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1 Introducao

Modelos estatisticos para eventos recorrentes tém sido amplamente estudados na literatura
de confiabilidade e manutenc¢ao de sistemas reparaveis (Ascher and Feingold (1984), Bain
and Engelhardt (1991), Rigdon and Basu (2000)).

Um sistema reparavel é um sistema, podendo ser um sistema mecanico, ao qual é per-
mitido experimentar mais de uma falha ao longo de sua vida ttil. A principal caracteristica
de um sistema reparavel é que, quando ocorre uma falha, o sistema pode ser restaurado e
posto de volta em operacao, sem necessariamente ser substituido. O reparo a que é sub-
metido o sistema que experimentou uma falha representa uma atividade de manutencao.

Essa manutencao pode ser de dois tipos. O primeiro tipo é a Manutencao Perfeita, que

retorna o sistema a condicao de um sistema novo, popularmente conhecida como “tao bom

quanto o novo”. Um outro tipo de manutencao é o que se chama de Reparo Minimo, que

retorna o sistema a condicao em que o mesmo se encontrava no momento imediatamente
anterior a falha. Esse tipo de manutencao pode ser referida como “tao ruim quanto o velho”.
Estocasticamente, a manutencao perfeita é um processo de renovacao. O interesse na combi-
nacao manutencao perfeita e reparo minimo pode ser encontrado desde o trabalho de Barlow
and Hunter (1960). Essa situagao pode ser encontrada ainda em Gerstack (1977), Block et
al. (1990) and Park et al. (2000).

Além das atividades de reparo, é indicado que sejam realizadas acoes de Manutencao
Preventiva (MP) com o objetivo de minimizar a ocorréncia de falhas no sistema. Essa é uma
atividade planejada com o objetivo de melhorar a confiabilidade de um sistema reparéavel e
é necessariamente uma manutencao perfeita.

Um programa de MP é geralmente realizado em intervalos periodicos de tempo para cada
sistema ou conjunto de sistemas. Em geral, a MP envolve tarefas como inspecao, limpeza,
lubrificagao, ajuste, alinhamento e/ou a recolocagao de sub-componentes. O ideal é definir
uma politica de MP de maneira que o custo total envolvendo falhas do sistema, manutencao
e a recolocagao durante seu ciclo de vida esperado seja minimizado. Frequentemente o
modelo adotado sob reparo minimo é um Processo de Poisson Nao-Homogéneo (PPNH),
{N(t): t > 0}, em que N(t) é o numero de falhas a partir do inicio da observagao até o
tempo ¢ (Barlow and Hunter, 1960). Em geral, N(¢) é modelada por uma distribuigao de
Poisson com média A(t) = E(N(t)) = fot Au) du. A fungao intensidade de falhas, A(t), é

definida como:
P(N(t,t+ At] =1)

At—0 At

1.1 Esquemas de truncamento

Existem basicamente duas formas de se observar dados de sistemas reparaveis. Numa delas
a coleta desses dados é interrompida depois que um nimero especifico de falhas é observado.

Na outra, essa interrupgao ocorre em um tempo fixo predeterminado, 1. Esses esquemas



de amostragem sao conhecidos como Truncamento por Falha ou Truncamento por Tempo,
respectivamente. Do ponto de vista estatistico, a diferenca de se considerar um ou outro
esquema de amostragem, estd no procedimento de estimacao. Por exemplo, suponha que
um sistema é observado até um tempo 7', e que, ao final desse tempo n falhas tenham sido
observadas. No esquema de truncamento por tempo, o nimero de falhas obtidas, n, é uma
varidvel aleatoria. Ja no truncamento por falha, o tempo final de acompanhamento, T' = £,
é que é aleatorio e corresponde ao tempo da tultima falha observada. Essa diferenca, ainda
que sutil, afeta a forma de se construir a funcao de verossimilhanca, ja que os esquemas nao

podem ser tratados da mesma maneira.

1.2 Inferéncia

No caso de um tunico sistema, suponha que até o tempo de observacao y, seja esse um
tempo de falha ou de truncamento, tenham ocorrido n falhas, respectivamente nos tempos
0<t) <ty <---<t, <y. O procedimento de estimacao da funcao intensidade é baseado

na fungao de verossimilhanca, que assume a seguinte forma (Rigdon and Basu, 2000):

Yy

L(Z,A)z(HA(iJ) exp —/A(x)dw , (1)

=1 0

em que
{ T, se trucamento por tempo;
y =

t,, se truncamento por falha.

No contexto de multiplos sistemas reparaveis, a metodologia mais comumente utilizada
é a de considerar que tais sistemas sao independentes e identicamente distribuidos. Ou seja,
os sistemas sao tratados como sendo K realizagoes independentes de um mesmo processo,
com funcao intensidade A.

Se os processos Ni(t), Na(t),..., Ni(t) sdo todos abservados até um mesmo tempo T,
o processo de Poisson ndo homogéneo resultante da superposigdo é dado por N, (t) =
SK Ny(t) e tem fungio intensidade dada por Ay (t) = KA(t).

Inferéncias em modelos propostos para essa situacao ainda podem ser realizadas através
da verossimilhanga dada em (1).

Se, por outro lado, as K realizagoes independentes do mesmo processo sao observadas
respectivamente até os tempos 11,75,...,Tk, seja t;; o tempo do j—ésimo evento para a
t—ésima realizacao, i1 =1,--- , K; j=1,--- ,n;. Dessa forma a funcao de verossimilhanca é
dada por (2), (Rigdon and Basu, 2000):

L(\) = (Hﬂx\(lﬁ@) exp —Z//\(x)dx , (2)

i=1j=1 i=1"

i



em que

T;, se trucamento por tempo;

Yi =
' tn;, se truncamento por falha.

Nas duas situacoes acima assume-se que os sistemas sao réplicas de um mesmo sistema.
Ou seja, considera-se que os K sistemas sao idénticos e, portanto, possuem a mesma funcao
intensidade e assim teriamos uma amostra aleatoéria de sistemas.

Por outro lado, essa suposicao pode nao ser verdadeira. Ou seja, pode haver alguma
heterogeineidade entre os sistemas, sem que nenhuma variavel capaz de avalia-la tenha sido
efetivamente medida. Nesse caso, ha que se propor um modelo estatistico capaz de captar
essa heterogeneidade e finalmente distinguir, se for o caso, as respectivas fungoes intensidade

da amostra de sistemas.

