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ABSTRACT

We propose a new graph based strategy for the detection of spatial clusters of arbitrary geometric
form in a map of geo-referenced populations and cases. Our test statistic is based on the likelihood
ratio test previously formulated by Kulldorff and Nagarwalla for circular clusters. A new technique
of adaptive simulated annealing is developed, focused on the problem of finding the local maxima
of a certain likelihood function over the space of the connected subgraphs of the graph associated to
the regions of interest. Given a map with n regions, on average this algorithm finds a quasi-optimal
solution after analyzing s n log(n) subgraphs, where s depends on the cases density uniformity in
the map. The algorithm is applied to a study of homicide clusters detection in a Brazilian large
metropolitan area.
KEYWORDS: Spatial cluster detection, simulated annealing, likelihood ratio test, disease
clusters, hot-spot detection.

1. INTRODUCTION
Since the 1980s there has been an increasing interest in the identification of spatially
localized adverse health risk conditions. The reasons for the existence of such clustering are
various. They can be due to environmental causes concentrated on small regions such as a
localized pollution sources (Biggeri et al., 1996; Katsouyanni et al, 1991; Xu et al., 1989).
Another possible reason is population differences on their genetic constituency or social
habits such as diet (Barbujani and Sokal, 1990; Walsh and DeChello, 2001). Other
possibilities include differences on regional medical services such as ascertainment of new
cases or disease treatment protocols (Karjalainen, 1990; Goodwin et al., 1998) or a viral
agent generating clustering patterns (Kinlen, 1995).
A number of methods have been proposed to test for the presence of spatial clusters of
elevated risk and to identify their locations. Thorough and recent reviews can be found in
(Lawson et al., 1999) where the many different methods are compared. The methods
assume that we have at our disposal a map of regions, each one with a defined risk
population and a certain number of observed cases. The cases correspond to the individuals
in each population that have a special designation, such as an infected individual or a crime
*
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victim. The most useful cluster detection methods are those based on moving windows and
related approaches. These methods superimpose circular regions over the study region and
then evaluate the significance of the number of cases that fall within each circle. The
methods differ according to the circles’ definition. Openshaw et al. (1987) superimpose a
regular grid and circles of varying radii are drawn at the grid nodes. Those circles attaining
a certain significance level are flagged and shown in the map. Besag and Newell (1991)
invert the circle definition: rather than fixing the circles radii and looking for the significant
ones, they propose to fix the number of cases within a circle and then search for those with
such a small risk population that make them highly significant.
The two methods described above have been criticized for the multiple testing problem
since neither of them control for the simultaneous inference problem on the set of all circles
considered. That is, considering the multiple locations and circles sizes simultaneously
tested, the error type I of these multiple tests are not controlled leading to subjective
decision making. The authors suggest considering as significant circles those with p-values
as small as 0.005 or 0.0005 but there is no theoretical justification for a specific choice.
This is a major problem since the choice of the cut-off p-value size determines the
sensitivity and specificity of the test.
Kulldorff and Nagarwalla (1995) and Kulldorff (1997) proposed a methodology based on
scan statistics that overcomes this difficult problem. It is a maximum likelihood ratio test
with a parametric space including all circles tested. The test finds the maximum likelihood
sweeping over all zones circumscribed by circles of varying radii centered at each of the
regions of the map. The likelihood is not differentiable with respect to the parameters and
hence we need to use a Monte Carlo testing procedure to evaluate its significance. We
describe this spatial scan statistical test in more detail in Section 2.
A major problem with scan statistic methods is the fixed shape of the clusters to be
detected, typically circular clusters although other specific shapes can be defined such as
rectangular (Kulldorff, 1999). The reason for such a restriction is the computationally
infeasible number of possible areas to be tested. However, in real situations, we frequently
find spatial clusters with quite different shapes from circular ones. A single pollution source
could increase the risk of respiratory disease around it but the wind patterns destroy a
possibly symmetric cluster (Biggeri et al., 1996). Increased risks along rivers, transport
ways or powerlines create clusters with shapes highly different from circular ones
(Feychting and Ahbom, 1993; Verkasalo, 1993). Usually, other environmental or social
causes do not have a circular symmetry and hence do not to induce clusters with such a
shape.
Applying the usual circular cluster detection methods to find clusters in such a situation
have one possible consequence. The cluster is not well localized, generally being either
much larger than the real cluster present in the map or leaving out areas with higher risks
but whose incorporation in the circular window tested would also bring many other areas
with lower risk.
In this paper, we introduce a graph-based algorithm that overcomes this limitation of
Kulldorff and Nagarwalla (1995) and Kulldorff (1997) by using a simulated annealing
approach. Differently from these authors, our strategy is not restricted to the detection of
clusters with fixed shape, such as rectangular or circular shape, but it looks for connected
clusters with arbitrary shape. We implemented our algorithm in a conveniently fast C++
code, which can be freely obtained from the authors. Experiments with our method show

