001454 0.00002 0.00034
0.70 0.00232 0.006015 0.00038 0.00208
0.80 0.00937 0.018448 0.00356 0.00901
0.90 0.02840 0.043732 0.01843 0.02828
1.10 0.11762 0.133421 0.11194 0.11848
1.20 0.17663 0.187721 0.17434 0.17743
1.30 0.23430 0.241118 0.23365 0.23486
1.50 0.33376 0.335922 0.33382 0.33394
1.70 0.41182 0.412473 0.41187 0.41187
2.00 0.50000 0.500122 0.50002 0.50001

when the node is saturated no more customers can join
the queue. Refer to Figure 9 for a graphical representa-
tion of the two scenarios.
The Expansion Method has the following three stages:

• Stage I: Network Reconfiguration.

• Stage II: Parameter Estimation.

• Stage III: Feedback Elimination.

The following additional notation defined by Kerbache
and Smith [18, 17] shall be used in further discussion
regarding this methodology :

h := the holding node established in the Expansion
Method.

λ̃j := effective arrival rate to node j.

µ̃j := effective service rate at node j due to block-
ing.

p′K :=feedback blocking probability in the Expan-
sion Method.

4.1 Stage I: Network Reconfiguration

Using the concept of two phases at node j, an artifi-
cial node h is added for each finite node in the network
to register blocked customers. Figure 9 shows the ad-
ditional delay, caused to customers trying to join the
queue at node j when it is full, with probability pK . The
customers successfully join queue j with a probability
(1− pK). Introduction of an artificial node also dictates
the addition of new arcs with pK and (1 − pK) as the
routing probabilities.
The blocked customer proceeds to the finite queue with

probability (1 − p′K) once again after incurring a delay
at the artificial node. If the queue is still full, it is re-
routed with probability p′K to the artificial node where it
incurs another delay. This process continues till it finds a
space in the finite queue. A feedback arc is used to model
the repeated delays. The artificial node is modelled as
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Figure 6: pK comparisons K = 1, 2, s2 = 1/2.

an M/M/∞ queue. The infinite number of servers is
used simply to serve the blocked customer a delay time
without queueing.

4.2 Stage II: Parameter Estimation

This stage essentially estimates the parameters pK , p
′
K

and µh utilizing known results for theM/M/c/K model.

• pK : Utilizing our analytical results for the
M/G/1/K model provides the following expression
for pK :

pK =
ρ

(

2+
√
ρs2−√ρ+2K

2+
√
ρs2−√ρ

)

(−1 + ρ)
(

ρ

(

2
2+

√
ρs2−√ρ+K

2+
√
ρs2−√ρ

)

− 1
) .

• p′K : Since there is no closed form solution for this
quantity an approximation is used given by La-
betoulle and Pujolle obtained using diffusion tech-
niques [22]:

p′K =

[

µj + µh
µh

−

λ[(rK2 − rK1 )− (rK−1
2 − rK−1

1 )]

µh[(r
K+1
2 − rK+1

1 )− (rK2 − rK1 )]

]−1

,

where r1 and r2 are the roots to the polynomial:

λ− (λ+ µh + µj)x+ µhx
2 = 0,
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Figure 7: pK comparisons K = 3, 6, 11, s2 = 1/2.

while, λ = λj−λh(1−p′K) and λj and λh are the ac-
tual arrival rates to the finite and artificial holding
nodes respectively. Labetoulle and Pujolle [22] il-
lustrate in their paper a comparison of their method
for computing p′K with an Erlang service system and
an hyperexponential system and it is shown that the
calculation for p′K is very reasonable for these gen-
eral service systems. Given these results, we felt
comfortable in applying p′K for the general service
situation.

In fact, the arrival rate to the finite node λj is given
by:

λj = λ̃i(1− pK) = λ̃i − λh.

Let us examine the following argument to determine
the service time at the artificial node. If an arriv-
ing customer is blocked, the queue is full and thus a
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Figure 8: pK comparisons K = 2, 3, 6, 11, s2 = 2.
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Figure 9: Type I blocking in finite queues.

customer is being serviced, so the arriving customer
to the holding node has to remain in service at the
artificial holding node for the remaining service time
interval of the customer in service. The delay distri-
bution of a blocked customer at the holding node has
the same distribution as the remaining service time
of the customer being serviced at the node doing
the blocking. Using renewal theory, one can show
that the remaining service time distribution has the
following rate µh:

µh =
2µj

1 + σ2jµ
2
j

,

where, σ2j is the service time variance given by Klein-
rock [19]. Notice that if the service time distribution
at the finite queue doing the blocking is exponential
with rate µj , then:

µh = µj ,

i.e. the service time at the artificial node is also
exponentially distributed with rate µj . When the
service time of the blocking node is not exponential,
then µh will be affected by σ

2
j .

4.3 Stage III: Feedback Elimination

Due to the feedback loop around the holding node,
there are strong dependencies in the arrival processes.
Elimination of these dependencies requires reconfigura-
tion of the holding node which is accomplished by re-
computing the service time at the node and removing
the feedback arc. The new service rate is given by

µ′h = (1− p′K)µh.

The probabilities of being in any of the two phases
(saturated or unsaturated) are pK and (1 − pK). The
mean service time at a node i preceding the finite node

is µ−1
i when in the unsaturated phase and (µ−1

i + µ′−1
h )

in the saturated phase. Thus, on an average, the mean
service time at the node i preceding a finite node is given
by

µ̃−1
i = µ−1

i + pKµ
−1
h .