1.3 Escopo do Trabalho

Este trabalho estuda o historico de falhas e reparos de um conjunto de sistemas que foram
acompanhados por tempos parcialmente superpostos. O trabalho é formado por trés textos.
Nos dois primeiros os sistemas sao considerados como sendo réplicas de um mesmo sistema
e portanto formam uma amostra aleatéria de sistemas. Em ambos, o objetivo é estimar o
tempo 6timo para a realizacdo de manutencoes preventivas perfeitas. E considerado como

tempo 6timo de manutencao, o tempo 7 que minimiza a funcao custo, e esta é dada por:
1
H(r) = ~[Cup + CruA(7)], (3)

em que Cyp € 0 custo associado & manutencao preventiva e Crys é 0 custo associado ao
reparo minimo. Pode ser mostrado (Barlow and Hunter, 1960; Gilardoni and Colosimo,

2007) que a periodicidade 7 que minimiza H(7) satisfaz:
T)\(T)—A(T):CMP/CRM. (4)

Nesse caso, a funcao intensidade de falhas deve necessariamente ser crescente. Isto porque
manutencao preventiva so tem sentido para um processo de desgaste do sistema. O primeiro
texto propoe uma abordagem nao paramétrica para estimar 7, enquanto o segundo propoe
uma abordagem Bayesiana para estimar 7 através de um modelo paramétrico para .

O ultimo dos trés textos deste trabalho tem como foco a identificacao de modelos, levando-
se em consideragao a heterogeneidade entre os multiplos sistemas. Nesse texto a proposta é
usar uma abordagem Bayesiana hierarquica na identificacdo dos modelos. Para isso, varios
cenarios sao considerados e critérios de selecao auxiliam na escolha do modelo que melhor

se ajusta aos dados analisados.
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2 Resumo dos Textos

Como citado anteriormente, esta tese ¢ formada por trés trabalhos distintos, todos sobre
modelagem e/ou estimagdo em miultiplos processos de Poisson ndo homogéneos acompan-
hados por tempos parcialmente superpostos. Nos dois primeiros os processos sao considera-
dos independentes e identicamente distribuidos. No terceiro deles é levada em consideragao a
heterogeneidade entre os processos. Como o primeiro texto utiliza fundamentalmente resulta-
dos de trabalho ainda nao disponibilizado para consulta, reproduziremos aqui as principais
contribuicoes do trabalho em questao, reservando o mérito pela producao aos autores do

texto original: Gustavo Gilardoni e Enrico Colosimo.

2.1 Uma abordgaem nao parameétrica e intevalos de confian¢a boot-

strap para o tempo 6timo de manutencao de sistemas reparaveis

Titulo original: “Optimal Maintenance Time for Repairable Systems: A Nonparametric Ap-

proach and Bootstrap Confidence Intervals ”

A abordagem nao paramétrica do primeiro texto é baseada no trabalho intitulado On
the superposition of overlapping Poisson processes and nonparametric estimation of their
intensity function, de Gilardoni e Colosimo que propoe usar a escala Tempo Total sob Teste
(TTT) para transformar varios processos de Poisson parcialmente superpostos em um tnico
processo. Dessa forma o processo de estimagao da funcao intensidade pode ser realizado
a partir de resultados conhecidos na literatura. O trabalho citado acima é motivado por
um conjunto de dados consistindo da historia de falhas de 40 transformadores de poténcia
elétrica, cujas evi-déncias e consideragoes na area de engenharia, sugerem serem menos
confidveis com o passar do tempo, no sentido de que a frequéncia das falhas aumenta com
a idade desses transformadores. Dai ser razoavel modelar a histéria de falhas como 40
realizagoes independentes de um mesmo PPNH com uma funcao intensidade crescente, e
calcular o Estimador de Maxima Verossimilhanca Nao Paramétrico (EMVNP) de A sob
essa restricao de monotonicidade. O termo “crescente” citado aqui é usado num sentido
amplo, ou seja, dizemos que \ é crescente se t; < t» implica que S\(tl) < 5\(1‘:2). Quando
apenas uma realizacao do PPNH é observada, com eventos ocorrendo nos tempos 0 < t; <

- < t, < T, Boswell (1966) mostrou que o EMVNP, sujeito ao crescimento da funcio
intensidade do processo, é dado pela derivada a direita da méaxima minorante convexa do
niumero acumulado de eventos, que é o estimador de Nelson-Aalen (Aalen, 1978) de A. Essa
abordagem ¢ rapidamente estendida ao caso de multiplos PPNHs, observados todos até o
mesmo tempo 7. Por outro lado, o estimador nao paramétrico de méaxima verossimilhanca
de uma fun¢ao média convexa A nao é a maxima minorante convexa do estimador de Nelson-
Aalen, quando os processos sao acompanhados por tempos distintos, como é o caso dos dados

dos transformadores. Assim, para fazer inferéncias nesse caso, propoe-se reduzir os processos
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parcialmente superpostos a apenas uma realizacao e usar o resultado contido em Boswell
(1966). A transformacao TTT é a base de todo o trabalho e as proposi¢oes reproduzidas a
seguir, dao o suporte & abordagem proposta. Antes algumas defini¢oes sao necessérias:

Considere K realizagoes independentes N;(t), truncadas respectivamente nos tempos T;,
cada uma com intensidade \;(t) = A(t)I(t < T;) e seja t;; o tempo do j-ésimo evento da
i-ésima ralizagao, j = 1,...,n;, 1 = 1,..., K, em que I(t <T;) = 1, para t < T; e 0 caso
contréario.

Defina a transformacao TTT como sendo R(t) = f(f r(u)du =K

i=1

min(t, T;)

e seja r(t) = YI* I(t < T;) o ntimero de realizagdes sob risco no tempo t.

Proposicdo 1 O processo {Ns(y) = 3.5 N;[R"(y)] : y > 0} é um PPNH com intensidade
As(y) = A[RY ()] I(y < SR, Ty). Além disso, {Ns(y)} € suficiente e completa.