that it can identify clusters and test their statistical significance for real life problems in a
short amount of time using modest computer resources.
The structure of this paper is as follows. We first describe the spatial scan statistic in
Section 2. We then introduce some notation and present our algorithm in Section 3. In
Section 4 we analyze the computational performance of the algorithm and discuss its
asymptotic behavior for simple situations. In Section 5, we present the results of
experiments to verify the computational complexity of the algorithm. Section 6 applies the
method to the problem of finding a spatial cluster of homicides in Belo Horizonte, a large
city in Brazil, contrasting the results with those obtained by the circular spatial scan
statistics. Section 7 contains a concluding discussion.

2. THE SPATIAL SCAN STATISTIC
The geographical map is reduced to the centroids of its component areas and, to each one
of them, we have the respective associated cases and risk population. The circular spatial
scan statistic imposes a circular window on each centroid in turn and the radius of this
window is changed continuously to take any value between zero and some prescribed upper
limit. Each circular window defines a region composed by one or more areas, which is a
potential cluster of increased risk. Let Z be the set of all such circular windows, or potential
clusters. We can see an example of one such circular window in Figure 7A, where the
shaded areas within the circle form the cluster. Using the same notation as Kulldorff (1997),
let z be a candidate cluster in the set Z. Define p as the probability that an individual is a
case in z, and q as the probability that an individual is a case in the complement of z. We
would like to test if this specific z is a cluster. The alternative hypothesis is
H 1 : z ∈ Z , p > q , and the null hypothesis is H 0 : p = q . Define n z as the population of the
region z, c z as the number of cases of the region z, N as the total population in the map
and C as the total number of cases. For this fixed cluster candidate z, adopting a binomial
model produces a simple likelihood function given by:
n −c
N − n −C +c z
L( z , p, q ) = p cz (1 − p ) z z q C −c z (1 − q ) z
This produces the maximum likelihood ratio statistic defined as:
sup L( z , p, q)
z∈Z , p > q
T=
( p, q ∈ [0,1]).
sup L( z , p, q)
p =q

The denominator in the above expression reduces to
C C ( N − C ) N −C
sup L( z , p, q ) = sup p C (1 − p ) N −C =
= L0
NN
p =q
p∈[ 0 ,1]
and hence L0 is a constant that depends only on C . With respect to the numerator, for a
fixed candidate z , we maximize over all possible 0 ≤ q ≤ p ≤ 1 . Let
L( z ) = sup L( z , p, q)
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Therefore T = sup z L( z ) / L0 . Since it is clear that the denominator of the likelihood ratio
test statistic does not depend on the cases configurations, then equivalently the test statistic
could be defined only by its numerator. Hence, the objective is to find the zone z that
maximizes the function L over all circles in Z and this identifies the one that constitutes the
most likely cluster. For a map with n regions and k different radii, this implies in nk
calculations, a computationally simple task.
Its p-value is obtained through Monte Carlo hypothesis testing. Conditioning on the total
number of cases, a large number B of random replications of the data set are generated
under the null hypothesis. It is usual to take B=9999 in the applications. For each one of the
replications, the maximum likelihood ratio test statistic is calculated in the same way as for
the real data set. Under the null hypothesis, these B+1 values, from the real and the B
random data sets, are independent and identically distributed random variables. Rank the
B+1 values from highest to lowest. Then, if the null hypothesis is true, the real data set rank
R has a uniform distribution on the integers from 1 to B+1 and the probability of being in
among the top 100α percent values is, exactly, α, and its exact p-value is R/(B+1).
This method is implemented in the SaTScan software, developed at the National Cancer
Institute, and available free of charge in the web.

3. DETECTING CLUSTERS WITH ARBITRARY SHAPE
For the standard spatial scan statistic, a potential cluster is formed by the areas whose
centroids lie within a circular region centered in a certain centroid. The circle radius and the
centroid are not specified a priori. A natural extension is to allow the potential clusters to be
any subset of adjacent areas. For simplicity, we represent the regions by polygons, and the
common frontier between two given regions are either a single point or a non-trivial
segment (see Figure 1A). Two regions are said to be neighbors when they are connected by
a common frontier. This map of interconnected regions can be further simplified and
mathematically represented by a graph, where each region is associated with a node, and
when two regions are neighbors, there is an edge in the graph linking the corresponding two
nodes (Figure 1B). Each node has a number of attributes, such as the population and the
number of cases of the corresponding region. A connected subset of regions of the map is
called a zone (see, e.g. Figure 2). Corresponding to each zone there is a connected subgraph
of the map graph. From now on we will identify each subgraph with the zone that it
represents.