Similar equations can be established with respect to
each of the finite nodes. Ultimately, we have simultane-
ous non-linear equations in variables pK , p

′
K , µ

−1
h along

with auxiliary variables such as µj and λ̃i. Solving these
equations simultaneously we can compute all the perfor-
mance measures of the network:

λ = λj − λh(1− p′K) (7)

λj = λ̃i(1− pK) (8)

λj = λ̃i − λh (9)

p′K =

[

µj + µh
µh

− λ[(rK2 − rK1 )− (rK−1
2 − rK−1

1 )]

µh[(r
K+1
2 − rK+1

1 )− (rK2 − rK1 )]

]−1

(10)

z = (λ+ 2µh)
2 − 4λµh (11)

r1 =
[(λ+ 2µh)− z

1
2 ]

2µh
(12)

r2 =
[(λ+ 2µh) + z

1
2 ]

2µh
(13)

pK =
ρ

(

2+
√
ρs2−√ρ+2K

2+
√
ρs2−√ρ

)

(−1 + ρ)
(

ρ

(

2
2+

√
ρs2−√ρ+K

2+
√
ρs2−√ρ

)

− 1
) (14)

Equations 7 to 10 are related to the arrivals and feed-
back in the holding node. The equations 11 to 13 are
used for solving equation 10 with z used as a dummy pa-
rameter for simplicity of the solution. Lastly, equation 14
gives the approximation to the blocking probability for
the M/G/1/K queue. Hence, we essentially have five
equations to solve, viz. 7 to 10 and 14.

To recapitulate, we first expand the network; followed
by approximation of the routing probabilities, due to
blocking, and the service delay in the holding node and fi-
nally the feedback arc at the holding node is eliminated.
Once these three stages are complete, we have an ex-
panded network which can then be used to compute the
performance measures for the original network. As a
decomposition technique this approach allows successive
addition of a holding node for every finite node, estima-
tion of the parameters and subsequent elimination of the
holding node.

Figure 10 and 11 illustrate the process of expanding
the network topologies for the merge and split topologies
in the Expansion Method. An important point about
this process is that we do not physically modify the net-
works, only represent the expansion process through the
software.
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Figure 10: Merge topologies.

4.4 Optimization Problem

The primal optimization problem withM/M/1/K and
M/G/1/K systems that will be examined here is essen-
tially the following:

minZ =

N
∑

i=1

xi (15)

s.t.:

Θ(x) ≥ Θmin, (16)

xi ∈ {0, 1, 2, . . .}, ∀i, (17)

in which the xi is the buffer space of the ith queue sys-
tem.
One way to incorporate the throughput constraint is

through a penalty function approach. Defining a dual
variable α, the penalized problem is the following:

minZ =

N
∑

i=1

xi − α
(

Θ(x)−Θmin
)

(18)

s.t.:

xi ∈ {0, 1, 2, . . .}, ∀i, (19)

α ≥ 0. (20)

Θmin can be pre-specified and then serve as the input
λ to an approximate performance measure program such
as the Expansion Method program [17], that will com-
pute the corresponding throughput. In the particular
formulation of the problem the xi,∀i, become the deci-
sion variables under optimization control. While these
are essentially integer variables, they can be reasonably
approximated by round off from the nonlinear program-
ming solver.
As we shall demonstrate, solving the above problem

will afford us a method to generate an approximation to
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Figure 11: Split topologies.

the non-inferior set of solutions for the two objectives. In
order to couple the optimization problem with the Ex-
pansion Method, Powell’s algorithm is used to search for
the optimal buffer vector(s) while the Expansion Method
computes the performance measure of throughput. In
the next subsection, we describe briefly Powell’s algo-
rithm.

4.5 Powell’s Algorithm

Powell’s method, as presented in Himmelblau [14], lo-
cates the minimum of f(x) of a non-linear function by
successive unidimensional searches from an initial start-
ing point x(k) along a set of conjugate directions. These
conjugate directions are generated within the procedure
itself. Powell’s method is based on the idea that if a
minimum of a non-linear function f(x) is found along p
conjugate directions in a stage of the search, and an ap-
propriate step is made in each direction, the overall step
from the beginning to the pth step is conjugate to all of
the p subdirections of the search.
Figure 12 describes Powell’s unconstrained optimiza-

tion algorithm used in our experiments. Implementa-
tions of the algorithm in FORTRAN and C are common.
We have had remarkable success in the past with cou-

pling Powell’s algorithm and the Expansion Method. Let
us examine how well it does with the addition of the new
general blocking probability formula.

