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SUMMARY & CONCLUSIONS

In reliability engineering, it is known that electrical and
mechanical equipment usually have more than one failure
mode or cause. It has been recognized for more than three
decades that the mixed Weibull distribution is an appropriate
distribution to use in modeling the lifetimes of the units that
have more than one failure cause. However, due to the lack of
a systematic statistical procedure for fitting an appropriate
distribution to such a mixed data set, it has not been widely
used. A mixed Weibull distribution represents a population
that consists of several Weibull subpopulations. In this paper,
a new approach is developed to estimate the mixed-Weibull
distribution’s parameters. At first, the population sample data
are split into subpopulation data sets over the whole test
duration by using the posterior belonging probability of each
observation to each subpopulation. Then, with the new
concepts of Fracture Failure and Mean Order Number, the
proposed approach combines the Least-Squares method with
Bayes’ Theorem, takes advantage of the parameter estimation
for single Weibull distribution to each derived subgroup data
set, and estimates the parameters of each subpopulation. The
proposed approach can also be applied for complete, censored,
and grouped data samples. Its superiority is particularly
significant when the sample size is relatively small and for the
case in which the subpopulations are well mixed. A numerical
example is given to compare the proposed method with the
conventional plotting method of subpopulation separation. It
turns out that the proposed method yields more accurate
parameter estimates.

NOTATION

¥AO) Probability density function, pdf, of a mixed
population

§/10) Probability density function, pdf, of jth
subpopulation, j =1, 2

Bin Weibull shape and scale parameters of f; (1)

P, q Mixing weight for Subpopulation 1 and 2,

pe©1),prq=1

Pi() Posterior belonging probability
MON; (1) Mean Order Number

MR; (1) Median Rank

0] log.{-log.[1- MR; ()]}

X log. ()

P12 Correlation coefficients, p= p; + py

1. INTRODUCTION

The Weibull distribution has been used to model times-to-
failure data successfully. However, when a product has two or
more failure modes or causes; e.g., both early failures and
chance failures might be involved in a burn-in test, the
appropriate mixed-Weibulil distribution must be used.

If the population consists of a mixture of two independent
subpopulations with no correlation and each subpopulation
has its own unique failure mode and distribution, then the
lifetime distribution for the mixed population can be
expressed by

fO=pfiO+q/20), ey
where
f(©) = pdf of the mixed population,
Ji(®) = pdfof the jth subpopulation, j =1, 2,
P mixing weight, pe (0, 1),

and
ptg=lL
Usually, a subpopulation can be described by a single
Weibull distribution; i.e.,

. Bl Bj
fj(z)=ﬁi{iJ exp —[i] L J=12,
nj ;)

J

Therefore, Eq. (1) becomes a mixed two-Weibull
distribution with five parameters, 5, 1, £, 17, and p.

Jiang and Kececioglu (Ref. 1) found that there are six typical
patterns of mixed, two-Weibull CDF curves on Weibull
Probability Paper (WPP). In practice, if the plot of failure
data on WPP falls in one of those six typical shapes, then a
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mixed two-Weibull distribution might be a good model to use
for the analysis of the failure data. The question is how to fit
the mixed Weibull distribution to the failure data or how to
estimate the distribution’s parameters properly.

Actually, the mixed Weibull distribution has been
recognized as a candidate model of multi-mode failures in
reliability engineering for more than three decades. It has not
been widely used, because it is difficult to estimate the
distribution parameters. This paper will present a new
algorithm which combines the Least-Squares method with
Bayes Theorem by introducing new concepts. The objective
of the paper is to find an easy way to get accurate estimates of
parameters or, at least to stimulate some new ideas to find a
better estimation method later.

2. PARAMETER ESTIMATION FOR A MIXED TWO-
WEIBULL DISTRIBUTION

2.1 Current Methods

The parameter estimation for a mixed distribution is much
more difficult than that for a single distribution. The
difficulties are partly caused by the involvement of more
unknown parameters.

For a mixed, two-Weibull distribution, five parameters need
to be estimated. Theoretically, the “best” way is to use the
physics-of-failure analysis, classify each failure data point into
a different subpopulation by its failure mode, and thus analyze
each subpopulation separately. This additional failure analysis
is usually costly, time-consuming, and impossible in most
engineering practices. Sometimes, engineers even need to use
statistical solutions instead of physics-of-failure analysis to
identify the failure modes; e.g., engineers have to make a
decision, based on a simple analysis of failure data.

Currently, two major estimation methods are used for the
mixed, two-Weibull distribution: the graphical method (Refs.
1-3) and the MLE method (Ref. 4). The graphical parameter
estimation method is very popular for the mixed Weibull due
to its simplicity and visibility. Another reason for still using
graphic estimates is that, so far, there is no other easy way to
get reasonable estimates. This method is useful for the well-
separated subpopulation cases. It depends on visual
inspection of the data plots, which fails in most well-mixed
cases. Also, it is hard to use for small sample sizes which is
the case engineers often encounter. However, since it can be
quickly carried out, the graphical method can provide initial
estimates of the population parameters.

