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Scope and Purpose

The problem of change-point identification is encountered in many subject
areas, including disease mapping, medical diagnosis, industrial control, and fi-
nance. A Bayesian way to tackle the problem is through the well-known prod-
uct partition model (PPM) introduced by Hartigan in the early 90’s. Nowa-
days, the PPM is still attracting researchers’ attention because of its flexibility
and the spreading use of the powerful personal computers that make it possible
to deal with its inherent computational complexity. In this paper, the PPM is
tailored to the identification of change points both in the means and variances
of time series, assuming that, given these parameters, the data are normally
distributed. We extend some previous works by considering a non-degenerate
prior distribution to the probability p of having a change point at a particular
period of time. An original Gibbs sampling scheme is also developed to com-
pute the product estimates and, consequently, to attack the difficult resulting
model which is applied to the identification of change points in the expected
returns (means) and volatilities (variances) of two important stock market
data in Brazil. The computational results seem to indicate that method is
effective and efficient, making it possible useful inferences. In addition, the
method is simple and easy to implement.

1 Introduction

The identification of change points is important in many data analysis prob-
lems, such as disease mapping, medical diagnosis and industrial control. This
problem also arises in stock market analysis. Indeed, Figure 1 shows the
IBOVESPA (“Indice Geral da Bolsa de Sio Paulo”) and the IBOVMESB
(“fndz’ce da Bolsa de Valores de Minas Gerais, Espirito Santo e Brasilia”) se-
ries, two of the most important Brazilian indexes. Both are expressed in terms
of the returns calculated on closing prices recorded monthly. Inferences on the
instants when changes occurred in the expected returns (means) and in the
volatilities (variances) of such series, for example, allows the identification of
events that could have produced the changes, helping decision makers in the
future under similar situations.

Bayesian approaches for the change-point problem have been presented by
several authors. For example, Menzefricke [2] considers the problem of making
inferences about a change point in the precision of normal data with un-
known mean. A single change point in the functional form of the distribution
is explored by Hsu [3], who considers the class of the exponential-power distri-
butions Box and Tiao [4] for treating the problem. Hsu [3] and Menzefricke [2]
apply their methodologies to stock market prices (see also Smith [5]). Stephens
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Fig. 1. IBOVESPA and IBOVMESB Return Series

[6] discusses the discrete multiple change-point problem and the continuous
single-change point problems, which is illustrated by considering some kidney
transplant data. Stephens [6] also focuses on the computational complexity
involved in the change-point identification.

Later, Hartigan [1] proposes the Product Partition Model (PPM), which gen-
eralizes most of the situations described above. The PPM allows the identifica-
tion of multiple change points in the parameters as well as in the distribution
function itself. Besides, the PPM assumes that the number of change points
and also the instants when the changes occur are random variables, which
makes the PPM more interesting and flexible than those models that consider
the number of changes as fixed (threshold models and the method based on
maximum likelihood estimation considered by Hawkins [7], for example). The
PPM is considered by Barry and Hartigan [8] to identify multiple change points
in normal means with common variance. Recently, Crowley [9] provides a new
implementation of the Gibbs sampling scheme and also consider an empirical-
Bayes approach in order to solve the problem of estimating normal means
by using the PPM. Quintana and Iglesias [10] present a decision-theoretical
approach formulation to the PPM and connect the PPM to the the Dirichlet
process. The PPM is also used by Loschi et al. [11] to identify multiple change
points both in the means and variances of normal data. Loschi et al. [11]
consider the recursive algorithm proposed by Yao [12] to obtain the posterior



relevances (and, consequently, the product estimates of the normal means and
variances) and implement a Gibbs sampling scheme to estimate the posterior
distributions of the number of change points and the instants when changes
occur. Loschi et al. [11] also consider the prior cohesion defined by Yao [12],
which depends on the probability p that a change takes place at any time,
assuming a degenerate prior distribution for that probability.

This paper extends Loschi et al.’s results by assuming rather a non-degenerate
prior distribution to the parameter p involved in the Yao’s cohesions and by
providing an original procedure to evaluate the posterior relevances based
on a Gibbs sampling scheme. The algorithm proposed is applied to identify
multiple changes in the mean returns and in the volatilities of the IBOVESPA
and IBOVMESB series to illustrate the use of the method, and to point out
some events that could have produced the changes.