Proposicao 2 Sejam t;; , 1 = 1,...,.K , j = 1,...,n; , os tempos dos eventos de K
realizagoes independentes de um PPNH, truncadas respectivamente nos tempos 171, ..., Tk.
Sejam 0 <y < -+ <y, < Zfil T; os tempos dos eventos ordenados do processo superposto
Ns(y) e faca yni1 = Zfil T.. O estimador ndo paramétrico restrito, \, de \ é uma fungdo
escada com saltos em um subconjunto dos t;;s, S\[Rfl(yl) —0=0¢e paraj=1,...,n,

. kE—h

1y ] — i
AR ()] = mase, min | =— =

(5)

Com base nas proposicoes acima, 7 em 4 é estimado a partir da estimacao de A em 5.
Intervalos de confianca bootstrap para 7 sao obtidos a partir de reamostragem feita nos
sistemas, e posterior calculo de A em cada reamostra, como proposto em Field and Welsh
(2007). Esses intervalos sdo comparados aos obtidos quando a reamostragem ¢é feita nos

tempos de falha do processo superposto. Veja metodologia em Cowling et al. (1996).

2.2 Inferéncia Bayesiana para o processo lei de poténcias com apli-

cacao em sistemas reparaveis

Titulo original: “Bayesian Inference for Power Law Processes with Applications in Re-

pairable Systems ”

Nesse texto o foco é também a estimacao da funcao intensidade de falhas em processos
de Poisson nao homogéneos, com objetivo de estimar o tempo 6timo de manutencao de
sistemas reparaveis. Considerando um tunico PPNH, é proposta uma funcao paramétrica

para modelar A e o Processo Lei de Poténcias (PLP) é o modelo assumido. O PLP é

caracterizado pela seguinte funcao intensidade de falhas (Crow, 1974): A(t) = % (%)ﬁ_l,

e sua funcio média & dada por A(t) = EN(t) = [i ANu)du = (é)ﬁ , em que § > 0 e

B > 0. 3 é a elasticidade do niimero médio de eventos com respeito ao tempo, enquanto 6

é tempo para o qual esperamos observar um tnico evento. O PLP é sem duavida o modelo



mais atrativo no contexto de modelagem em sistemas reparaveis, por comportar igualmente
fungoes intensidade crescentes (5 > 1), decrescentes (§ < 1) ou constantes (f = 1). A
abordagem Bayesiana é o principal diferencial desse trabalho, que inclui uma vasta discussao
sobre diversas distribuicoes a priori para os paramteros do processo lei de poténcias. Na
proposta Bayesiana, a interpretacao operacional dos parametros do modelo é de fundamental
importancia, para se extrair do pesquisador a informacao necessaria ao estabelecimento
apropriado de distribui¢oes de probabilidade a priori. Nesse sentido, é proposto que a
intensidade PLP seja reparametrizada em termos de (/3,7), em que n = (%)ﬁ ¢ 0 numero
médio de eventos para o periodo no qual o sistema foi efetivamente observado. E mostrado
que (3 e 1 sao ortogonais e que a funcao de verossimilhanca fica proporcional ao produto de
funcoes densidade de variaveis aletorias com distribuicao gama, nessa nova parametrizacao.
Portanto, a familia conjugada natural de distribuicoes a priori é também um produto de
funcoes densidade de variaveis aletérias com distribuicao gama. A ideia é estendida ao
caso em que varias realizagoes de um mesmo PLP sao observadas por periodos de tempo

parcialmente superpostos.

2.3 Identificagcao de heterogeneidade de sistemas reparaveis

Titulo original: “Heterogeneity Identification of Repairable Systems ”

A abordagem tradicional dos dois textos anteriores, considera que os sistemas sao inde-
pendentes e identicamente distribuidos. Sendo assim, conduz uma analise estatistica baseada
em uma unica amostra de sistemas. Contudo os sistemas podem ser heterogéneos devido
a variaveis nao medidas. A fim de verificar essa suposi¢cao, uma abordagem cléssica e uma
Bayesiana sao propostas nesse texto. Alguns possiveis modelos, considerando a hetero-
geneidade de diferentes sistemas, sao comparados usando modelos frequentistas e modelos
Bayesianos hierarquicos. Critérios de informacao e testes da razao de verossimilhancas sao
usados para selecionar o modelo mais provavel para um particular conjunto de dados. A
abordagem é essencialmente paramétrica e novamente o modelo adotado é o processo lei
de poténcias. Os cenérios propostos foram idealizados de maneira a comportar a maxima
heterogeneidade possivel entre os sistemas, em que os 3’s e os 6’s dos PLPs sao todos dife-
rentes entre si, e a minima heterogeneidade, em que todos os (3’s sao iguais a 1 e todos
os €’s sao iguais. Além desses, alguns cenarios intermediarios sao levados em consideracao.
Na proposta Bayesiana hierarquica, novamente uma reparametrizagao da funcao intensidade
é considerada, visando garantir tanto a proposicao de uma distribuicao a prior: adequada
para ambos os parametros do PLP, bem como a permutabilidade destes em sua distribuicao

conjunta de probabilidades a priori. Assim, alternativamente & versao anterior, é proposto

1
0

distribuicao a priori para § em cada PLP, condicional ao parametro 5. A metodologia é

um parametro auxiliar £ = A(1) = ( )ﬁ. O parametro £ é utilizado na construcao de uma

aplicada a dados de registros de falhas de 11 transformadores de poténcia elétrica.

vi



Optimal Maintenance Time for Repairable Systems: A
Nonparametric Approach and Bootstrap Confidence
Intervals

Abstract

Statistical models are of great interest in the context of repairable systems main-
tenance. Usually, a repairable system operates under a maintenance strategy that
calls for complete preventive repair actions at pre-scheduled times and minimal repair
actions whenever a failure occurs. Nonhomogeneous Poisson Process (NHPP) is fre-
quently adopted to model minimum repair maintenance history of failure times. In
general, papers in the literature assume a parametric form for the NHPP intensity
function. Therefore, statistical inference for the unknown quantities can proceed by
using frequentist or Bayesian approaches. This paper proposes a nonparametric infer-
ence approach to obtain the optimal preventive policy as a function of the intensity
function of the process. Superposition of many overlapping similar NHPPs in a time
scale allows us to obtain a nonparametric estimate of the intensity function. Optimal
preventive maintenance time is estimated in this scale and transformed back to the
original one. Paper main goal is related to the comparison of bootstrap confidence
intervals. Two bootstrap methods proposed in the literature are used in order to build
confidence intervals for the optimal maintenance time. The first one is based on sam-
ples with replacement in the original scale and the second one considers the data in the
transformed scale. The methods are illustrated using a real data set consisting of the
failure histories of 40 electrical power transformers.