FIGURE 1A: The regions of a map

FIGURE 1B: The associated graph

We consider the problem of finding, among all possible zones, a zone z that maximizes the
likelihood ratio T or, equivalently, its numerator L (z). A solution to this problem is called a
most likely cluster. For a map with n regions, we would need to analyze all the connected
inherited subgraphs among the 2 n possible subsets of n vertices, and this is a formidable
task for a map with hundreds of regions. So we need to try to analyze only the most
promising subgraphs of the collection of all connected inherited subgraphs, and discard the
less interesting ones. For that, we use a simulated annealing approach as we describe next.
A non-oriented graph (or graph, for short) G is an ordered pair (V , E ) , where V is a
finite set of vertices { v1 ,..., v n } and E is a set of edges { e1 ,..., em }, such that ei = {vi1 , vi2 } ,

with vi1 ≠ vi2 and vi1 , vi2 ∈ V , i = 1,..., m . If {v j , v k } is an edge, then v j and v k are adjacent
vertices. The graph S = (V1 , E1 ) is a subgraph of G = (V , E ) if V1 ⊂ V , and E1 ⊂ E . The
subgraph S = (V1 , E1 ) of G = (V , E ) is an inherited subgraph of G if
v j , v k ∈V1 , {v j , v k } ∈ E ⇒ {v j , v k } ∈ E1 , i.e., E1 is a maximal set over all the subgraphs
(V1 ,W ) of G . Two vertices v j , v k of a graph G = (V , E ) are connected by a path if there is
a

sequence

of

vertices

v r1 , v r2 ..., v rp

such

that

v j = v r1 , v k = v rp ,

and

{v ri , v ri +1 } ∈ E , i = 1,..., p − 1 . A graph G = (V , E ) is connected if any pair of distinct vertices
v j , vk ∈ V

are connected by a path. The inherited subgraphs S1 = (V1 , E1 ) and

S 2 = (V2 , E2 ) of G = (V , E ) are neighbors if the set (V1 ∪ V2 ) − (V1 ∩ V2 ) consists of
exactly one element. For each connected inherited subgraph S of G , the connected
neighborhood (or simply the neighborhood) N ( S ) of S is the set of all connected
inherited neighboring subgraphs of S .
Consider, for example, the map in Figure 2. The zone with the vertices set {1,2,3,4} has
11 connected inherited neighbors, namely the ones with the vertices sets {1,2,3,4,5},
{1,2,3,4,6}, {1,2,3,4,7}, {1,2,3,4,8}, {1,2,3,4,9}, {1,2,3,4,10}, {1,2,3,4,11}, {1,2,3,4,12},
{1,2,3}, {1,2,4} and {1,3,4}. Observe that the neighbor with vertices set {2,3,4} is not
connected.
We redefine z to be a cluster candidate among the set Z of all connected inherited
subgraphs associated to the regions of the map. Define p and q as previously and, for the
alternative hypothesis H 1 : z ∈ Z , p > q , and the null hypothesis H 0 : p = q , we use the
same test statistic as before,
sup L( z , p, q )
sup z L( z )
z∈Z , p > q
T=
=
, ( p, q ∈ [0,1])
sup L( z, p, q )
L0
p =q

The objective is to find the zone z that maximizes the function L .
We use an algorithm that makes a sweeping over a subset of the collection of all the
connected inherited subgraphs, moving at each step from a subgraph to one of its

neighbors, until we find the cluster (or give up the search). We need to establish a set of
rules telling us how to choose the best neighbor at each step, in order to try to minimize the
number of examined subgraphs. We will also need to make a test to evaluate the statistical
significance of the possibly found cluster.