The paper is organized as follows. Section 2 briefly reviews the PPM and
presents inferential solutions to identify change points in random variables
normally distributed, given the means and variances. Section 2 also presents
the exact posterior relevances, the posterior distributions of the random par-
tition generated by the change points, and the posterior distribution of the
number of change points in the partition. In Section 3, a Gibbs sampling
scheme is proposed to compute the posterior relevances, the posterior dis-
tributions of the number of blocks in the partition generated by the change
points, and the posterior distribution of this random partition. In Section 4,
the algorithm is applied to the identification of change points in the mean
returns and in the volatilities of the IBOVESPA and IBOVMESB. Section 5
closes the paper with final remarks and future topics for investigation.

2 Statistical Models

In this section, the PPM and some preliminary results are presented, as shown
in Barry and Hartigan [13, 8]. Details are given on how the PPM may be tai-
lored to identify multiple change points in the means and variances of normal
data, as presented by Loschi et al. [11]. Then, original results are presented on
how to compute the posterior relevances of the model and the exact posterior
distributions of the blocks and the number of change points, considering the
beta prior distribution for the parameter p (probability of having a change)
involved in the Yao’s cohesions.



2.1 The PPM

Let Xi,..., X, be aobserved time series. Consider a random partition p of the
set I ={1,...,n} U{0} and a random variable B that represents the number
of blocks in p. Consider that each partition p = {ig,41,...,0}, 0 = ig < i1 <
<+ < i = n, divides the sequence Xi,..., X, into B = b, b € I, contiguous
subsequences, which will be denoted by Xy, i) = (Xi,_,41,...,X3,), 7 =
1,...,b. Let ¢;) be the prior cohesion associated to the block [ij] = {i +
1,...,7}, 4,5 € IU{0}, j > i, which represents the degree of similarity among
the observations in Xj;;).

Hence, it is said that the random quantity (Xi,...,X,;p) follows a PPM,
denoted by (X, ..., X,;p) ~ PPM, if:

i) the prior distribution of p is the following product distribution:

I8 en
— J—lc[ j—115] (1>

7=1%lij-11;

where C is the set of all possible partitions of the set I into b contiguous
blocks with end points i, - - -, i, satisfying the condition 0 = iy < 7; <
o<ip=mn,bel;

ii) conditionally on p = {ig,...,%}, the sequence X7, ..., X, has the joint
density given by:

f(Xb e aXTL|p = {i()) R aib}) = H?:lf[ijfl’ij](X[ijflij]% (2)

where f1;1(Xp;1) is the density of the random vector, called data factor,
X[z]] = (X/L'Jrl, ‘e ,Xj)/.

Notice that the PPM described above describes the uncertainty about the ran-
dom object (X7, ..., X,;p), if the prior opinion about this object discloses the
existence of blocks of observations produced by some judgment of similarities

(in some sense) among these observations, as well as independence among the
different blocks.

Also note that the number of blocks B in p has a prior distribution given by:

P(B=0b) o<y T ici, 15, bE T, (3)
C1

where C; is the set of all partitions of 7 U {0} in b (fix) contiguous blocks.

As shown in Barry and Hartigan [13], the posterior distributions of p and B
have the same form of the prior distribution, where the posterior cohesion for



the block [ij] is given by ¢f;; = cpij) f1ij (Xpij))- That is, the PPM induces some
kind of conjugacy.

In the parametric approach to the PPM, a sequence of unknown parameters
0,...,0,, such that, conditionally in 64, ..., 0,, the sequence of random vari-
ables X1,..., X, has conditional marginal densities f1(X1]61),..., fu(Xu|0n),
respectively, is considered. In this case, it is considered that two observations
X; and X, such that ¢ # j, are in the same block, if it is believed that they
are identically distributed. Thus, in this approach to the PPM, the predictive
distribution fj;;(Xp;)), which appeared in (2), can be obtained as follows:

S (Xpgp) = / S (X1 10) 7135 (6) b, (4)

Oij)

where Oj;) is the parameter space corresponding to the common parameter,

say, O] = 01 = ... = 0;, which indexes the conditional density of Xj;; =
(Xissr- o Xj)'

The prior distribution of 64, ..., 6, is constructed as follows. Given a partition
p = {io,..., 4}, b € I, we have that 0; = 0, ;) for every i,y < i < i,
r = 1,...,b, and that Oj,,...,0 4 are independent, with 6};; having

(block) prior density ;5 (6), 6 € O;).