5 Experimental Results

In the following experimental results, we have analyzed
series, merge, and splitting topologies of N = 3, 5, 7, 10
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algorithm
input G(N,A, P ), λ, µ, and x(0)

/* chose a set of l.i. search directions */
choose d(1), . . . ,d(n)

x(opt) ← x(0)

repeat
x(1) ← x(opt)

for i = 1 to n do
/* perform unidimensional search */
/* compute f(•) by the Expansion Method */

x(i+1) ←
{

x∗|f(x∗) = min
γ∈R

f
(

x(i) + γd(i)
)

}

end for
x(n+2) ← 2x(n+1) − x(1)

if f(x(n+2)) ≥ f(x(1)) then
x(opt) ← x(n+1)

else

x(opt) ←
{

x∗|f(x∗) =

min
γ∈R

f
(

x(n+1) + γ(x(n+1) − x(1))
)}

choose new d(1), . . . ,d(n)

end if
until ‖x(opt) − x(1)‖ < ε
print x(opt)

end algorithm

Figure 12: Powell’s algorithm.

nodes. We are interested in the patterns of the buffer
allocation as we vary the arrival rate and the squared
coefficient of variation of the service processes. We will
also examine at the end of this section some larger net-
works, a 9-node and a 16-node series-merge-split topol-
ogy, to show the effectiveness and reasonableness of our
approach. All the experiments were carried out on a Dell
Dimension 266Mhz machine with a Windows NT 4.0 op-
erating system with a Compaq Visual Fortran code, ver-
sion 6.5.

We shall also be interested in comparing whether the
series, merge or splitting topologies is a better layout
alternative to achieve the given levels of performance.

As we shall demonstrate, the squared coefficient of
variation of the service time process s2 is critical in the
buffer allocation patterns and in the generation of the
smallest set of buffers and maximizing the throughput.
This critical nature of the coefficient of variation is as
expected [13].

In all the other analytical experiments which follow,
the optimization process is highly dependent on the
starting solution. This is due to the Newton-type ap-
proach for solving the sets of nonlinear equations in the
Expansion Method. In most cases, we started with a
uniform buffer allocation, then perturbed the starting
solution and re-started the optimization process to con-
tinue the search. The results we have then represent the
best solution after twenty random starts. Even though
there are many starts, the algorithm works very quickly.

5.1 Series Topologies

As we can see in the buffer allocation for the series
topologies, the pattern found in the smallest network es-
sentially becomes the pattern for the larger networks. If
we take the optimization methodology and solve for a
series network system of N = 3, 5, 7, and, 10 nodes re-
spectively with an exponential service rate of µi = 10, ∀i,
we get the results presented in Table 6.

Table 6: Results for series topologies, s2 = 1.

N
s2 = 1 3 5 7 10
λ = 5

x̄ 10 . . .10∗∗(1) 10 . . .10 10 . . .10 10 . . .10
Θ 4.9964 4.9939 4.9915 4.9879
Z 33.6535 56.0725 78.4791 112.065

λ = 7
x̄ 18 . . .18 18 . . .18 17 . . .17 17 . . .17
Θ 6.9929 6.9882 6.9766 6.9670
Z 61.1439 101.8356 142.3955 203.0329

λ = 8

x̄ 25 . . .25∗∗(2) 25 . . .25 25 . . .25 25 . . .25
Θ 7.9857 7.9764 7.9674 7.9544
Z 89.3423 148.5815 207.5785 295.6448

Notice that the buffer allocation is uniform across the
series topology. While for λ = 7 in the last 2 series, the
solution was not the same as the others, this is due to
the objective function and the tradeoffs that are being
made during the optimization with

∑

xj and Θ since as
the line increases with the number of stations, the

∑

xj
dominates the Θ threshold.
This type of result is similar to the uniform buffer al-

location results of De Kok [7]. We would like to explain
these results as a function of our approximation for the
M/G/1/K queue.

5.2 Explanation

In M/M/1/K queueing systems, if we have a series
network of exponential servers, and the blocking proba-
bility is essentially zero, then the output from one sta-
tion in the line will be the input rate to the subsequent
station, and this is approximately Poisson [12].
If we have a series of general servers and essentially

zero blocking probabilities, then it is conjectured the out-
puts from each station and inputs to the subsequent sta-
tions in the series will also be approximately Poisson.
This is the case for M/G/c/c systems (including state
dependent ones [4]).
Therefore, if we have a closed form expression of the

buffer size for an M/G/1/K system, then we can utilize
it to predict the buffer size as a function of the traffic
intensity ρ in the network and the threshold blocking
probability pK . We do not need a GI/G/1/K formula.
Using the results of ourM/G/1/K model, we can gen-

erate the following formula to predict the buffer size as
a function of ρ, pK , s

2 the coefficient of variation of the
service times.
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K =
ln
(

pK
1−ρ+pk ρ

)

(ln ρ)
+
1

2

(

s2 − 1
)√

ρ ln
(

pk

1−ρ+pk ρ

)

(ln ρ)
.

This formula allows us to compute K∗ as a function
of ρ, pK , and s2. If one looks at the graphs for s2 = 1,
see Figure 13, one will notice that the results predicted
by the graph are very close to the results we achieved
with our optimization methodology in Table 6. In the
generation of the five separate curves for the graph, pK =
0.0005. As seen in Eq. (18)–(20), pK and α in our search
methodology are closely related.
What is interesting about the curves is that they do

not overlap. Also the curve for s2 = 1 is exact. The
curves also indicate that as ρ → 1 the buffer size ex-
plodes. This latter result is due to the denominator in
the closed form expression.
While the expression and the graph assumes the pK

threshold value is constant for all values of ρ and s2, in
the actual network computations, the Θ and pK will vary
and also be affected by the objective function since we
are trading off the buffer size against the Θ threshold.
So we should not expect that the graph values and the
result returned by the computer program will coincide
exactly. However, the graph and closed form expression
yield a very close approximation for the different values
of ρ and s2.
To substantiate these results further, an additional set

of experiments is shown for the situations where s2 = 1/2
and 3/2, see Tables 7 and 8. Inspecting the outputs from
the experiments and the graph shows close agreement.