1 Introduction

Statistical models for recurrent events are of great interest in the context of repairable
systems maintenance (Ascher and Feingold, 1984; Bain and Engelhardt, 1991; Meeker and
Escobar, 1998; Rigdon and Basu, 2000)). Repairable systems are allowed to experience more
than one failure throughout theirs life. After each failure, a maintenance activity is necessary
for the system return to the operation condition. In general, such activity only replace the
damaged part of the equipment, leaving it in the same condition as it was just before the
failure. This kind of repair is usually called Minimum Repair (MR). On the other hand,
Perfect Repair or Preventive Maintenance (PM) renews the entire system. The combination
of PM and MR has been of interest since the work of Barlow and Hunter (1960). Some of
the developments for this situation can be found in Gerstack (1977), Block et al. (1990) and
Park et al. (2000).

PM is performed at periodic intervals of time. This policy specifies the periodicity with
which a system is maintained. Optimal PM check points that minimize expected cost is a
fundamental aspect for any repairable system.

Statistical inference procedures for the maintenance stochastic models developed in the
literature are still under consideration. In general, papers in the literature takes a paramet-
ric form for the NHPP intensity function. Power law intensity function is the most used
one (Crow, 1974). Statistical inference for the unknown quantities can proceed by using fre-
quentist (Gilardoni and Colosimo, 2007) or Bayesian (Guida et al., 1989; Pan and Rigdon,
2009) approaches. This paper, on the other hand, takes a nonparametric inference approach
in order to estimate the intensity function under growing restriction. It follows the steps
proposed by Gilardoni and Colosimo (2010). Total Time on Test (TTT) scale is used to
transform several superimposed NHPPs into only one. Intensity function is, therefore, esti-
mated in the TTT scale. Optimal preventive maintenance time is obtained in this scale and
transformed back to the original one.

Bootstrap confidence intervals are used to estimate the optimal maintenance time. Two
bootstrap methods proposed in the literature can be used to build confidence intervals for this
quantity. The first one is based on the original scale (Field and Welsh, 2007). It is a simple
cluster bootstrap based on drawing sampling of clusters independently with replacement.
The second one is done over the transformed TTT scale. There are some bootstrap methods
available in the literature for just one NHPP (Cowling et al., 1996). In general, they produce
similar results. Therefore, we decided to use in this paper the simplest one in computation
terms.

This paper is motivated by a data set consisting of the failure histories of 40 electrical
power transformers. The data set is shown in Figure 1. Company interest was in finding an
optimal PM check points that minimize expected cost.

The paper is organized as follows. In Section 2 we obtain the expected cost per unit
of time for each PM policy. This expected cost is then minimized to obtain the optimal
policy. Optimal time is obtained in terms of the process intensity function. A nonparametric
estimate for this function is obtained in Section 3 under growing restriction. In Section 3.1, a
known estimator for this situation is presented for just one system. This estimator is known
as the Greatest Convex Minorant (GCM). It is an estimator of a convex cumulative intensity
function for only one NHPP. In Section 3.2 we propose a nonparametric estimator of the
intensity function based on several overlapping realizations from NHPP. After transforming
several NHPP realizations into only one by using the TTT time scale, the methodology
established for only one NHPP can be used. In Section 5, the proposed methodology is
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Figure 1: Failure Histories of Electrical Power Transformers.
Dots represents failure times. Time unit is 1000 hours.

applied to the transformers data set displayed in Figure 1. Confidence intervals based on
systems and on the transformed scale are obtained and compared for the optimal preventive
time. Paper ends with some final remarks in Section 6.

2 Optimal Maintenance Time

Usually, the model adopted under MR is a NHPP, {N(¢): t > 0}, where N(¢) is the number
of failures in the time interval (0,¢]. In general, N(¢) model is determined by the mean
function

t
E(N@®) = A1) = [ Awdu ()
0
where the intensity function, A(¢), is defined as:

P(N(t,t +At] =1)
At—0 At .

Consider a repairable system, modeled by a PPNH, under an increasing intensity func-
tion. Preventive maintenance can only be justified under system degration over time.
That is, under an increasing intensity function. System is observed in the interval (0, 7.
The expected total cost of maintenance policy, Hor(7), is obtained by considering that
a perfect PM will be held every 7 time units. Time interval (0,7] is decomposed as
0, 7] U (1,27] U--- U ((m — 1)7,m7] U (m7,T], where m is the largest integer smaller than
or equal to T'/7. Figure 2 illustrates this situation.
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Figure 2: Decomposing the time interval (0, 7.

The limiting expected cost per unit of time is given by

Clor
H(O,T}(T) = llm —(07 ]<T>

1
N = ;[CMP + CryA(7),

where Cyp and Cgjs are maintenance PM and MR costs, respectively. It can be shown (Bar-
low and Hunter, 1960; Gilardoni and Colosimo, 2007) that the periodicity 7 that minimizes
H(7) satisfies:

T)\(T)—A(T):CPM/CMR. (2)

In order to estimate 7 it is necessary to estimate A, and consequently A. Cpy; and C),i are
fixed values supplied by the power company.

3 Nonparametric Inference for a Convex Intensity Func-
tion

There are basically two ways to observe data from a repairable system, depending on whether
data collection is ceased after a specified number of failures k or at some predetermined time
T. These sampling schemes are said to be failure truncated or time truncated, respectively.
There are slight differences in the inference procedures depending on the sampling scheme
considered. However, for large samples inference, differences between them vanish and it is
considered just time truncation in the inference developments in this paper.

In Section 3.1, it is presented inference procedures for just one system and the extension
for many systems is considered in Section 3.2. In the latter case, TTT transformation makes
possible the superposition of many similar NHPPs in just one system. Therefore, the results
obtained in Section 3.1 can be used for this situation. Optimal preventive maintenance time
is obtained in this new scale and transformed back to the original one.

3.1 Just one System
Likelihood function for only one NHPP is given by (Rigdon and Basu, 2000):

T

L(A)z(HA(M) exp [ — / Az)dz |, (3)

0

where 0 < ¢; <ty < --- < t, <T are the observed failure times.