Hence, the goal is to obtain the marginal posterior distributions of the param-
eters p, B, and 6y, k = 1,... n. Barry and Hartigan [13] have shown that the
posterior distributions of 6y, is given by:

k—1 n
7T(9k|X17---,Xn) = ZZTE]@ W[ij}(9k|X[ij})a (5)
i=0 j=k
for k =1,...,n, and the posterior expectation of 6}, is given by:
k—1 n
i=0 j=k
for k =1,...,n, where r};;; denotes the posterior relevance for the block [i],

that is:

i]

In pseudo-language, Figure 2 shows the PPM to solve the change-point iden-
tification problem.



algorithm
(1) read Xy,..., X,

for all 4,5 € {0,...,n} such that i < j do
(2) i — P([ij] € p|Xq,..., X})

end for

for k=1tondo
k—1 n

i=0 j=k
end for
(4) write E(0y),...,E(6,)
end algorithm

Fig. 2. The PPM

2.2  The Normal PPM, the Mean and Variance Case

To specify the PPM for normal data, it is assumed that there is a sequence of
unknown parameters 6; = (u1,0%),...,0, = (tn,02), such that Xy|uy,or ~
N(ug,02), k = 1,...,n, and that the parameters are independent. It is also
assumed that each common parameter ;1 = (pj, 0[21- j]), related to the block
[i7], has the conjugate normal-inverted-gamma prior distribution denoted by:

(1psg), 0fig)) ~ NIG (myg), vig); agizy /2, djig) /2),

that is,

fuig |0y ~ N(myg), vgof,;) and

oy ~ 1G(ay /2, djij /2),

where 1G(a,d) denotes the inverted-gamma distribution with parameters a
and d, mp;; € IR, and ay;), dj;; and vy, are positive values. Hence, the condi-
tional distribution of 0} = (py), U[Zij]), given the observations in Xp;, is the
normal-inverted-gamma distribution given by:

(1), o)1 X pig) ~ NIG (M, viyps afig /2, diiy /2), (8)



mk . — (G—1)vf Xpig) M)
(5] (G—1)vpz+1 (F—)vp;+1°
vk = il
[i7] = G=vjas+1° (9)

di;]] = d[U] +] — 1,

afij) = afi) + a1 (Xiig))

d S (7 — ) (Xjij) — mpi)?
Qlij) Xpig) = (X, — X)) +
i (Ra) = 2, ] = Doy + 1

Consequently, it follows from Eq. (8) that, given X{;;;, the conditional marginal
densities of ;5 and O'[Qij] are, respectively:

N[z‘j] [Xig) ~ t(mfiz; viig)» afy), dfiy) and
|X1] ~ IG(CL[Z]]/Q d[zj]/2>7

(10)

for which it is observed that (the interested reader may find details in O’Hagan
[14]):

E(pgy| X)) = mfy, if diy > 1, and
sl (11)

E(Uﬁjﬂx[ij}) - , if d,

From Eq. (6) and (11), it follows that the posterior estimates for the param-
eters yy, and o} are given by:

k—1
E(pg| Xy, .. er‘”]m[w], if diy;; > 1, and

EE (12)
E(U}%|Xl, o e - Zr[‘;]] d* s 2 lfd[l]]

1=0 j=k



algorithm
read Xy,..., X,
for all 7,5 € {0,...,n} such that i < j do
i < P([ij] <€ p| X1, ..., X))
J
Xy — 75 > X
G ’T):"“X
* J—1)v035) X i) M)
* Ulig
Y%igl (G—)vpy+1
dE;J} — d[”] +7 — 1
J _
% (=) Xz —mps)?
g0l (Xpa) — 2 (X = Xiy))* + 55—
r=i+1
afiy) — afig) + qig) (Xpig))
end for
for k =1ton do
k-1 n
E(pk| X, Xa) = D2 iy miy
0 j=k
k—1 n o
E(c}X1,...,X,) < er;ﬂ d*_[_”_]Q
i=0 j=k Ll
end for
write E(uy), E(0?),...,E(u,), E(c?)
end algorithm

Fig. 3. The Normal PPM, Mean and Variance Case

respectively, with & = 1,...,n, where M5, ) and df‘ij] are defined as in
Eq. (9).

Figure 3 shows the normal PPM, for the mean and variance case.

2.3 The Ezact Posterior Distributions of p and B and the Posterior Rele-
vances T[*;j]

As one may already have noticed, the algorithm presented in Figure 3 gives
no details at all on how to compute the posterior relevance rE;j]. Assuming
only the existence of contiguous blocks, the prior cohesions, as defined by Yao
[12], can be interpreted as the transition probabilities in the Markov chain
defined by the endpoints of the blocks in the partition p. Let 0 < p < 1 be
the probability that a change occurs at any instant in the sequence. Thus, the
prior cohesion for block [ij], ¢}, corresponds to the probability that a new
change takes place after j — ¢ instants, given that a change has taken place at



the instant ¢, that is:

p 1 — P j7i717 lf.] < n,
Clij) = ( ) 4 (13)
(1—p)y 1, if j=n,

for all 4,7 € I, such that i < j.