Maximum Likelihood Estimation (MLE) is preferred by
statisticians because the MLE estimate has excellent statistical
characteristics. It finds simultaneously all parameters that
maximize the likelihood function of the observed sample. For
a mixed Weibull population, the MLE is very complex. The
Expectation and Maximization (EM) algorithm (Ref. 4) is
recommended to solve the MLE for the mixed Weibull
distribution. However, the calculations (iterations) may not
always converge and multiple local maxima occur in all MLE
algorithms. It has to be pointed out that, for small size
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samples, the MLE estimates tend to be highly biased and
should be used very carefully.

The method presented here takes advantage of both physics-
of-failure analysis results, which takes advantage of the
single-Weibull analysis approach plus the MLE method,
which uses every failure point of both subpopulations. The
new method tries to split each failure point into two. By
calculation, it theoretically separates the data sample into two
subsamples  corresponding to  two  subpopulations,
respectively. Each subpopulation will fully use the
information of the whole sample. Also the single-Weibull
analysis approach can be applied to estimate the parameters of
each subpopulation separately.

2.2 The Application of Bayes’ Theorem

If a reliability life test is carried out on N units of a product
which has two failure modes, a times-to-failure sample {f;, i
=1, 2, ..., N} is obtained. Assume that

h<ly <weooee <ty.

At time ¢, a failure is observed. To split this failure point
rationally, the concept of belonging probability, P; (#,), which
is the posterior probability that this failure belongs to the jth
subpopulation (f = 1, 2), is introduced by Kamath (Ref. 5), and
Kececioglu and Sun (Ref. 6). By definition

Pi(t;))= P{TG fi®

t,-—%At<T<ti vLar,

j=1,2, i=1,2,...,N. 3)
Applying Bayes’ Theorem, yields
. Pl ~La<T<q+lAre 7,0} Plr e £,0) @
- %P{t, ~Lar<T<y+Lalre f00 Plre f0f
where
P{Tefi(®}=p
and

P{Tefp(D}=1-p=q.

Then, the probability that a failure occurring at time ¢
belongs to Subpopulation 1 is

pfi)
pfi)+qfo@;)

_pfi@)
f@y

P(t;)= i=1,2,..,N. (5

Similarly, the probability that a failure occurring at time ¢;
belongs to Subpopulation 2 is

Py(t;) = q/2@;) zqu(z)’ i=1,2,...,N. (6)
prIGd+a/2@)  f@)
Note that for each failure point, the sum of all belonging

probabilities must be unity; i.e.,
Pty +P(e)=1, Vi.
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2.3 Determination of the Subsamples

Without doing any physics-of-failure analysis, there is no
way to tell exactly from which subpopulation an observation
comes. By means of the posterior belonging probabilities, the
failure occurring at f can be divided into two portions:
100-P,(t;) percentage of this failure belongs to Subpopulation
1 and 100-P,(1;) percentage belongs to Subpopulation 2, It can
be claimed that there were P,(z) failures expected at time ¢; if
only Subpopulation 1 was put in test with the sample size of
Np. In other words, P,(¢;) can be considered as the failed unit
number at time ¢; in Subpopulation 1 and P,(t,) the failed unit
number of Subpopulation 2 at time f. Pooling these
“fractional failures” versus their corresponding occurrence
times under the same subpopulation yields the following two
subsamples:

Subsample 1: {(¢;, P(t))), (12, P(t2)), .., (tns Pi(EN))};
Subsample 2: {( t, PZ(tl)), ( , PZ(tZ))a EERY) ( In, P2(’N))}

2.4 Application of the Least-Squares Method

If two different products, one of sample size N-p and another
of Nq (total is N), respectively, are put into a reliability life
test independently, two lifetime samples are obtained. In Test
1, P,(¢;) units fail at time ¢;, P,(¢,) units fail at time ¢, ...,
P (ty) units fail at time ty. Similarly, P,(¢;) units fail at time ¢,
Py(¢,) units fail at time ¢,, ..., Py(ty) units fail at time ¢y in Test
2. For each subpopulation, its corresponding subsample can
be seen as a grouped data sample. The only difference is that
the failure number at each failure point is not an integer. For
each subsample, the conventional estimation method, the
Rank Regression method, for single-Weibull distribution can
be used to estimate the parameters of each subpopulation. The
Mean Order Number (MON) of the ith failure in the jth
subpopulation will be

i

MON(t;)= ZPi(tr), i=12, ..., N, Q)
k=1

and

®

The corresponding Median Ranks, MR(z;), can be calculated
as follows:
Subpopulation 1

i
MON,(t;)= L Py (tx), i=1,2, ..., N.
k=1

MON ;(t;
MRy (1) = —2ON1 ) )
MON [(ty )+ 0.4
Subpopulation 2
MRy (1) = —MON2W) (10)
MON (ty)+ 04