Nonparametric maximum likelihood estimate (NMLE) of A is obtained by maximizing
(3) among all growing intensities. Maximum value is necessarily a step function with jumps
at t;s. This estimator for only one realization {N(¢) : 0 < ¢t < T} is well known in the
literature (Barlow et al., 1972). In this case, restricted to increasing A, one can obtain A(t) by

~

computing first the unrestricted NMLE for A(t), A(t) = Y7, I(t; < T'), where I(t; <T) =
1,if t; < T and 0 other case. The restricted NMLE is A =sup{f:f isconvex and f < /N\}



That is, the Greatest Minorant Convex (GMC) of A. ), the restricted NMLE for )\, is
obtained by differentiating A.

In a general case, this work is motivated by a situation involving several independent
realizations of NHPPs. They are observed over overlapping time intervals. See, for example,
Figure 1. It is therefore necessary to propose a nonparametric restricted estimator for A
based on K independent systems.

3.2 K Independent Systems
Suppose K independent realizations of the same NHPP, let say Ni(t),..., Ng(t), observed,

respectively up to times T1,...,Tk. Let t;; the time of j-th event of i-th realization, i =
1,---,K; 3=1,---,n;, of the process. Likelihood function became:
K n; T;
“TIIT) * exp Z / (1)
i=1j5=1
In the especial case that T} = Ty, = --- = Tx = T, the superimposed process, N, (t) =

S K Ny(t), is also a NHPP with intensity A, (.) = K\(.), observed up to time 7. Therefore,
an estimate for A, (.) can be obtained as in Section 3.1 by A = A, (.)/K.

In a general situation, as our electrical company data set of interest, 7; # T; for any
i,j =1,..., K. In this situation Gilardoni and Colosimo (2010) proposed to use the TTT
transformation:

fo u) du = Zfil min(t, 7).

They also defined R~'(y) to be the usual inverse of R when y < S5 7, and equal to
max{T\,...,Tx} when y > 325 T, Tt can be observed that the inner term of (4) can be

reexpressed as
ZszlTi
Z / wau= ["T AR ) dy. )
0

and therefore the likelihood (4) becomes

K n;

ZszlTi
HH)‘ ij XeXP[ / )\[R_l(y)]dy] =

e Zf:l T;
/ As(y) dy] : (6)

K n;

—HHAS yzg X €Xp

i=1 j=1

where A\s(y) = A[R™(y)] and y;; = R(t;;).

The main result proved by Gilardoni and Colosimo (2010) established that the resulting
process Ng(y) = S°8, N;[R (y)] is also a NHPP, and is sufficient for inferences about
A. According to their results, estimating of A can obtained by the process, Ng(y) =

S K Ni[R7'(y)] following the steps:

e (i) get the restricted NMLE, A, as the GMC of the unrestricted estimate A as described
in Section 3.1;

e (i) return A to the original scale of the data set;
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e (iii) differentiating A in order to get restricted S\Np;

e (iv) substitute A and A on (2) to get 7, the estimate of the optimal time.

The four steps described above are illustrated in Figure 3 using our data set of interest that is
displayed in Figure 1. In Figure 3, C in step (iv) is the costs ratio. That is, C' = Cpp/Chrr.

(i)

= = |
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Lo |
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Z e- = =-
= - i
s — —]
= =
(iv)
= ——
— oo
%
= = =<
- L=1 = =
ke
= | — [=T T
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Q 5 10 15 20 ] 5 10 15
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Figure 3: (i) A (dashed) and A (solid) on TTT scale, (i) A (dashed) and A (solid) on original scale,
(iii) A and (iv) Topt, the instant in which 7 times the differential of A overcomes C.

4 Bootstrap Methods

Interval estimation for 7 is fundamental. Two bootstrap methods are used in order to obtain
confidence intervals for 7. The first one, Method 1, resamples are obtained straight from
the sampling units, the transformers. This method is supported by Field and Welsh (2007).
Transformers are treated as independent and resampled with replacement to form each one of
the bootstrap samples. For each sample, TTT transformation is applied and then following
the four steps described in Section 3.2 in order to get 7.

In Method 2, the data are aggregated before by applying the TTT transformation. Con-
ditional on the observed failure times, number of failures, /N, has a Poisson distribution with
parameter A(1). Firstly, generate a value of N = n from the Poisson distribution and next
draw a bootstrap sample by sampling randomly with replacement from the transformed fail-
ure times. After that, one proceeds with steps from (i) to (iv) described in Section 3.2. This
is supported by Chiang et al. (2005). In both situations we adopted the percentile confidence
interval, which takes the values of 7, ranging between 2.5 and 97.5 percentile. Gilardoni and



Colosimo (2010) used Method 2 in order to estimate the intensity function in the same situ-
ation. However, they used kernel estimate to obtain 7 and follow the methodology proposed
by Cowling et al. (1996) to obtain bootstrap confidence bands for it.

Section 5 applies the methodology presented in Sections 3 and 4 for the power transform-
ers data set.

5 Application

Data set supplied by the electrical company, consists of 21 failure times observed in 40
transformers. This data set is displayed in Figure 1. The company also provided the costs
ratio, C' = Cyr/Cpy = 15, necessary to obtain 7 in (2). Figure 3(i) shows the convex
form of the cumulative intensity function. That means, the intensity function is increasing.
Restricted intensity function is estimated in Figure 3(iii). Finally the optimal 7 is estimated
in Figure 3(iv). Numeric results are presented in Table 1. 5000 bootstrap samples were
generated for each method and they were used to obtain respective confidence intervals.
Maximum likelihood estimates (MLE) obtained by Gilardoni and Colosimo (2007) for 7 are
also reported in Table 1. They adopted the Power Law Process parametric form for the
intensity function. Results were obtained by using the statistical software R.

Table 1: 7 estimates.

[ MLE | NMLE |
Estimate 6.285 7.396
Asymptotic BM 1 BM 2
Interval - [77°870,7.701] | [1.231;15.550] | [1.254;11.664]
Range 2831 14.319 10.410

BM 1 - Bootstrap in the transformers. BM 2 - Bootstrap in the T'T'T scale.

As expected, the range of nonparametric confidence intervals are larger than MLE‘s
one. It can be noticed that bootstrap Method 1 has larger range than the one obtained
by using Method 2. This fact might be an evidence that the former method is subject
to variability between and intra systems while Method 2 just takes into consideration the
variability between systems.