Consequently, from Eq. (1), one can obtained that the prior distribution of p
takes the form:

P(p - {i07i17 s vib}) :pb_1<1 _p)n_bab € ]7

and from Eq. (2), it follows that the prior distribution of the random variable
B is given by:

P(B=0b)=Cr " (1 —p)"™° Vbel,

where C;'~}! is the number of distinct partitions of I into b contiguous blocks.

Assume that p has the beta prior distribution with a > 0 and § > 0 param-
eters, denoted by p ~ B(a,3). Let C be the set of all partitions of the set
I into b contiguous blocks with endpoints i, ..., 1, satisfying the condition
0=1g,...,2% =n, b€ I and consider C; C C the subset of all partitions that
contain the block [ij] = {i 4+ 1,...,7}. Thus, since « > 1 and § > 1, the
posterior distribution of the random partition p is given by:

I fiiy i) (X1
Plp = {io i1, ..., is | X1, ..., Xp) = s = }
e AT iy i) (X i) }

X

F'b+a—1(n+5—10)
F'b+a—-1I'(n+pB-0)

(14)

The posterior probability of the event B = b, b € I, is given by multiplying the
posterior probability in Eq. (14) by C;~}'. Notice that the posterior distribu-
tions of p and B do not have the product distribution presented in Section 2.1
(as obtained by Loschi et al. [11]).

The exact posterior relevance rfzﬂ to the block [ij], for i < j, can be calculated
as follows:

10



I >c H?:l,ik:if[ijflij]<X[ij71ij])f[iﬂ (XW])
3] > Ty fimj1i) (X i)

X

b
Hj=k+2,ik+1=jf[ij—1ij](X[ij—lij]> X

F'b+a—-1)C(n+ 5 —0)
Fb+a—-1C'(n+5-0)

(15)

Denote by 1, the n-dimensional vector of ones and let I, be the n x n-
dimensional identity matrix. If the PPM presented in Section 2.2 is assumed
which consider conditionally normally distributed data, it follows that each
block of observations Xp;;; has the (j — ¢)-dimensional Student-¢ distribution
denoted by Xp;j ~ tj—i(my;), Vs agij, djij)) with density function given by:

F[(d[i'}+j_i)/2} diij)/2 -
Ji(Xpii) = F[C]Z[iﬂ/Q]ﬂk/2 ag Vi) 2 %

{agis) + (Xpig) — mpy)) Vi (Xpig) — mp) }~@ati=972 0 (16)

where my;;) = my;;1;; and Vi) = L +vp5 15415, (see more about Student-
t distribution in Arellano-Valle and Bolfarine [15]).

Notice that in spite of the advantages introduced by the PPM in the identifica-
tion of multiple change points (the number of change points is not previously
fixed), the exact calculation of the posterior distributions of p and B, as well
as the posterior relevances rrij], demands such a high computational effort that
it is unlikely that the PPM would be of practical interest in the analysis of
large data sets. In Section 3, Loschi et al.’s computational approach to find
the posterior distributions of p and B is shown and adapted to the beta prior
situation and a new Gibbs sampling scheme to overcome the difficulties of
computing the posterior relevances is proposed.

3 Gibbs Sampling Scheme Applied to the PPM

Gibbs Sampling is a Monte Carlo Markov Chain scheme proposed by Geman
and Geman [16] and adapted to Bayesian statistics by Gelfand and Smith
[17]. In particular, Gibbs sampling provides a posterior distribution generation
scheme.

In order to estimate the posterior distributions of p and B and also the pos-
terior relevances r{;;, the transformation suggested by Barry and Hartigan [8]

11



is used which assumes the auxiliary random quantity U; that reflects whether
or not a change point occurred at the time ¢, that is:

]-7 if QZ = 0’i+17
07 if 97, 7& 02'4—17

fori=1,...,n—1.

Notice that the random quantity p is immediately identified once the vector
U = (Uy,Us,...,U,_1) is known. Consequently, the posterior probability of
each particular partition p = {ig,1,...,4}, into b contiguous blocks, can be
estimated from the number of U’s for which this particular value of p is found.
It is also possible to use the U’s to estimate the posterior distribution of B
(or the posterior distribution of the number of change points B — 1) simply
by noticing that (see details in Loschi et al. [11]):

n—1

B=1+> (1-U;). (17)

i=1

The posterior relevances can be estimated by using the following procedure.
Generate a sample of U’s of size T'. The estimate of the posterior relevance
Tf;j], for 2,7 =1,...,n, such that ¢« < j, can be computed as follows:

v My
Tlij] = T’

(18)

where M;; is the number of U’s for which the pattern U; = 0, U1 = - -+
Uj—1 =1 and U; = 0 is observed.