Table 7: Results for series topologies, s2 = 1/2.

N
s2 = 1/2 3 5 7 10

λ = 5

x̄ 8 . . .8∗∗(3) 8 . . .8 8 . . .8 8 . . .8
Θ 4.9956 4.9926 4.9897 4.9854
Z 28.4413 47.3800 66.3016 94.6522

λ = 7
x̄ 14 . . .14 14 . . .14 14 . . .14 14 . . .14
Θ 6.9921 6.9869 6.9817 6.9741
Z 49.9412 83.1355 116.3020 165.9080

λ = 8

x̄ 21 . . .21∗∗(4) 20 . . .20 20 . . .20 20 . . .20
Θ 7.9909 7.9800 7.9723 7.9611
Z 72.1147 119.9804 167.7015 238.8670

5.3 Series Simulation Experiments

In order to see how close to optimal are the gener-
ated patterns, it is interesting to compare our results
with those of simulation. Experiments with ARENA
with 102, 000 time units, 2000 time units warmup and
10 replications were found to yield fairly stable results
and low standard deviation. In the following series of ta-
bles, we sample the earmarked experiments ∗ ∗ (•) from
Tables 6 to 8 to compare with simulation. For all the

Table 8: Results for series topologies, s2 = 3/2.

N
s2 = 3/2 3 5 7 10

λ = 5

x̄ 11 . . .11∗∗(5) 11 . . .11 11 . . .11 11 . . .11
Θ 4.9943 4.9905 4.9867 4.9812
Z 38.7344 64.5181 90.2709 128.8427

λ = 7
x̄ 21 . . .21 20 . . .20 20 . . .20 20 . . .20
Θ 6.9911 6.9802 6.9726 6.9613
Z 71.9407 119.7906 167.7906 238.6796

λ = 8

x̄ 30 . . .30∗∗(6) 30 . . .30 30 . . .30 29 . . .29
Θ 7.9841 7.9738 7.9639 7.9400
Z 105.9512 176.1874 246.1261 350.0453

non-exponential service times, a 2-stage gamma distribu-
tion was used to capture the general service times with
non-unit s2.
In reading the simulation tables, Θa refers to the ana-

lytical throughput, Θs refers to the simulation through-
put, the next column is the 95% [c.i.], and Zs refers to
the optimal objective function value from the simulation.

Table 9: Experiments #1 and #2, λ = (5, 8), s2 = 1.

x̄ Θa Θs 95% [c.i.] Zs Zα
(9,9,9) 4.9908 [4.9849,4.9967] 36.20∗

(10,10,10) 4.9964 4.9928 [4.9864,4.9992] 37.20 33.65
(11,11,11) 4.9946 [4.9910,4.9982] 38.40
(24,24,24) 7.9883 [7.9829,7.9937] 83.70
(25,25,25) 7.9857 7.9917 [7.9867,7.9967] 83.30∗ 89.34
(26,26,26) 7.9901 [7.9848,7.9954] 87.90

In these first two experiments, Table 9, the optimal
solution suggested by the methodology is very close to
the results for the simulation model for λ = 5 and ap-
parently optimal for λ = 8. The throughput predicted
by the analytical model is covered by the 95% confidence
interval on the first but not the second experiment.

Table 10: Experiments #3 and #4, λ = (5, 8), s2 = 1/2.

x̄ Θa Θs 95% [c.i.] Zs Zα
(7,7,7) 4.9960 [4.9924,4.9996] 25.00∗

(8,8,8) 4.9956 4.9946 [4.9899,4.9993] 29.40 28.44
(9,9,9) 4.9921 [4.9862,4.9981] 34.90

(20,20,20) 7.9892 [7.9835,7.9950] 70.80∗

(21,21,21) 7.9909 7.9836 [7.9788,7.9884] 79.40 72.12
(22,22,22) 7.9863 [7.9801,7.9925] 79.70

In this middle set of experiments, Table 10, for λ =
5,Θα is well within the 95% c.i. and the suggested opti-
mal solution by our heuristic is close to the one for the
simulation. For λ = 8,Θα is not within the 95% c.i. but
the values of θs for the neighboring solutions would seem
to indicate that the heuristic solution x = (21,21,21)
should have a higher throughput value.
In these last two experiments, Table 11, Θα is well

within the 95% c.i. for both sets of experiments and just
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Figure 13: Graph of K vs. ρ.

Table 11: Experiments #5 and #6, λ = (5, 8), s2 = 3/2.

x̄ Θa Θs 95% [c.i.] Zs Zα
(10,10,10) 4.9920 [4.9867,4.9973] 38.00∗

(11,11,11) 4.9943 4.9940 [4.9867,4.9993] 39.00 38.73
(12,12,12) 4.9938 [4.9904,4.9972] 42.20
(29,29,29) 7.9909 [7.9865,7.9953] 96.10∗

(30,30,30) 7.9841 7.9871 [7.9832,7.9910] 102.90 105.95
(31,31,31) 7.9865 [7.9800,7.9930] 106.50

misses being optimal for λ = 5.