FIGURE 2: A zone within a map
Perhaps the first idea that comes to mind would be to choose always the neighbor subgraph
with the highest value of the function L at each step, thus conducting us finally to an
optimal cluster some steps ahead. As tempting as it seems, this strategy does not work in
general, because it frequently leads us to subgraphs that are only local maxima of the
function L , but do not maximize L over all the possible subgraphs. A great improvement
to this idea, however, is to allow the algorithm, at judicious times, to randomly choose a
neighbor subgraph, instead of picking up the highest L -valued one. Thus, most of the times
the algorithm decides for the highest L -valued neighbor, but on some occasions it adopts a
less deterministic decision. The effect of this rule changing would be to give the algorithm
more freedom to survey adjacent neighborhoods that are potentially more interesting, and
that almost never would be visited otherwise. We associate with the degree of determinism
of the neighbor choice the physical notion of temperature; the higher the temperature, the
increased randomness involved in the selection of the next neighbor.
Instead of using a continuum of temperatures, our algorithm uses only three levels of
temperature, high, medium and low, corresponding to three different criteria of choosing
the next neighbor of the subgraph:
• High temperature: Uniform random choice of neighbors.
• Medium Temperature: Random choice with chances proportional to the logarithm of
the likelihood ratio of the neighbors.
• Low Temperature: Always choose the neighbor with the highest likelihood ratio.
The effects of this strategy in the sweeping of the collection of subgraphs are described
below:
• High temperature: Higher mobility, do not have a strong preferential direction.
• Medium Temperature: Has a higher probability of choosing a direction with high
likelihood ratio, but without discarding another directions.
• Low Temperature: Deterministic, always choosing the neighbor with the highest
likelihood ratio.

In order to unify these three strategies, we create a function F(G, temp) that receives the
current subgraph G and returns a neighbor of G chosen accordingly to the choice strategy at
the high, medium or low temperature value set to the variable temp. The algorithm decides
at every step the value of temp, increasing or decreasing it, depending on how the function
L behaves over the subgraphs that are being analyzed, as we shall see soon.
In addition to these three levels of randomness in the process of neighbor selection, we
will go further and create a fourth strategy. Let us define the function H(G) as follows:
If a vertex v0 was added to G in the previous step, the function H(G) returns a neighbor of
G that includes v0 and also a randomly chosen extra vertex v1 , adjacent to v0 . If
otherwise a vertex v0 was excluded on the previous step, then H returns the neighbor
given by F(G, low). For example, referring again to Figure 2, if the previous subgraph has
the set of vertices {1,2,4} and the current subgraph has the set of vertices {1,2,3,4}, (so that
v 0 = 3 ) then the result of H(G) is chosen randomly among the subgraphs with the set of
vertices {1,2,3,4,5}, or {1,2,3,4,6}, or {1,2,3,4,7}, or {1,2,3,4,8} (because 5,6,7 and 8 are
the adjacent vertices of v0 ).
The objective of successive applications of H is to try to force the appearance of
potentially interesting subgraphs that are normally beyond the range of the sweeping given
by the function F alone. As we shall see, the strategy of the function H will be used
exclusively when there are indications that the current subgraph is a very promising one.
The function H augments the set of vertices of the current subgraph near the places where
there have been recent and significant improvements of the current subgraph, and thus
increase the importance of the current neighborhood being analyzed.
We identified four factors that are relevant to the convenient selection of the strategy at
each step, when the algorithm computes the L -function for each one of the neighbors of the
current subgraph, and prepares to choose the next neighboring subgraph. In order to
quantify them we will use four corresponding variables or flags, namely hL (high L function value), cs (consecutive steps), vb (visited before) and cv (common vertices). The
meaning of these variables is described below:
• It was found (hL = 1) or not (hL = 0) a neighbor with higher L -value at the current
step;
• The number cs of consecutive steps such that weren’t found new subgraphs with L value > 1.
• The number vb of times that the current subgraph has been visited before in the survey;
• The number cv of common vertices between the current subgraph and the highest yet
L -valued one in the survey.
The idea of the basic survey routine that we introduce now is to adopt at each step one of
four types of choices strategies for the successor of the current subgraph, with different
levels of randomness. In order from the most random to the most deterministic, there are
the F(G, high), F(G, medium) and F(G, low) strategies and at last the H(G) function
strategy. The choice of which strategy is to be used is based on the values of the parameters
hL, vb and cs, that are indicating if the current subgraph G is becoming more or less
promising as the survey goes on. At each step the algorithm verifies if the four parameters
hL, cs, vb and cv are within convenient thresholds and use them to modify dynamically
the process of selection of the successor of the current subgraph, or give up the local search.