The vector U¥ = (UF,...,U* |) is generated at the k-th step by using the
Gibbs sampling as follows. Starting with the initial values U° = (U?,...,U° ,),
at the k-th step, the r-th element U” is generated from the conditional distri-
bution:

UUY, ..., UF U U X, X, p

n—1>
forr = 1,...,n—1. To generate the U*’s, it is sufficient to consider the ratios
given by the following expressions Ross [18]:

P(Ur = 1|Ak;X1a s 7X"’p>
P(U, = 0|A5; Xy, ..., X\, p)

R, =

12



for r = 1,...,n — 1, where A* = {UF = wy,...,.UF | = u, 1, U} =
Upgr, ..., UL = un—1}. Hence, considering a beta prior distribution for p,
it results that:

Jiag) (X)L (0 + 8 =0+ DI (b+a - 2)

fir = , (19)
Fron) (Xiar)) firg) (X )0 + o — DT (1 + 3 — b)
where:
max ¢
st 0<e<r,
T = UF =0, if thereis an UF =0,
for some i € {1,...,r — 1},
0, otherwise,
and
min ¢
s.t.ir <1<,
z = UF' =0, if there is an UF' = 0,

for somei e {r+1,...,n—1},

n, otherwise.

Notice that, in the normal case, fj;;1(X};) is the Student-¢ distribution given
in Eq. (16). Consequently, the criterion for choosing the values (UF,... U* )
becomes:

L | Lif Ry > =
Uy = g (20)

0, otherwise,

forr=1,...,n—1, where u ~ U(0,1).

This completes the procedure proposed. The algorithm in pseudo-code is pre-
sented in Figure 4.

13



algorithm

read Xy,..., X,

for £k =1 to SAMPLES do
generate U*

end for

for all 7,5 € {0,...,n} such that i < j do
T < proportion of samples such that

Ul =0,Uf, = :Uf_lzl,Uf:O
end for
for all i,j € {0,...,n} such that ¢ < j do

P ope

r=i+1_

* (3 =1)vpiz) X[ig) Mij)
Mig] = “Gvpntl T G gy 11
v Ylig)

[Z]} (J Z)’U [27] +1

d*zj — d[m] +5—1
! Z. )2 4 U)Ky =y
a5 (X)) = D (Xo = Xpy)* + 550
r=i+1
afi) < agg) + 651 (Xiij)
end for
for k=1 ton do

Bl X, X0) = 32 S riymiy

E(0jl X, .., Xn) : erij} e

end for
write E(u1), E(0?),..., E(u,), E(0?)
end algorithm

Fig. 4. The Proposed Normal PPM for x and o2

4 Application to Two Important Brazilian Indexes

In this section, the focus is on the identification of multiple change points
in the means (expected or mean returns) and variances (volatilities) of the
IBOVESPA and IBOVMESB series. Both time series, available from the au-
thors, are expressed in terms of the returns calculated on closing prices,
recorded monthly. As usual in finance, a return series is defined by using
the transformation R, = (P, — P,_1)/P;_1, where P, is the price in the month
t. The IBOVESPA and IBOVMESB return series are plotted in Figure 1, from
which it is noticeable that they present a similar behavior, suggesting the ex-
istence of some changes in the means and variances of the returns in both of

14



them. The purpose is to verify whether or not, within the period considered,
January, 1991 to August 1999, the two return series present change points in
the expected returns and in the volatilities.

4.1 The Data Analysis

The same prior cohesions and distributions are considered to describe the ini-
tial uncertain for both series, although the IBOVMESB series seem to present
lower variances, as one could see from Figure 1. These choice were done as
reported by Loschi et al. [11], for the Chilean market. These specifications
can be supported by the fact that the Brazilian market is also an emerging
market and, like the Chilean market, more susceptible to the political sce-
nario than developed markets (see Mendes [19]). As for the Chilean market,
we also assume that changes in the behavior of the Brazilian stock return
series are a consequence of the receipt of not previously anticipated informa-
tion (more about unpredictability can be found in Loschi [20]), so that past
change points are non-informative about future change points (see Mandelbrot
[21]). Hence, the prior cohesions presented in Eq. (13), which imply that the
sequence of change points establishes a discrete renewal process, with occur-
rence times geometric and identically distributed, are also an adequate choice
for the Brazilian stock market.