5.4 Splitting Topologies

In the splitting topologies, the arrival flow is split
evenly between the two resulting downstreams, and thus
a balanced buffer allocation should result. In fact, see
Table 12 and 13, the symmetric pattern for the series
topology is very similar for the splitting topology, except
the buffer at the first node is much larger than the buffers
required at the downstream nodes. Also, the objective
function is smaller than the series topology, since there
is less blocking in the downstream nodes.

Table 12: Results for split topologies, N = 3.

s2

N = 3 0.5 1.0 1.5
λ = 5

x̄ 8↗7
∗∗(9)

↘7
10↗9

∗∗(7)

↘9
11↗10

∗∗(11)

↘10

Θ 4.9951 4.9963 4.9946
Z 26.9233 31.6578 36.3663

λ = 7

x̄ 14↗13

↘13
18↗16

↘16
21↗18

↘18

Θ 6.9932 6.9927 6.9898
Z 46.8231 57.2627 67.2410

λ = 8

x̄ 21↗18
∗∗(10)

↘18
25↗22

∗∗(8)

↘22
30↗26

∗∗(12)

↘26

Θ 7.9897 7.9860 7.9835
Z 67.2873 83.2221 98.4819

5.5 Splitting Simulation Experiment

For the first set of splitting experiments, Table 14, we
are very close on the first run in minimizing Z and in
agreement with the optimal solution value for the simu-
lation model on the second run. Both values for Θα are
within the 95% c.i.

In Table 15, we achieve the optimal solution for λ = 5
and both Θα are within the 95% c.i. but we miss the
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Table 13: Results for split topologies, N = 5.

s2

N = 5 0.5 1.0 1.5
λ = 5

x̄ 8↗7,7

↘7,7
10↗9,9

↘9,9
11↗10,10

↘10,10

Θ 4.9916 4.9939 4.9912
Z 44.3408 52.0825 59.7900

λ = 7

x̄ 14↗13,13

↘13,13
18↗16,16

↘16,16
21↗18,18

↘18,18

Θ 6.9891 6.9879 6.9826
Z 76.9448 94.0769 110.3673

λ = 8

x̄ 21↗18,18

↘18,18
25↗22,22

↘22,22
30↗26,26

↘26,26

Θ 7.9826 7.9766 7.9727
Z 110.3755 136.3779 161.2632

Table 14: Experiments #7 and #8, λ = (5, 8), s2 = 1.

x̄ Θa Θs 95% [c.i.] Zs Zα

(9↗9
↘9

) 4.9914 [4.9878,4.9951] 35.60

(10↗9

↘9
) 4.9963 4.9945 [4.9919,4.9971] 33.50∗ 31.66

(11↗9
↘9

) 4.9948 [4.9898,4.9992] 34.50

(24↗22
↘22

) 7.9822 [7.9758,7.9886] 85.80

(25↗22

↘22
) 7.9858 7.9897 [7.9842,7.9952] 79.30∗ 83.22

(26↗22
↘22

) 7.9830 [7.9761,7.9899] 87.00

optimal solution for λ = 8.
For the final set of splitting comparisons s2 = 3/2, in

Table 16, the Θα for λ = 5 is not within the 95% c.i. but
for λ = 8 we are within and very close to being optimal.

5.6 Merging Topologies

Again, the results of the merging topologies in Table 17
and 18 are symmetric with respect to the splitting topolo-
gies, with similar throughputs and slightly reduced ob-
jective function values compared to the series and split-
ting topologies.

5.7 Merging Simulation Experiment

In the merging experiments, Table 19, s2 = 1, we see
that all the throughputs for the simulation model are
similar to those of the N = 3 series and splitting mod-
els. The objective function values are slightly less for
the merge topologies than either the series or splitting

Table 15: Experiments #9 and #10, λ = (5, 8), s2 = 1/2.

x̄ Θa Θs 95% [c.i.] Zs Zα

(7↗6
↘6

) 4.9888 [4.9835,4.9941] 30.20

(8↗7

↘7
) 4.9951 4.9924 [4.9860,4.9988] 29.60∗ 26.92

(9↗8
↘8

) 4.9949 [4.9870,4.9978] 30.10

(20↗17
↘17

) 7.9934 [7.9892,7.9977] 60.60∗

(21↗18

↘18
) 7.9897 7.9881 [7.9813,7.9949] 68.90 67.29

(22↗19
↘19

) 7.9909 [7.9846,7.9972] 69.10

Table 16: Experiments #11 and #12, λ = (5, 8), s2 =
3/2.

x̄ Θa Θs 95% [c.i.] Zs Zα

(10↗9
↘9

) 4.9894 [4.9849,4.9939] 38.60∗

(11↗10

↘10
) 4.9946 4.9881 [4.9842,4.9920] 42.90 36.37

(12↗11
↘11

) 4.9919 [4.9883,4.9955] 42.10

(29↗25
↘25

) 7.9824 [7.9788,7.9860] 96.60∗

(30↗26

↘26
) 7.9835 7.9830 [7.9770,7.9890] 99.00 98.48

(31↗27
↘27

) 7.9864 [7.9821,7.9907] 98.60

Table 17: Results for merge topologies, N = 3.

s2

N = 3 0.5 1.0 1.5
λ = 5

x̄
7↘
7↗

8∗∗(15) 9↘
9↗

10∗∗(13) 10↘
10↗

11∗∗(17)