Thus F(G, high) is adopted if the current subgraph has a relatively low L-value, was
visited many times, and for several steps of the survey the L-values for the subgraphs have
not increased.
F(G, medium) is used if the current subgraph has a relatively low L-value, has been
visited many times, but there have been an increase of the L-values for some recently
surveyed subgraph.
F(G, low) is used if there have been an increase of the L-values for some recently
surveyed subgraph, but at least one of the following conditions are true: the current
subgraph has a relatively low L-value, or it has been visited many times.
Finally, H(G) is applied when the current subgraph has a relatively high L-value, has not
been visited many times, and there have been an increase of the L-values for some recently
surveyed subgraph.
The basic survey routine is finally abandoned when one of the parameters vb and cs
exceeds the thresholds defined within the algorithm.
In the implementation of our program, we use the cluster found by the Kulldorff
algorithm as a starting subgraph for the basic survey routine. Next, the cluster candidate
found by the basic survey routine is stored in a list. Then, we start again the basic survey
routine, at this time with an initial subgraph that consists simply of exactly one node,
chosen randomly among all the nodes of the graph. The routine finds another cluster
candidate that is also stored. We repeat the last procedure several times, each time with
another randomly chosen 1-node initial subgraphs, until 99% of all nodes in the map have
been visited at least once. Typically, this implies that the routine is called several hundreds
of times with different initial subgraphs, until the maximum L-value found does not
increase for a conveniently long sequence of visited subgraphs, or the storage space for the
list of visited subgraphs is exhausted. The subgraph associated with the maximum L-value
is the most likely cluster.
After the most likely cluster is found, we make a Monte Carlo test to evaluate its
statistical significance (Dwass, 1957). Under the null hypothesis, we simply distribute
randomly the C cases independently over the n regions with the probability that the i-th
region receives a case being proportional to its population. This implies that the vector of
numbers of cases in the n regions follows a multinomial distribution. For each random
allocation of the cases, we compute the test statistic T running our simulated annealing
maximization algorithm. We repeat this procedure making a large number B of random
allocations of cases under the null hypothesis and calculate the p-value as the proportion of
times the simulated values of T are greater than the observed T value. We emphasize that
the zones visited are different for the real and each of the random data sets, when doing the
Monte Carlo replications to obtain the p-value. Rather, the same algorithmic simulated
annealing procedure is used for both the real and random data sets, which ensures that the
inference is correct in a simple and elegant way.

4. ON THE CONVERGENCE OF THE ALGORITHM
It is a well-know fact that combinatorial algorithms that use simulated annealing
converge to the optimal solution in exponential time in the worst case, but usually find
quasi-optimalsolutions in much less time (see Aarts and Korst, 1989; Winkler, 1995).

The process of section 3 of finding the cluster (if it exists) can be described as a stochastic
process as follows. Suppose that to each vertex vi , i = 1,..., k of the map graph is assigned a
binary variable bi , such that bi = 1 if vi is in the set of vertices of the current subgraph,
and bi = 0 otherwise. Define also the binary constants ci , such that ci = 1 if vi is in the
set of vertices of the cluster, and ci = 0 otherwise. Thus, starting at an initial variable
string (b1 ,..., bk ) o we attempt to reach at the string (c1 ,..., c k ) , modifying randomly at most
one value
bi at each step, and producing a sequence of strings
(b1 ,..., bk ) 0 , (b1 ,..., bk )1 , ... , (b1 ,..., bk ) r = (c1 ,..., c k ) after r steps. Suppose, for
simplicity, that the variable bi once set to the value ci , maintain this value during the rest
of the sequence of strings. Suppose also that when, at each step, an index i is randomly
chosen there is a fixed probability s that bi assumes the value ci . So the expected mean
value of r is approximately s −1k ln(k ) , for large k , as we can see below.
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FIGURE 3: Schematic view of the stochastic process representing the cluster detection
algorithm
Theorem: The stochastic process described in Figure 3 is such that the average number of
transitions from state 0 to state k is asymptotically given by s −1k ln(k ) .
Proof: Let A be the corresponding stochastic k + 1 × k + 1 matrix with entries
i= j
 s (i − 1) / k ,

aij = 1 − s (i − 1) / k , i + 1 = j

0,
otherwise.


Consider now the k × k matrix B obtained from A suppressing the last line and the last
column. Each entry wij of the matrix W = ( I − B) −1 is the average number of times that the
state j appears in a random path from the state i to the state j (see, e.g. Kemp, 1984). A
computation shows that
s −1 k /( k − j + 1), i ≤ j
wij = 
i > j.
0,

It is now easily seen that the average number of transitions to reach the state k from the
state 0 is given by
k
1
s −1 k ∑ ,
j =1 j

the sum of the entries of the first line of W .
Now, using the fact that
k
1
1
 1 
= ln(k ) + γ +
+ O 2 ,
∑
2k
k 
j =1 j
where γ = 0.577... is the Euler constant, the result follows.
The assumptions above are somewhat artificial. The parameter s may be very difficult to
establish. It may not be constant over the map, and also may vary greatly from one problem
to another. But this crude model can explain, in certain simple situations, the behavior of
the algorithm, as shown in the graph of Figure 5A. We can see that the predicted
sn log(n ) values for the number of analyzed subgraphs match well with the experimental
values, with s = 1.68 . In this particular case the cluster is very well defined in the map.
This is certainly not the case as with the detected cluster in Belo Horizonte, as we shall see
later in Section 6, or in the “double cluster” example of Section 5. This suggests that the
worst scenario for the algorithm is the presence of several disconnected “small clusters”
scattered along the map. We finally note that the scale of clustering can be handled by
modelling (see Lawson and Denison, 2002 and references therein).