Therefore, the following two paired sets will be obtained:
Subpopulation 1
{(t;. MR,(1,))). (t2. MR,(15)). ... (v, MRA(8D)}.
and Subpopulation 2

{(t;, MRA1))), (t2, MRA15)), ..., (tn, MRA(tN))}.
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Having these two data sets, the least-squares method can be
used to determine the posterior parameters. The CDF, or
unreliability, for a Weibull distribution can be written in the
form of

loge{loge }:ﬂjloge t; - Bjloge 7, (1)

1
I-MR; @)
or in the linearized form of
where

(12)

Yi(i) = log.{-log.[1-MR(1)]},
X(l) = loge 4,

by = -Blog.n.
Finally, applying the least-squares method, the distribution
parameters are given by

=] i=1

~

N J N N
‘Z]X(t)Y -5 ZX@)ZY;0)

j= L2, j=12 (13
N o> (N
X (l)—ﬁ X(@
i=1 i=]
5, -L 5 v.m-4,L8x0) =1,2, (149)
e~ (1) — \ — l, j: , 2y
TN TNy
and
5 J i=1,2. (15)
i =exXp| ——=—|, J= L, 4.
J ﬂj

On the other hand, the posterior mixing weight can be
obtained from

. MON;@y) 1N
= DN - Y Py) 16
b I N,Ez 1(t1) (16)
or
. . MON 5 (¢ !N
pet-g=1-MON2N) ;L Spay . an
N N

Note that the estimate given by Eq. (16) or (17) also satisfies
the Maximum Likelihood Equation. For the mixed, two-
Weibull distribution, the Maximum Likelihood Function is

N N
L=11f@)= Nl i) +a- 1261
or

N
1= log, (L) = _zlloge[p-f;(tl-)+q-fz(t,')]-
=

Taking the partial derivative with respect to p, yields
oL _ N f14) - L)
op  i_1 S .

Substituting Eqgs. (5) and (6) into it, yields
ol 1

N | N
—==3XP)-—ZP() .
op Pi=y qi=]
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Then, substituting Eqs. (16) and (17) into this equation, yields

9l _N.P_ N9y
p P q

2.5 Algorithm

The original estimation problem is that of having a data
sample from a mixed population, which has a pdf given in
Eqs. (1) and (2), and then of estimating the five parameters,
Bis 11, B2, 12, and p, such that the distribution fits the data
“best”.

From the mathematical point of view, the problem is to find
the five unknowns from the given data set {¢;; i= 1, 2,..., N}
So, five relations (equations) among unknown parameters and
given data need to be constructed to solve for the five
unknowns.

From previous discussion, the belonging probabilities are
completely determined if the distribution parameters and the
data set are known. This means the belonging probabilities, P;
(t;), are a function of the parameters, f;, r7;, £, 1, and p, and
of the data set, {t;, ; i= I, 2,.., N}, only. From Egs. (7)
through (17), it is easy to see that 3, n;, S, 7, and p are
functions of the belonging probabilities, P; (#), and the data
set, or

Bj=g1;B1n1.B2m2.p.5) i=L2 (18
nj=82;B1n1:B2:12,p:t;), j=12, (19)
p=g3(B1:n1.52:12.0:4;) . 20)

Note that Eqgs. (18), (19) and (20) actually are five equations
with respect to 5, 775, B, 72, and p (unknowns), including the
sample data {#;, ; i= I, 2,..., N} (given). Theoretically, the
least-squares parameter estimates would be obtained by
solving these five equations directly. Obviously, it is
impossible to get analytical solutions in practice. Normally,
an alternative way is to use the iterative technique to solve the
equations numerically. However, if the iterative procedure is
applied directly, the calculation process may not always
converge or may converge very slowly. Also the result is
sensitive to the initial value and the quality of the data set. In
practice, the quality of the data is not always good.
Sometimes, engineers may face “dirty” data. In these cases,
Egs. (18), (19) and (20) may not have any solution or give
very low quality estimates. However, the idea of the least-
squares method is to find the “best” fit. Regardless of how
good or bad the quality of the data, the “best” fitting line
always exists. According to the least-squares principle, the
“best’ fitting line minimizes the residual variation around the
line. Generally, the correlation coefficient, p, provides a good
measure of how well the line fits the data. The larger the
absolute value of p is, the better the fitted line is. Based on
this discussion, the “best” parameter estimates can be obtained
by employing the least-squares principle to iterate on the S,
11, P2, 12, and p values to minimize the deviations from the
points to the line or maximize the correlation coefficient.
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With any chosen set of 8;, 7;, 32, 772, and p, the correlation