Θ 4.9951 4.9963 4.9946
Z 26.9219 31.6573 36.3654

λ = 7

x̄
13↘
13↗

14
16↘
16↗

18
18↘
18↗

21

Θ 6.9932 6.9927 6.9898
Z 46.8216 57.2594 67.2339

λ = 8

x̄
18↘
18↗

21∗∗(16) 22↘
22↗

25∗∗(14) 26↘
26↗

30∗∗(18)

Θ 7.9897 7.9858 7.9835
Z 67.2778 83.2059 98.4585

ones. This underscores the fact that this is generally the
best topology of the three alternatives. The throughput
of the analytical model does very well in light traffic,
although the simulated value of the objective is lower,
but this is due to the high throughput of the simulation.
The analytical throughput is outside of the 95% confi-
dence interval in the heavier traffic case but apparently
the optimal solution for the λ = 8 case.
Inspecting Table 20, for λ = 5, the Θα is within the

95% c.i. while for the λ = 8, the Θα is within the 95%
c.i. and both heuristic solutions are relatively close to
the optimal solution.
For the results in Table 21, the analytical throughput

Table 18: Results for merge topologies, N = 5.

s2

N = 5 0.5 1.0 1.5
λ = 5

x̄
7,7↘
7,7↗

8
9,9↘
9,9↗

10
10,10↘
10,10↗

11

Θ 4.9917 4.9939 4.9912
Z 44.3385 52.0816 59.7881

λ = 7

x̄
13,13↘
13,13↗

14
16,16↘
16,16↗

18
18,18↘
18,18↗

21

Θ 6.9891 6.9879 6.9827
Z 76.9415 94.0707 110.3531

λ = 8

x̄
18,18↘
18,18↗

21
22,22↘
22,22↗

25
26,26↘
26,26↗

30

Θ 7.9826 7.9767 7.9728
Z 110.3569 136.3469 161.2188
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Table 19: Experiments #13 and #14, λ = (5, 8), s2 = 1.

x̄ Θa Θs 95% [c.i.] Zs Zα

(
9↘
9↗

9 ) 4.9916 [4.9868,4.9964 ] 35.40∗

(
9↘
9↗

10 ) 4.9963 4.9916 [4.9865,4.9967 ] 36.40 31.66

(
9↘
9↗

11 ) 4.9881 [4.9822,4.9940 ] 40.90

(
22↘
22↗

24 ) 7.9800 [7.9754,7.9846 ] 88.80

(
22↘
22↗

25 ) 7.9858 7.9811 [7.9742,7.9880 ] 87.90 83.21

(
22↘
22↗

26 ) 7.9848 [7.9796,7.9898 ] 85.20∗

Table 20: Experiments #15 and #16, λ = (5, 8), s2 =
1/2.

x̄ Θa Θs 95% [c.i.] Zs Zα

(
6↘
6↗

7 ) 4.9907 [4.9894,4.9921] 28.30∗

(
7↘
7↗

8 ) 4.9951 4.9903 [4.9834,4.9972] 31.70 26.9219

(
8↘
8↗

9 ) 4.9895 [4.9838,4.9953] 35.50

(
17↘
17↗

20 ) 7.9841 [7.9777,7.9001] 69.90∗

(
18↘
18↗

21 ) 7.9897 7.9835 [7.9733,7.9937] 73.50 67.2778

(
19↘
19↗

22 ) 7.9880 [7.9838,7.9922] 72.00

solution for λ = 5 is outside the 95% c.i. while it appears
that in the λ = 5 case we have bracketed the optimal
solutions and in the λ = 8 case we are within the 95%
c.i. and seem to be very close to the optimal solution.

5.8 Comparison of Series, Merge, and Splitting Topolo-
gies

If we examine the set of tables for the different network
topologies, one can see that the merging topologies ac-
tually dominate the splitting and series topologies when
we inspect the objective function values and throughput
measures.

Why does this occur? Well, in principle, in the merg-
ing and splitting topologies, the arrival and service pro-
cesses are sub-divided into smaller units, so that the traf-
fic flows are more uniformly distributed and thus the
buffer allocation should be slightly reduced and this re-
sults in a smaller objective function value and larger
throughputs.

Table 21: Experiments #17 and #18, λ = (5, 8), s2 =
3/2.

x̄ Θa Θs 95% [c.i.] Zs Zα

(
9↘
9↗

10 ) 4.9849 [4.9816,4.9882] 43.10∗

(
10↘
10↗

11 ) 4.9946 4.9859 [4.9794,4.9924] 45.10 36.3654

(
11↘
11↗

12 ) 4.9890 [4.9817,4.9963] 45.00

(
25↘
25↗

29 ) 7.9781 [7.9723,7.9839] 100.90∗

(
26↘
26↗

30 ) 7.9835 7.9798 [7.9731,7.9865] 102.20 98.4585

(
27↘
27↗

31 ) 7.9793 [7.9723,7.9863] 105.70

5.9 Bottleneck Topologies

As another set of experiments, it is interesting to com-
pare the optimal buffer allocation when there are bottle-
necks in the line. In this part of the experiments, we ana-
lyze a three-node series topology where the bottleneck is
either in the front, middle, or end of the line. By a bot-
tleneck, we mean that the service rates are unbalanced,
with the bottleneck server at a rate of µ = 9 compared
to the other two servers with µ = 10. Tables 22, 23, and
24 illustrate the resulting allocations and performance
measures.