5. EXPERIMENTAL RESULTS
We will present some experimental results on the performance of the algorithm described
in section 3. For the purpose of simplicity and uniformity in our exposition, we establish a
standard map corresponding to the graph realization depicted in Figure 4A. It consists of
625 vertices disposed in a 25 × 25 square. Each internal vertex has 6 adjacent vertices, as
shown in the figure. We also define another square n × n maps with different sizes and
with vertices and edges defined in a similar fashion, and will call them standard n × n
maps. A standard m × m cluster within a standard map would be a m × m square centered
subgraph. Figure 4B shows a standard 5 × 5 cluster within the standard 25 × 25 map. To
each vertex in the standard map we associate a population of 100 individuals. The number
of cases is c1 for vertices within the standard cluster, and c0 outside it, where c1 and c 0
B(100, p0 ) , respectively, with
are binomial random variables B(100, p1 ) and
0 ≤ p1 < p 0 ≤ 1 . Of course, due to the random choices of the cases in each vertex, the final
cluster found by the algorithm may be somewhat different from the 5 × 5 square of Figure
4B, as shown in the typical examples of Figures 4C and 4D. To avoid any confusion, in this
section we will call the 5 × 5 square as the intended cluster, and the actual cluster that
maximizes the L -function the resultant cluster. Generally speaking, when p0 is not much
greater p1 the resultant cluster tends to be very obliterated, sometimes occupying a large
fraction of the whole map, as is in Figure 4D. A resultant cluster with the form of Figure
4B appears frequently when p0 is much greater than p1 . Another types of intended
clusters will also be discussed later (See e.g. Figures 4E-H). The results shown here may be
extended with few modifications to another types of maps. The standard map is sufficiently
complex to exhibit several interesting features, that we will describe now.

We conducted computational tests to evaluate the performance of the algorithm. The solid
circles in Figure 5A denotes the number of surveyed subgraphs for each standard n × n
map with k = n 2 vertices with a standard intended 5 × 5 cluster, where p0 = 0.10 and
p1 = 0.03 . Each experimental point (solid circle) here is obtained as the median of the
averaged number of surveyed subgraphs in 10 runs of the algorithm for each of five
different random standard maps. The triangles denote the values s k ln(k ) , with s = 1.68 ,
for comparison. We will return to this matter later in section 5.
Another test was done to evaluate the influence of the size of the intended clusters on the
algorithm performance. Figure 5B shows the mean number of surveyed subgraphs for the
standard map with 625 vertices, for some intended standard clusters of different sizes. As
we can see in this figure, the mean number of surveyed subgraphs seems to increase
steadily with the size of the cluster, for clusters with 25 vertices or more. When we turn to
the smaller clusters 2 × 2 , 3 × 3 or 4 × 4 at left in Figure 5B, however, there is an
unexpected increase in the average length of the search; this happens because the resultant
cluster now aggregates many surrounding vertices of the original small intended cluster,
forming a large cluster with low L value (see again figure 4D), that takes more computer
effort to detect. For larger ( 5 × 5 or more) intended clusters, this effect is less pronounced.
We can see in Figure 5C that the mean size of the surveyed subgraphs decreases with the
number of vertices of the standard map and standard intended 5 × 5 clusters. This happens
because the algorithm gives up more easily when it searches through larger empty zones
outside the cluster within the map. The basic survey routine is called more times for bigger
maps, as we can see in Figure 5D.
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Figure 4: Examples of clusters in the standard map

FIGURE 5A: Performance of the algorithm when the size of the map increases, for the 5X5
standard cluster.