In some samples the product of the first failure time by differential of A already exceeds
costs ratio, C. It was necessary to make a slight adjustment in the optimal 7 estimation,
otherwise 7 would be the first failure time. We proposed an interpolation so that 7 became
C divided by the differential of A in such situations. In Method 1, it was necessary to
interpolate 2297 time while in Method 2 it happened 1821 times.

6 Final Remarks

This paper presents a nonparametric approach to estimate the intensity function of a NHPP,
under growing restriction. The TTT time transformation was used in order to turn several
NHPPs into only one and then apply methodologies well established for just one system. The
aim of this paper was to estimate the preventive maintenance optimal time, 7. Confidence
intervals for 7 were obtained by using bootstrap samples in the original scale and in the
TTT one. The last one showed better performance than the former one.



We have to take care when getting bootstrap samples in this context. Resampling with
replacement implies in getting the same system more than once. So the final results, using
the TTT transformation, might not be a PPNH any more.
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1 Introduction

Statistical models for recurrent events have been investigated in many papers in the liter-
ature. Such models are of great interest to study the reliability and maintenance policies
for repairable systems (Ascher and Feingold (1984), Bain and Engelhardt (1991), Rigdon
and Basu (2000)). Frequently, the adopted model under minimal repair maintenance is a
Nonhomogeneous Poisson Process (NHPP), {N(t): t > 0}, where N(t) is the number of fail-
ures from the beginning of the follow-up until time ¢ (Barlow and Hunter, 1960). A flexible
parametric form for the intensity function of the NHPP is

w30

with mean function

A(t) = EN(t) = /tA(u) du — (;)ﬂ ,

0

where 6 > 0 and # > 0. This model, known as the Power Law Process (PLP), was proposed
by Crow (1974) and since then it has become the most popular parametric intensity in the
repairable systems literature. The intensity function is increasing for 3 > 1, decreasing for
B < 1 and constant (i.e. the NHPP is actually a Homogeneous Poisson Process) for 5 = 1.
Adequacy of the PLP for a particular data set can be diagnosed graphically using either
Duane plots (Duane, 1964) or some modified Total Time on Tests plots (Klefsjo and Kumar,
1992). More formal hypotheses tests are considered by Baker (1996) and Bhattacharjee et
al. (2004).

Statistical inference for the PLP is generally based on the maximum likelihood estimator
(MLE) and its asymptotic properties (Berman and Turner (1992), Zhao and Xie (1996)).
However, some papers appeared in the literature using the Bayesian approach for the PLP
model (Sen (2002), Guida et al. (1989)). The Bayesian approach deals with the uncertainty
of the parameters in the model used to describe a recurrent system. A prior distribution
is assumed to represent the uncertainty in the model parameters before the current data is
observed. Reference prior distributions have been used in the Bayesian context by Guida et
al. (1989), Sen (2002) and Yu et al. (2006), among others. On the other hand, identifying a
family of conjugate prior distributions will often result in mathematical and computational
simplifications. Moreover, a conjugate prior distribution can be interpreted as additional
data, hence making prior elicitation easier (Raiffa and Schlaifer, 1961; Gelman et al., 2003).
Huang and Bier (1998), Huang (2001) and Kim et al. (2008) have proposed a conjugate prior
distribution for the parameters of the PLP looking at the functional form of the likelihood
function. More precisely, suppose that we observe n events at times t; < --- < t,, and that
the process has been either time truncated (T is fixed, n is random and ¢, < T') or failure
truncated (n is fixed, T' = t,, is random). In both cases the likelihood function is

n n

L(B,0) = [T )] e = o [[] 17" exp{~(1/6)"} (2)

i=1 =1
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(Berman and Turner, 1992; Rigdon and Basu, 2000). Huang and Bier (1998) parametrize
the intensity (1) in terms of 3 and Ay = =7 and, by analogy with the resulting likelihood,
find the four parameters (i.e. m, ¢, @ and y below) conjugate family

(B, Ao) o Ap 1B y™e )P exp{—Aocy”} . (3)

They go on by finding the normalizing constant and some moments and discussing properties
of the resulting posterior. However, the whole approach becomes somewhat difficult because
the parameter )y lacks an operational interpretation and the distributions in the family (3)
do not belong to any known class. Motivated by this, and also partly by results obtained
by Sen and Khattree (1998) and Sen (2002) for the posterior analysis under noninformative
priors of the form (6 3°)~!, we propose here to parametrize the problem in terms of 8 and
n = A(T) = (T/0)°. On one side, 3 and 1 have simple operational definitions which will
often make prior elicitation easier. On the other side, in the (3,n) parametrization the
likelihood (2) becomes

L(B,n) = c[B"e %) e oc 4 (8] n + 1,n/B3) v(n|n + 1,1), (4)

where ¢ = []}_, t B=n/ Yy log(T/t;) is the MLE of 8 and (x| a,b) = b*z* e~ /T(a)
(x,a,b > 0) is the density of the Gamma distribution with shape and scale parameters
equal to a and b, respectively. It follows then that # and n are orthogonal and the natural
conjugate family has densities of the form

m(8,m) = v(Blag, bg) x v(n|ay, by,), (5)

where the prior parameters ag, bg, a, and b, must all be positive if we want 7(/3,7) to be
proper, although non positive values can also be entertained as long as the posterior becomes
proper. The posterior density is

m(Bnlty, .. ta, T) o< L(B,m) m(8,m) o V(8] ag +n,bs +n/B) x y(nl ay +n,b,+ 1), (6)

so that both a priori and a posteriori § and 7 are independent, each following a Gamma
distribution. Hence, the form of the posterior is quite tractable and, even when dealing
with parameters whose exact expectations are difficult to attain, it is quite easy to obtain
accurate approximations based on an i.i.d. posterior sample.