It is very difficult to generalize here because the vari-
ability in service times is not amenable to deterministic
rules of thumb. On the other hand, as one can see in-
specting Tables 22, 23, and 24, the bottleneck at the
end of the series system appears to be better than the
other two configurations. While the objective function
is only slightly lower than the other two situations, it
seems to indicate that having the bottleneck at the end
of the line is slightly better. This makes sense since the
previous two queues act as a buffer for the entire line,
thus, increasing the throughput and decreasing the over-
all buffer cost. This depends, however, on the variability
in the system as seen in the following detailed simulation
comparisons, so some caution is advised here.

Table 22: Results for bottleneck at 1st node, N = 3.

s2

N = 3 0.5 1.0 1.5
λ = 5

x̄ 9,8,8∗∗(21) 11,10,10∗∗(19) 13,11,11∗∗(23)

Θ 4.9952 4.9957 4.9942
Z 29.8079 35.3502 40.7845

λ = 7
x̄ 18,14,14 23,18,18 27,20,20
Θ 6.9911 6.9915 6.9874
Z 54.9235 67.4753 79.6100

λ = 8

x̄ 31,20,20∗∗(22) 38,25,25∗∗(20) 45,30,30∗∗(24)

Θ 7.9853 7.9815 7.9787
Z 85.6732 106.4550 126.3394

Table 23: Results for bottleneck at 2nd node, N = 3.

s2

N = 3 0.5 1.0 1.5
λ = 5

x̄ 8,9,8 10,11,10 11,13,11
Θ 4.9952 4.9957 4.9942
Z 29.8074 35.3502 40.7836

λ = 7
x̄ 14,18,14 18,23,18 20,27,20
Θ 6.9911 6.9915 6.9874
Z 54.9173 70.4701 79.5980

λ = 8
x̄ 20,31,20 25,38,25 30,45,30
Θ 7.9854 7.9816 7.9787
Z 85.6365 106.4045 126.2798
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Table 24: Results for bottleneck at 3rd node, N = 3.

s2

N = 3 0.5 1.0 1.5
λ = 5

x̄ 8,8,9 10,10,11 11,11,13
Θ 4.9912 4.9957 4.9942
Z 29.8075 35.3497 40.7826

λ = 7
x̄ 14,14,18 18,18,23 20,20,27
Θ 6.9940 6.9915 6.9874
Z 55.0058 67.4653 79.5866

λ = 8
x̄ 20,20,31 25,25,38 30,30,45
Θ 7.9854 7.9817 7.9788
Z 85.5993 106.3549 126.2212

5.10 Bottleneck Simulation Experiment

Table 25: Experiments #19 and #20, λ = (5, 8), s2 = 1.

x̄ Θa Θs 95% [c.i.] Zs Zα
(10,9,9) 4.9903 [4.9858,4.9948] 37.70∗

(11,10,10) 4.9952 4.9924 [4.9883,4.9965] 38.60 35.35
(12,11,11) 4.9931 [4.9885,4.9977] 40.90
(37,24,24) 7.9851 [7.9802,7.9900] 99.90∗

(38,25,25) 7.9815 7.9861 [7.9787,7.9935] 102.90 106.46
(39,26,26) 7.9885 [7.9822,7.9948] 102.50

In this first set of experiments with exponential ser-
vice, Table 25, the Θα is within the 95% c.i. for λ = 5
and is within the 95% c.i. for λ = 8. Both heuristic
solutions seem to be very close to the optimal solution.

Table 26: Experiments #21 and #22, λ = (5, 8), s2 =
1/2.

x̄ Θa Θs 95% [c.i.] Zs Zα
(7,8,7) 4.9934 [4.9886,4.9992] 28.60∗

(8,9,8) 4.9952 4.9933 [4.9888,4.9978] 31.70 29.81
(9,10,9) 4.9930 [4.9860,5.0000] 35.00

(19,30,19) 7.9862 [7.9821,7.9903] 81.80∗

(20,31,20) 7.9854 7.9892 [7.9813,7.9972] 81.80∗ 85.64
(21,32,21) 7.9883 [7.9805,7.9961] 85.70

In Table 26 we do fairly well in the lower traffic and in
the higher traffic. Both analytical results are within the
95% c.i. confidence interval and seem to be close to the
optimal solution for λ = 5 and tied for it in the λ = 8
case.
Finally, in Table 27, Θα is within the 95% c.i. for

λ = 5 but not for λ = 8 and we appear to have achieved
the optimal solutions in both cases.

5.11 Final Coda

To round out the optimization approach, a 9-node
split-series topology and a 16-node series-merge-split
topology will be examined. These are complex networks
since they maintain an intricate blocking pattern embed-
ded within them. They will also demonstrate the gener-

Table 27: Experiments #23 and #24, λ = (5, 8), s2 =
3/2.

x̄ Θa Θs 95% [c.i.] Zs Zα
(10,10,12) 4.9898 [4.9836,4.9960] 42.20
(11,11,13) 4.9942 4.9931 [4.9896,4.9967] 41.90∗ 40.78
(12,12,14) 4.9903 [4.9852,4.9954] 47.70
(29,29,44) 7.9831 [7.9773,7.9889] 118.90
(30,30,45) 7.9787 7.9914 [7.9852,7.9976] 113.60∗ 126.28
( 31,31,46) 7.9896 [7.9843,7.9949] 118.40

ality of the approach which is the main point of the paper
in the first place. In both experiments, an arrival rate
of λ = 5 from an exponential distribution was utilized.
The simulation experiments for both networks were run
for 10 replications for 102, 000 time units, with the first
2000 time units as a warm-up period.