FIGURE 5B: The influence of the cluster size

FIGURE 5C: The average size of surveyed subgraphs

FIGURE 5D: The average number of basic surveys

FIGURE 5E: The cluster incidence p1 affects the performance

FIGURE 5F: Finding the optimal value of vb_threshold

The difference between p0 and p1 has influence on the mean number of surveyed
subgraphs, as we can see in Figure 5E. In all cases, p0 = 0.03 , and we tested for values of
p1 between 0.04 and 0.25 . We used in every case the intended standard 5 × 5 cluster in a
standard 25 × 25 map. We observe that when p1 is small, the resultant clusters are very
large and have low L -function values, and so they are more difficult to detect. With p1
above 0.15 or so, the mean number of surveyed subgraphs stabilizes, because beyond this
point the resultant clusters tend to be almost perfect 5 × 5 squares.
In order to evaluate experimentally the best value for the parameter vb_threshold, we
conducted a test with the 625 vertices standard map with the standard 5 × 5 cluster. As we
can see in Figure 5F, the choice for the parameter vb_threshold is not very critical. We
usually adopted the value 8 in our tests, because it is also apparently better for other
complicated maps.
The cluster of Figure 4E was found after analyzing 2,275 subgraphs, and the one of Figure
4F, in the same conditions, was found after 6,173 subgraphs. The performance of the
algorithm for these two cases is comparable with the performance for the standard clusters
of equivalent size. Note that these two cases could not have been found by the original
circle centered zones algorithm.
Consider now the case where we have two separated 5 × 5 blocks, the “double cluster”
examples. Figures 4G and 4H depict the clusters found when the algorithm tries to analyze
them. In Figure 4G, the two blocks are isolated by one region, and in Figure 4H they are
three regions apart. In both cases the algorithm finds first one of the isolated blocks (after
only 741 and 842 searches, respectively), and then, after a longer search, it finds the
clusters formed by joining them (after 5,736 and 11,226 searches, resp.).
If we allow that the parameter s discussed above in section 4 has a different value for each
region of the map, we can understand better some aspects of the behavior of the algorithm
in the "double cluster" examples of Figures 4G and 4H. In Figure 4G, for example, we
adopt very small values for the parameter s for the five vertices between the two 5 × 5
blocks. It means that it is much more difficult for the algorithm to recognize that one of
these five vertices are part of the cluster. A similar reasoning applies to the fifteen vertices
between the two 5 × 5 blocks in Figure 4H.

6. AN APPLICATION
We use our method to study the geographical distribution of homicides in the year of
1995 in Belo Horizonte, a 2 million inhabitants city in Southeast Brazil. The homicide
incidence map is shown in Figure 6, for the 240 areas of the city. There were a total of 273
cases among a population of 2,189,630 inhabitants. The total annual mortality rate was
12.47 per 100,000 persons.
Figure 7A and Table 2 show the results using the standard spatial scan statistic. The most
likely cluster is shadowed. The nine light-gray areas shown have exactly zero cases, but
they are also included in the cluster because they are within the circular region used by

Kulldorff’s circular scan algorithm. Note also that the three areas marked A, B and C are
part of the cluster, but their annual mortality rates are less than 12.47 per 100,000, as shown
in table 1. The cluster contains most of Belo Horizonte downtown and slum areas. With a
total of 90 cases compared to 35.55 expected, the mortality rate is 228 percent higher than
the remaining parts of Belo Horizonte. The cluster is significant with a p-value of 0.001,
where we used B=999 random allocations. The result for our simulated annealing (SA)
method is also shown in Table 2 and Figure 7B. The most likely cluster is now along a
large express way in Belo Horizonte, which is a degraded urban area. Observe that there is
only one light-gray area (with exactly zero cases), but it is included in the cluster by the
algorithm because it links two "smaller clusters" with high incidence rates. Hence, the
cluster found departs substantially from the circular shaped clusters and, if real, it would be
hard to be detected using the usual spatial scan statistic. The cluster has 490 percent excess,
as compared to the 228 percent found in the most likely cluster from the standard spatial
scan method. Observe also that the three less dense areas marked A, B and C in Figure 7A
are not present in the cluster found by the SA algorithm in Figure 7B. In Table 2, we also
present the average value of the logarithm of the T function calculated over the 999 random
allocations.
This algorithm was implemented in C language, on a 1.9 GHz processor PC
microcomputer. In this computer, the Belo Horizonte cluster analysis, including the
B = 999 random allocations to test its statistical significance, was found in 343.0 seconds.
Observe that the mean time to execute the algorithm varies linearly with B , and each
random allocation took in average 0.343 seconds. In both runs we find the p-value 0.001.
The execution time for the SA algorithm is certainly greater than for the Kulldorff
algorithm (5.4 seconds), but it is well within today’s PC computers` capabilities, if we limit
the number B to a few thousands. We also note that our algorithm could be easily
programmed in parallel machines, which would substantially improve its performance.

Homicides per 100,000 inhabitants
>80
64
41
29
21
17
13
10
8
5
0

FIGURE 6: The homicide incidence map in the city of Belo Horizonte

FIGURE 7A: The cluster found by the
Kulldorff’s circular scan algorithm.

area
A
B
C

population
17,363
18,257
21,655

FIGURE 7B: The cluster found by the
simulated annealing method.