The returns are supposed to be conditionally independent and distributed
according to the normal distribution N (g1, aﬁﬂ), and the natural conjugate
prior distribution for the parameters ;) and a[zm is adopted, which in this
case is the normal-inverted-gamma distribution.

In accordance to Loschi et al.’s specifications for the Chilean stock market [11],
the following normal-inverted-gamma prior distribution is adopted to describe
the uncertainty on the parameter (uj, 0[21-]-]) for both indexes:

M[z‘j]|0[2iﬂ ~ N(O,U[?ij]), and

Since a small number of changes is expected in both series, a beta distribution
which concentrates most of its mass on small values needs to be considered as
prior distribution of p. The following distribution is considered:
3 57
5(53)
b 22

To estimate the posterior relevances rf;j] and the posterior distribution of B

15



(or the number of change points B — 1), 50,000 samples of 0-1 values with
dimension 103, starting from a sequence of zeros were generated. The initial
5,000 iterations were discarded and a lag of ten was selected to avoid correla-
tion. That means that a net sample size of 4,500 was used. Discussion on the
number of iterations to be discarded, as well as the lag to be taken, can be
easily found in the literature by the interested reader (see Gamerman [22], for
example).

— PPM
.......... Moving Average

Expected Return

9 92 983 9 95 96 97 98 99

Year

— PPM
---------- Moving Variance

0.08

Volatility
0.04

9 92 93 % 95 96 97 98 99

Year

Fig. 5. IBOVESPA’s Posterior Estimates

The algorithm in Figure 4 was coded in C**, with the settings mentioned
above, and it is available upon request. All tests were performed in PC-like

16



— PPM
.......... MOVing Average

Expected Return

9 92 93 9 95 96 97 98 99

Year

0 — PPM
o ‘ F N Moving Variance

Volatility

9 92 93 % 95 96 97 98 99

Year

Fig. 6. IBOVMESB’s Posterior Estimates

machine, 166 MHz, 32 MB RAM, and using the free C** compiler DJGPP
(url: http://www.delorie.com/djgpp). All tests took less than 10 minutes of
CPU time.

Figures 5 and 6 present the posterior estimates (solid lines) of the monthly
mean returns and volatilities for the IBOVESPA and IBOVMESB series, re-
spectively. These estimates are contrasted with the order 10 arithmetic moving
averages (dotted lines) for means and variances. It is noticed that the estimates
obtained using the PPM are similar to the respective naive estimates.
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— Expected Return
Jd N Volatility

0.3

Estimates
0.2

0.1

91 92 93 94 95 96 97 98 99
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Fig. 7. IBOVESPA’s Joint Behavior of Expected Returns and Volatilities

Figure 7 presents the posterior estimates of the IBOVESPA’s expected returns
(solid line) and volatilities (dotted line). A similar comparison is presented in
Figure 8 for the IBOVMESB. Additionally, Figures 7 and 8 show that more
changes occurred in the expected returns than in the volatilities in both series
and that typically changes in the volatilities are followed by changes in the
expected returns for both indexes, which can also be seen in the dispersion
diagrams in Figures 9 and 10.

Figure 11 and 12 show respectively the expected return posterior estimates
and the volatility posterior estimates for both series. It is noticed that typi-
cally, change points observed in the IBOVESPA and IBOVMESB series occur
at the same time and that the changes are in the same direction. However,
some differences in the behavior of these series are observed. The two changes
observed in IBOVMESB series, in August, 1991 and in October, 1991, do not
occur in IBOVESPA series. These change points could be related to the USIM-
INAS privatization, a important steel company located in Minas Gerais state.
The beginning of the crisis in the Fernando Collor’s government in March,
1992, which culminate with his impeachment, in December of the same year,
could be the events that produced the change points in IBOVMESB series,
around these two months. Against the initial expectations, these important
political events do not seem to produce changes in the behavior of IBOVESPA
series.
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Fig. 8. IBOVMESB’s Joint Behavior of Expected Returns and Volatilities

A new currency, the Real, was introduced in July, 1994. The Real period
has presented lower expected returns and volatilities than the previous pe-
riod. Mexico, and Asia’s crises might be responsible for the market warm-up
observed, in January, 1995 and August, 1997, respectively. We notice that
the periods when higher volatility was observed during the Real period have
been smaller than in the preceding period. Some political actions of the Minas
Gerais State Governor, in January, 1999, could be associated with the decrease
of the expected returns and volatilities of both indexes, from this period on.