Figure 14 also shows the expected buffer sizes for lower
traffic levels needed for some of the nodes in these com-
plex network topologies to follow, since the optimization
procedure needs a very good starting solution. This is
just the other half of the curve of Figure 13. Again, the
middle curve, s2 = 1 is an exact solution.

K-buffer size vs. Traffic Intensity rho
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Figure 14: Graph of K vs. ρ.

5.11.1 9-node network

Figure 15 depicts the split-series topology with 9-
nodes. First an experiment with exponential service
times is carried out, then gamma distributions with
s2 = 1/2 are run, then finally, gamma distributions with
s2 = 3/2 are generated. At this point the patterns of
the buffer allocation are compared as a function of the
changes in the general service distributions.

The results are very encouraging for this series-split
configuration. Inspecting Table 28 it is apparent that
the throughput errors are extremely accurate [0.0180%−
0.0481%] and the objective function values range be-
tween 3.85% and 5.42%.
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Figure 15: 9-node queueing network topology.

Table 28: 9-node experimental comparison.

experiment Θα Θs % dev. buffer pattern Zα Zs % dev.

s2 = 1
2

4.9936 4.9917 [4.9875,4.9960 ] 0.0375% 8
↗4→4

↗4

↘4

↘4→4
↗3

↘3

46.44 48.30 3.851%

s2 = 1 4.9930 4.9906 [4.9869,4.9943] 0.0481% 10
↗5→5

↗4

↘4

↘5→5
↗4

↘4

52.40 55.40 5.42%

s2 = 3
2

4.9922 4.9913 [4.9854,4.9973] 0.0180% 11
↗5→5

↗5

↘5

↘5→5
↗5

↘5

57.10 59.70 4.36%

5.11.2 16-node network

Figure 16 illustrates the 16-node network series-merge-
split topology. Table 29 illustrates the buffer allocation
for a series of experiments. The final set of experiments
illustrate different routings of customers along the top
tier of workstations. The % split at the first node is
indicated in the experiments and ranges from 50 : 50
to 70 : 30 with the higher percentage travelling to the
upper tier of nodes. Other than the variation at the node
#1, the other split nodes had a 50 : 50 percentage. In
all cases, proportional and symmetric buffer allocations
were derived by the algorithms for these different routing
probabilities. All the optimization run times were very
fast.

Also notice that the % deviations for the throughput
value are very close in many instances and less than
0.1903% in the worst case while in the objective func-
tion value we are off. One other point that is interesting,
is that the blocking probabilities in the simulation mod-
els at most all the nodes were not zero as one might
expect, but ranges on average from 0 ∼ 63% for most
of the nodes in the experiments s2 ∈ [1/2, 3/2] respec-
tively. This is surprising but is probably due to the fact
that we are trading off throughput for the buffer space in
the objective function. The highest blocking probabili-
ties occur at the principal split node of the 9 and 16-node
topologies respectively.

All in all, the optimal “simulated” results are very sen-
sitive to the average throughput value, and as one can
see, there is a great deal of variation in this value. Al-
though the solutions generated by the design methodol-
ogy are often close to the local optimum, it is difficult

to precisely say how the heuristic does compared to the
global optimum since one would need an exact value of
throughput and this seems terribly difficult to achieve.

6 Summary and Conclusions

In this paper, we have examined an approxima-
tion technique which utilizes a closed form expression
for the blocking probability in allocating the buffers
in M/G/1/K systems for series, merge, and splitting
topologies. The closed form expression of the blocking
probability was shown to be an effective and robust ap-
proximation for generating the optimal buffer allocation.
We have utilized an approach that generates an approxi-
mation to the non-inferior set of solutions for maximizing
throughput and minimizing total buffers. That our ap-
proach is very general should be of some importance to
many of the applications where M/G/1/K systems pre-
dominate.

Future efforts will examineM/G/c/K systems and re-
lated optimization issues.
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Figure 16: 16-node queueing network topology.

Table 29: 16-node experimental comparison.

experiment Θα Θs % dev. buffer pattern Zα Zs % dev.

s2 = 1
2

4.9899 4.9941 [4.9882,5.0000] 0.0841% 8
↗4→4

↗3→3↘4↘
↘3→3↗

↘4→4
↗3→3↘4↗
↘3−3↗

5 79.07 66.90 18.19%

s2 = 1
2

↗70

↘30
4.9916 4.9937 [4.9897,4.9978] 0.0421% 8

↗6−6

↗5−5↘6↘
↘5−5↗

↘3−3
↗3−3↘3↗
↘3−3↗

5 80.38 78.30 2.66%

s2 = 1 4.9879 4.9903[4.9863,4.9944] 0.0481% 10
↗5−5

↗4→4↘5↘
↘4→4↗

↘5−5
↗4→4↘5↗
↘4→4↗

5 89.14 86.70 2.81%
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