Cases
1
2
2

density X 100,000
5.76
10.95
9.24

Table 1: The three areas with cases density below average in Figure 7A.
algorithm
Kulldorff
SA

cluster size population
27
285,162
24
227,598

cases
90
111

density x 100,000
31.56
48.77

ln(T)
35.93
84.65

mean {ln(T)}
5.14
19.91

p-value
0.001
0.001

Table 2: Comparison between Kulldorff´s method and our Simulated Annealing (SA) method

7. CONCLUDING REMARKS
The choice of the regions in real maps deserves some attention. We would like to choose
regions that are small enough to circumscribe a relatively homogeneous area, in such a way
that we can consider the population and the cases inside each region as roughly similar. If
this condition cannot be fulfilled, it may not be possible to consider the attributes of the
graph nodes as adequate descriptions of the regions. In this case, it would be necessary to
further refine the regions in the original map, in order to create a new set of smaller and

more uniform regions. For example, if one single region is big enough to contain
aggregates of individuals with very dissimilar incomes, we cannot expect to find
homogeneous poverty-related disease rates within this region. A good choice of regions is
specific to the problem at hand and different regions could be chosen for different variables
in the same map. Although no specific rule is proposed, the users should be aware of the
potential effect the map partition has on the results.
The SaTScan software, which implements the standard spatial scan statistic, provides also
secondary clusters besides the most likely cluster. Secondary clusters are those others nonoverlapping clusters that also attain statistical significance. For these secondary clusters, the
Monte Carlo p-values calculated from the reference distribution are conservative
(Kulldorff, 1997). We can also obtain secondary clusters using our simulated annealing
method but this has not been emphasized in this paper.
There is an important difference between Kulldorff’s scan statistic and our method.
Kulldorff’s method finds the exact maximum likelihood within the constrained geometrical
class for the clusters (the circles) since it does exhaustive search. Due to the unconstrained
shape of candidate clusters, our method is not guaranteed to find the maximum although
convergence to the maximum happens quickly. In addition, our theoretical arguments in
Section 4 show that we should obtain the maximum or near maximum solution under
regularity conditions.
In many applications, when the clusters are approximately circular, the standard scan
statistics will give fast and efficient answers to the cluster detection problem. Besides its
own value as an efficient cluster detection, the usual scan statistic method can also be used
to provide an initial value for our algorithm. Starting from a circular cluster subgraph near
the optimally unconstrained shape cluster is better than choosing any random subgraph to
start the search procedure. Therefore, we recommend running SaTScan initially and to use
the most likely cluster found as an initial subgraph to run our algorithm.
It is worth noting that the null hypothesis probability distribution of the test statistic is not
the same for ours and Kulldorff’s scan statistic. The reason is that, since the candidate
clusters of Kulldorff’s method constitute a subset of the candidate clusters of our method,
then our test statistic is larger than Kulldorff’s test statistic value for any given
configuration, assuming that our method converges to the true maximum for unconstrained
shaped clusters. This last caveat is important because, since our method does not undertake
an exhaustive search, it could not converge to the true maximum and the ordering between
Kulddorff’s and ours test statistics could not hold. However, we believe this will be a rare
situation. The implication of that test statistic ordering is that the right tail of our test
statistic is fatter than the corresponding from Kulldorff’s method, even under the null
hypothesis.
With our method and the usual scan statistic, the exact location and boundaries of the
cluster must remain uncertain. This occurs because the likelihood changes are very small
when adding or removing a few areas to or from the most likely cluster.
Kulldorff (1999) proposes an isotonic version of his test, where the cluster under the
alternative hypothesis is modeled using a function with decreasing risk with increasing
distance from the cluster center. The shape of this decrease is left unspecified with its
general form including many different possibilities such as step functions and smoothly
decreasing shapes such as exponential and linear trends. This proposal is a welcome
addition to the cluster detection methods since it adds realistic alternative hypothesis to the
usual scan statistic. Kulldorff (1999) considers situations where this isotonic proposal
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would be preferable but he concludes that the simplicity of concept and interpretation will
make the standard scan statistic preferable in many situations.
In our view, practitioners will appreciate tests that are flexible enough to identify clusters
with arbitrary shapes. Another issue, even more important, is the comparison of the
methods concerns their relative power. It is expected that a test with alternative hypothesis
more flexible should have more power against clusters shaped according to the alternative
set. However, what is not clear is the relative power of the methods when a real cluster is
circularly shaped and this issue should be investigated.
In conclusion, the simulated annealing method can serve as an important tool for
geographical cluster detection. It is possible to find clusters of arbitrary shapes such as
along rivers, lakeshores, avenues and roads. Not constraining the cluster to a fixed
geometric shape, such as a circle, allows the researcher to find a geographically smaller
cluster, hopefully more similar to a real cluster. The method could also be extended to deal
with space and time simultaneously. Although the clusters searched have arbitrary shape,
the algorithm is fast and requires only n log(n ) running time.
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