There are some advantages of using the Bayesian approach in this situation. First, even
if the likelihood takes essentially the same form, for both time and failure truncation, the
sampling distributions of the MLEs are different and hence a different analysis is required
for each case when using the frequentist approach. On the contrary, those two situations
can be considered simultaneously in the Bayesian approach, since the posterior distribution
will be the same (provided, of course, that we use the same prior). Second, the use of MLEs
is justified on asymptotic grounds and may require somewhat sophisticated arguments such
as appropriate reparametrizations to avoid extremely skewed sampling distributions, while

12



the Bayesian approach deals quite naturally with small sample sizes and skewed posterior
distributions (for instance, the MLE B is only defined when there has been observed at
least one event). Third, the Bayesian approach will typically produce results similar to
those based on MLEs when using appropriate reference priors. However, it also allows for
the introduction of external information to the data through the use of informative priors.
Moreover, the elicitation of such kind of prior distributions is facilitated in our approach due
to the operational interpretation attached to the parameters 5 and n (cf. subsection 2.2).
Fourth, even when using approximate inferences based on a posterior sample, the Bayesian
approach deals quite naturally when dealing with several quantities of interest. On the other
hand, obtaining estimates of standard errors for several MLEs may require the algebraic
calculation of gradients and hessians for each one of them. Finally, the Bayesian approach
also deals naturally with restrictions on the parameter space. For instance, inference about
the optimal maintenance time mentioned below requires the intensity to be increasing (i.e.
B > 1). In the Bayesian approach one simply specifies a prior distribution truncated for
# > 1 and the analysis proceeds in about the same manner as for the unrestricted case.
However, the frequentist approach will have trouble dealing with this situation when the
MLE B lies close to # = 1, which is indeed the case for the transformers data set discussed
in Section 5.

The parametrization ([3,7) suggests rather easily how to treat the case when several
realizations of the PLP are observed along overlapping time intervals. Although this case
appears frequently in practice, because repairable systems are usually observed in different
time intervals (truncation times), methodological developments have been somewhat lack-
ing in the literature, especially in the Bayesian setting. More precisely, suppose that K
realizations of the same PLP have been observed and let ¢;; denote the j-th event time for
the i-th realization (j = 1,...,n; and i = 1,..., K). Let T; be the truncation time corre-
sponding to the ¢ — th realization. Then we show in Section 3 that the parameters 3 and
n =YK ANT) = =K (T;/6)? are orthogonal and that, under the prior specification (5),
the posterior has the same form (6) but with an additional factor which does not depend
B = s s )
OAE)GND DAE) Seaad DANE S DI
K L[||-] is the Kullback-Leibler divergence. Hence, the form of the posterior lends itself to
an easy i.i.d. simulation using for instance the rejection sampling algorithm.

Our interest in the case of many overlapping realizations stems mainly from a real ap-
plication concerning the estimation of the optimal maintenance time for a set of power
transformers, which we discuss in Section 5. In short, consider a repairable system modeled
by a NHPP with an increasing intensity function subject to two types of repairs: either a
minimal repair after a failure which restores the system (i.e. the intensity) to exactly the
same level it was immediately before the failure or a preventive maintenance which restores
the system to "as good as new” condition. If the preventive maintenances are performed
every 7 units of time, the expected cost per unit of time is

on n and is proportional to exp{ K L|[( , where

H(7) = [Cpy + CyrEN(7)] /7 = [Cpy + CoyrrA(T)] /7, (7)
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where Cy,r and Cp); are the expected costs associated to the two types of repair actions. It
can be shown (Barlow and Hunter, 1960; Gilardoni and Colosimo, 2007) that the periodicity
7 which minimizes H(7) satisfies that 7A(7) — A(T) = Cpar/Cur. In the special case of the
PLP, 7 becomes

o[ ]” ©

However, inference about 7 only makes sense when 3 > 1, leading to the necessity of trun-
cating the prior density for 4. This can be done preserving conjugacy by truncating the
prior (5) to the set > 1, because then the posterior density would be the same as (6) but
also truncated for 8 > 1. However, because of the term (3 — 1)'/# in the denominator of 7
and the fact that the posterior density is non null near 8 = 1, the posterior expectation of
7 will be infinite. Still, under the truncated prior, one can use for instance a maximum a
posteriori estimate for the optimal time. An alternative, non-conjugate formulation, which
puts less weight to values of 3 close to one and hence will make the posterior expectation of
7 finite, is to consider a priori that (3 — 1) follows a Gamma distribution.

Besides Sections 3 and 5, which deal respectively with the many realizations setting and
with the inference for the optimal periodicity for the power transformers data set, the rest
of the paper is organized as follows. In Section 2 we make some additional considerations re-
garding inference for a single realization of the PLP. It also includes a discussion of reference
and informative priors and some computational aspects when the interest is centered in a
function of the parameters whose posterior expectation cannot be computed explicitly. Sec-
tion 4 shows some Monte Carlo simulations that help to understand the frequentist behavior
of the Bayes estimates under different prior specifications and to compare them to the MLE
estimates in the case of several realizations. The simulation scenarios and prior distributions
are motivated from the real case discussed in Section 5. Finally, some concluding remarks
end the paper in Section 6.

2 A single PLP realization

Suppose a time truncated process observed in (0,7), and let ¢(3,n) = log L(3,n) = logc +
nlog 3 — nﬁ/ﬁA + nlogn — n be the log-likelihood in the (/3,7) parametrization. Since V/{ =
(80/83,00/0n) = (n/B—n/B,n/n—1), the maximum likelihood estimates (MLE) of 3 and
n are 3 and n respectively. Hence, the MLE of § = Tn~Y8is = TH~/8 = Tn=Y8. From
the Fisher information matrix

EZ:t EZL % 0
- 98> oo | _— 7
I(3,m) (Eaa;;n Eng ”( 0 L ) ) (9)
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2.1 Posterior Analysis

Let ag > —n, bg > —n/3, a, > —n and b, > —1 in (5) so that the posterior density (6)
is proper. Suppose that the interest is centered in a function ¢(3,n) such as § = T/n'/8
or, perhaps, as in Sen (2002), the current intensity \(T) = B1°7'/0° = B3n/T. Under
squared error loss, the Bayes estimate of ¢ is E[¢(5,n)|t1, ..., t,]. For instance, the posterior
expectation of the current intensity is

1 ag+n a;+n
T bs+n/B by+1°

END[, . 4] = E[ﬁTnltl, ] = ;E[mtl, Bt ot

Credible intervals can be obtained from the posterior quantiles of ¢. An alternative that we
consider in Section 5 is to use Mazimum a Posteriori estimates. In this case the mode of the
posterior density (6) is attained for 8 = (ag+n—1)/(bg+n/B3) and 77 = (a,+n—1)/(b,+1).
Hence, an alternative estimate for A\(T') = 5n/T is