coefficients of p; and p; are determined from Egs. (5) through
(11), and

LX01, 0 %X(z) g (z)]
- N 2 >
{Z]X (z)—— zxo) Hg:lYf(z)—— zY@) }

ji=12. @D
Since two lines are simultaneously fitted to two subsamples
from two Weibull subpopulations and every parameter has an
effect on both correlation coefficients, the sum of the squares
of these two correlation coefficients might be the “best”
measure for the degree of fitting. Note that in the mixed two-
Weibull case, the correlation coefficient is always positive, or
p>0,j=1,2. So, the sum of two coefficients, instead of the
sum of the squares, can be simply used for the measure of the
degree of fitting, or
pP=pr+p2. (22)
Therefore, employing the iterative procedure, the estimates
of B, m, P, 1, and p can be obtained by maximizing the
value of p, starting from a proper initial point (3,°, 7,°, 5,
7", p°). 1t is recommended to use the graphical estimates as
the initial point to save search time. In the authors’ experience
the function of o8, 71, B, 12, p) has always displayed
unimodal behavior. So, any nonlinear programming algorithm
may be incorporated easily to handle this problem. The
proposed computing flow chart is given in Fig. 1. Since every
computing step is in closed form, this method is easy to
program.

EXAMPLE

Given are the life test data of Table 1. If the mixed two-
Weibull distribution is used to represent the times-to-failure
distribution, determine the mixed population’s parameters
using the proposed approach and the graphic method.
Conduct the K-S goodness-of-fit test to compare the results.

TABLE 1 - Failure data from a life test for Example.

Failure order, i Times to failure
1 3.0
28.5
71.6
91.1
129.1
157.8
188.9
226.1
278.0
367.2

(e} Rl -3 RN kKo B O, B SNy QU Y | 9]

i
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Given data set

{t i

Initial Parameters
0.0 0 0 0
ﬂ] 7771 7/32,772,P

Calculating
P (%)

}

Calculating
MON; (1)

v

Calculating
MR; (4;)

A
Calculating

k
p] 7’05

'

Calculating
k

p

No

k .
Is p" maximized ? >

Yes

Fig. 1 — The proposed computing flow chart.

SOLUTIONS TO EXAMPLE

1. Graphic Estimation.

The separation plotting method (Ref. 2, pp. 531-579) is used
to get the graphic estimation. The parameter estimates are
found to be

p=03p;=06,10; =394, By =23, fiy = 233.5.

2. The Proposed Estimation.

To start the proposed approach, use the graphic estimates as
the initial values of ,B,o, 77,0, ,B;o, 7720, and po. Using the
algorithm developed in this paper and shown yields (the
calculation details are omitted here)

p=03, ;=055 =500, By =19, = 193.
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3. Comparison

A comparison is made by conducting the Kolmogorov-
Smirnov (K-S) goodness-of-fit test on the parameter values
obtained by the graphical method and the proposed approach,
as given in Table 2. It may be seen that the proposed approach
yields a value of D,y smaller than that of the graphical
method.

TABLE 2 — K-S goodness-of-fit test on the parameter
estimates for the Example.

Times to Failure,#; | D" (Graphic) | D (Proposed)

3.0 0.038181 0.032322
28.5 0.017825 0.015671
71.6 0.015086 0.019961
91.1 0.065898 0.012316
129.1 0.061995 0.020648
157.8 0.073926 0.019451
188.9 0.075794 0.017055
226.1 0.064070 0.014820
278.0 0.035371 0.012674
367.2 0.009758 0.003933

*D=|Qo(t)) - Q) |,
where
Qo(t;) = observed probability of failure or unreliability,
Q1) = expected probability of failure or unreliability.

TABLE 3 — Parameter estimates obtained using the graphic
and the proposed methods for the Example.

Parameters | 5 ﬁ*l il ﬂAz 2 Dpyax
Graphic 03 106 [394 {23 [233.5 {0.075
Estimates
Proposed 03 [05 |500 |19 | 193.0 { 0.032
Estimates

3. CONCLUSIONS

The proposed method, which combines the least-squares
method with the Bayesian Method, makes full use of the
information on the distributions’ behavior of two
subpopulations over the whole test duration and takes
advantage of the simple parameter estimation for single-
Weibull distributions. Therefore, it may yield more accurate
parameter estimates. The following conclusions may be
derived from this paper:

e The proposed method is more accurate than conventional
methods. Its superiority is particularly significant for the
small sample size case and a well-mixed population.

e The proposed method can be applied to the complete,
censored, ungrouped and grouped samples. It always can
find proper estimates for any data sample.

e The proposed method is easy to program since the closed
forms for every computing step are given.

e The proposed method can be applied to other mixed
distributions.
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