In July, 1999, Russia’s crisis could have produced the change in the IBOVMESB
series. However, we do not observe changes in the IBOVESPA series within
that period. This different behavior could be explained by the policy adopted
by the Brazilian government during Asias’s crisis, in August, 1997, and because
IBOVESPA is the main indicator of the Brazilian economy, incorporating the
benefits of the government policies more immediately.

Figure 13 shows the posterior distribution of the number of change points
that occurs in each index. We notice that the posterior distributions of the
number of change points for both indexes concentrate most of their mass on
small values as expected. However, the posterior distribution of the number
of change points for IBOVESPA series are more concentrated and typically
concentrate their mass on smaller values than the IBOVMESB series, which
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means that the former series comes from a more stable market.

5 Final Remarks and Future Directions

The classical Product Partition Model (PPM) was described and its impor-
tance for change-point identification problems in time series analysis was
stressed. The PPM was tailored to the analysis of multiple change points in the
means and variances of normal data, assuming a prior specifications for these
parameters and for the parameter p that is the probability of having a change
in a period of time. A new scheme based on Gibbs sampling was proposed to
implement the PPM that avoided its inherent computational hardness. The
algorithm was coded in C** and it was made available upon request. Two
important Brazilian indexes were analyzed and the method seemed to explain
satisfactorily their behavior, if a change-point analysis is required.

It was concluded that the IBOVESPA and IBOVMESB series have a very
similar behavior and could probably suffer the influences of the same non-local
events. It was noticed that both indexes have presented clusters in the expected
returns and volatilities, as well as a small number of change points. These same
conclusions were also driven for the Chilean stock market by Loschi et al. [11],
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disclosing the similarities that exist in the behavior of Brazilian and Chilean
markets. Sao Paulo and Minas Gerais states are two of the most important
economies in Brazil, thus having a high political influence. Hence, as Minas
Gerais is the strongest economy involved in the IBOVMESB, the similarities
observed in the behavior of IBOVESPA and IBOVMESB are justified.

Some open questions remains. Would it be possible to find even simpler imple-
mentations for the PPM? How sensitive to the prior statement are the results?
How big would the treatable series be? How well does the methodology fits
in other subject areas? These and other similar questions are interesting and
relevant topics for future research in this area.

Acknowledgments

The authors hereby acknowledge the Brazilian agencies CNPq (grants
301809/96-8 and 201046/94-6), FAPEMIG (grants CEX 855/98 and CEX
795/00), and PRQp-UFMG (grants 4081-UFMG/RTR/FUNDO/PRPq/99
and 3893-UFMG/RTR/FUNDO/PRPq/98), as well as the Chilean agencies
FONDECYT (grants 8000004, 1971128, and 1990431) and Fundacién Andes
(grant C 13680-4), for the support to their research.

21



Expected Return

0.8

0.6

0.4

0.2

0.0

— IBOVESPA
"""" IBOVMESB

91 92 93 94 95 96 97 98 99

Year

Fig. 11. Expected Return Posterior Estimates

22




Volatility

0.5

0.4

0.3

0.2

0.1

0.0

— IBOVESPA
"""" IBOVMESB

Year

Fig. 12. Volatility Posterior Estimates

23




Probability

0.15

0.10

0.05

0.0

IBOVESPA
IBOVMESB

T T T T
0 10 20 30

Number of Change Points

Fig. 13. Posterior Distribution of the Number of Change Points

24




References

1]
2]

[13]
[14]
[15]

[16]

J. A. Hartigan. Partition models. Communication in Statistics - Theory
and Method, 19(8):2745-2756, 1990.

U. Menzefricke. A Bayesian analysis of a change in the precision of a
sequence of independent normal random variables at an unknown time
point. Applied Statistics, 30(2):141-146, 1981.

D. A. Hsu. A Bayesian robust detection of shift in the risk structure of
stock market returns. Journal of the American Statistical Association, 77
(2):29-39, 1982.

G. E. P Box and G.C. Tiao. Bayesian Inference in Statistical Analysis.
Addison-Wesley, New York, USA, 1973.

A. F. M. Smith. A Bayesian approach to inference about a change-point
in a sequence of random variables. Biometrika, 62(2):407-416, 1975.

D. A. Stephens. Bayesian retrospective multiple-changepoint identifica-
tion. Applied Statistics, 43(1):159-178, 1994.

D. M. Hawkins. Fitting multiple change-point models to data. Compu-
tational Statistics €& Data Analysis, 1:323-341, 2001.

D. Barry and J. A. Hartigan. A Bayesian analysis for change point prob-
lem. Journal of the American Statistical Association, 88(421):309-319,
1993.

E. M. Crowley. Product partition models for normal means. Journal of
the American Statistical Association, 92(437):192-198, 1997.

F. A. Quintana and P. L. Iglesias. Non-parametric Bayesian cluster-
ing and product partition models. Technical Report PUC/FM-06/2000,
Departamento de Estadistica, Pontificia Universidad Catolica de Chile,
2000.

R. H. Loschi, P.L. Iglesias, and R. B. Arellano-Valle. Bayesian detection of
change points in the Chilean stock market. In Proceedings of the Section
on Bayesian Statistical Science, pages 160-165, Baltimore, MD, USA,
1999. Annual Meeting of American Statistical Association.

Y. Yao. Estimation of a noisy discrete-time step function: Bayes and
empirical Bayes approaches. The Annal of Statistics, 12(4):1434-1447,
1984.

D. Barry and J. A. Hartigan. Product partition models for change point
problems. The Annals of Statistics, 20(1):260-279, 1992.

A. O’Hagan. Kendall’s Advanced Theory of Statistics 2A, chapter
Bayesian Inference. John Wiley & Sons, New York, NY, 1994.

R. B. Arellano-Valle and H. Bolfarine. On some characterizations of the
t-distribution. Statistics € Probability Letters, 25:79-85, 1994.

S. Geman and D. Geman. Stochastic relaxation, Gibbs distribution and
Bayesian restoration of images. IFEE Transactions on Pattern Analysis
and Machine Intelligence, 6:721-741, 1984.

A. E. Gelfand and A. F. M. Smith. Sampling-based approaches to calcu-
lating marginal densities. Journal of the American Statistical Association,

25



[18]

[19]

[20]

[21]

[22]

85:398-409, 1990.

S. Ross. A First Course in Probability. Prentice-Hall, New Jersey, USA,
5th edition, 1997.

B. V. M. Mendes. Computing robust risk measures in emerging equity
markets using extreme value theory. Emerging Markets Quarterly, pages
24-41, 2000.

R. H. Loschi. Imprevistos e suas Conseqiiéncias (Unpredictabilities and
their Consequences). PhD thesis, Departamento de Estatistica, Insti-
tuto de Matemaética e Estatistica, Universidade de Sao Paulo, Sao Paulo,
Brazil, 1998. (in Portuguese).

B. Mandelbrot. The variation of certain speculative prices. Journal of
Business, 36:394-419, 1963.

D. Gamerman. Markov Chain Monte Carlo: Stochastic Simulation for
Bayesian Inference. Chapman and Hall, London, UK, 1997.

26



Biographical Sketches

Rosangela Helena Loschi received her Doctor degree in Statistics from Univer-
sidade de Sao Paulo, Sao Paulo, Brazil. Her research areas include Bayesian
statistics and she has published in Computational Statistics €& Data Analysis,
Test and Journal of the Chilean Statistical Society. Currently, she is an asso-
ciate professor in the Departamento de FEstatitica at Universidade Federal de
Minas Gerais, Belo Horizonte, Brazil. E-mail: loschi@est.ufmg.br.

Frederico Rodrigues Borges da Cruz received his Doctor degree in Computer
Science from Universidade Federal de Minas Gerais, Belo Horizonte, Brazil.
His research areas include computational statistics and operations research.
His papers have appeared in Computer & Operations Research and Furopean
Journal of Operations Research. Currently, he is an associate professor in the
Departamento de Fstatitica at Universidade Federal de Minas Gerais, Belo
Horizonte, Brazil. E-mail: fcruzQest.ufmg.br.

Pilar Iglesias received her Doctor degree in Statistics from Universidade de
Sao Paulo, Sao Paulo, Brazil. Her research areas include Bayesian statistics
and decision theory. Her papers have appeared in Bayesian Statistics 6, Test,
Journal of Statistical Planning and Inference among others. Currently, she is
an associate professor in the Facultad de Matematicas at Pontificia Universi-
dad Catolica de Chile, Santiago, Chile. E-mail: pliz@mat.puc.cl.

Reinaldo Arellano Valle received his Doctor degree in Statistics from Univer-
sidade de Sao Paulo, Sao Paulo, Brazil. His research areas include Bayesian
statistics and asymptotic theory. His papers have appeared in Statistics €
Probability Letters, Test, Communication in Statistics among others. Cur-
rently, he is an associate professor in the Faculdad de Matematicas at Pontificia
Unwersidad Catolica de Chile, Santiago, Chile. E-mail: reivalle@mat.puc.cl.

27