~ lag+n—-1a,+n-1

1 -
NT) = = 37 = = :
S Sy B

When integration of moments or quantiles of ¢ with respect to the posterior distribution
(6) is difficult, one can easily generate Monte Carlo samples (51, m1), - ., (Bm, D) from the
posterior and approximate, for instance, E[¢(3,7)|t1,...,tx] by m™ 37 (B, mn)-

2.2 Prior Elicitation

It follows from (9) that the noninformative Jeffrey’s prior is

w(B,m) o< [det 1(53,7)]7 o< (Bn)~". (10)

In the original (/3,0) parametrization this is equivalent to w(3,60) o< ! (see (11) below).
The improper reference priors m(3,0) o (03°)~! (§ < n), considered by Bar-Lev et

al. (1992) and Sen (2002), which generalize the noninformative priors m(3,6) o« 6~ and

7(3,0) < (0 3)~' (Lingham and Sivaganesan, 1997; Guida et al., 1989; Box and Tiao, 1973),

are special cases of (5) when a, = b, = bg = 0 and ag = —4. To see this, note that
51 -1,-1-1/8 61,1
D I P e e (11)

where J = —T7 371 =1~/ is the Jacobian of the transformation (3,6) — (3,7).
To finish this section we note that the elicitation of proper informative priors in the
(8,m) parametrization may be facilitated in view that both  and 7 have clear operational
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interpretations. In this sense, since

AAW/AWD) _ N AD) _ (8/6)t/0)° 5
at/i A~ AQ) (/6)° ’

B is the elasticity of the mean number of events A(t) with respect to time, i.e. the relative
change in A due to relative change in t. Indeed, the PLP is characterized by the fact that
this elasticity is constant over time. On the other hand, n = (T/0)° = A(T) = EN(T) is
the expected number of events during the period that the process has been observed.

3 Several overlapping realizations

The methods established in Section 2 can be easily extended to the case that K independent
realizations of the same PLP, say Ny(t),..., Nk(t), are observed all up to the same time
T. This follows from the well known fact that the superposition of NHPPs is also a NHPP
whose intensity function is the sum of the individual intensities (Thompson, 1998). In other
words, N, (t) = K, N;(t) has intensity A, (t) = KA(t) = K 3t°71/6% and hence is also
a PLP with parameters 3, = (3 and 6, = 6/K'5. Therefore, one can use the ideas in
Section 2 to draw inferences about 3, and 6, and these are equivalent to inferences about
the original parameters 3 = 3, and § = 6, K'/#. However, it is not clear how to proceed
when the K realizations have been observed along different time intervals.

3.1 Overlapping realizations of a PLP

Suppose that Ny(t),..., Nk(t) are independent realizations of the same PLP observed re-
spectively up to times Ti,...,Tk. Let ¢;; be the j-th event time for the i-th realization,
i=1,---,K; j=1,---,n; According to equation (2), the likelihood in the original (53, 6)
parametrization is

K T /)8 ﬁnl n; 51 ﬁn K n,; . K
L(3,0) = Z:Hl e~ (1/0) gniB i tij " (= gus [izl_[lj[[ltij]ﬁ_ exp{— ;(Tz‘/@)ﬁ}; (12)

where n = Zfil n; is the total number of events. If for some of the realizations no event
has been observed, take the corresponding n; = 0 and set in equation (12) empty sums and

products equal to 0 and 1, respectively. Hence, the MLE satisfies that 6 = [>K, Tf /n]Y/ G
and .
1 Ko K Tl logT, 1
— ZZIOgt” ===l Og - =, (13)
nizi=1 e 177 B

and must be obtained numerically (Rigdon and Basu, 2000).
If we reparametrize the problem in terms of 3 and n = 2% (T;/6)?, it follows after some
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algebra that the likelihood (12) becomes

L(B,m) = cx e x §e™"P x O ocy(n|n+ 1, 1) y(B]n + 1,n/B) e (14)

where now ¢ = [T/, 0, ¢! {3 satisfies (13) and

ij

SE TP log T,
g1y

K
B—log> 17

i=1

F(8) =

Note that 3 and 7 are still orthogonal. The log-likelihood is £(3,7) = logc + nlogn —n +
nlog 8 —nB/B + nk(B). Therefore, the MLE are obtained solving 9¢/93 = n/B —n/B +
nF’'(f) = 0 and 9¢/0n = n/n — 1 = 0, which gives 77 = n and, of course, 3 given by (13).

In order to compute asymptotic variances note that 2 862 = —n/ﬁ2 +nF"(3), 2 Bn = —n/n?
aILd 6%; = 0. Hence, the Fisher information matrix is I(3,n) = n Diag(572 — F"(8),n7?),
where

2

K T/B K Tﬁ
F"(B) = — Zi[logT] +<ZlogT>
= 1Zh 1 7 12}1 1

is formally the same as minus the variance of a random variable taking values logT; with
probabilities proportlonal to Tﬁ (i=1,...,K). The asymptotic covariance matrix of (ﬂ n)
is then [I(3,n)]7 ! =n~! Dlag([l/ﬁ2 F”(ﬁ)]_l, n?). Asymptotic variances for functions of
the parameters can be obtained using the Delta Method.

3.2 Posterior analysis
Under the prior specification (5), the posterior density becomes

(B8, D) o< (1l ay +n,by + 1) x y(B] ag +n,bs + n/F) x e, (15)
where D ={t;; :i=1,...,K;j=1,...,n;}. It should be immediate from the comparison

of (15) with (6) that the behavior of F'(3) is crucial to understand the difference between
the one and the many realizations settings. Now, if 3 is the solution of (13), it follows that
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F(3) - F(ﬁ)

WlT K 78 100 T, K
— o8 logZTﬁ iz 1 og B+ logZTf
zf; 7 i1 S TP P
K 78 1oo(TP /TP K mp
— =1 "1 Og( Az / 7 ) 6 + 10 Zz—l zA
SEL T ST
7] )k Ty

=~ log
=1y 5 Thﬁ Tzﬂ/ ZhK—l Tﬁ
T/ T/ Ty
K B’ ’ ﬂ)H( ﬁ? T K [3
Zh:1 Th Zh 1 T Zh 1 T Zh:l Th

)] =0,

where KL[(p1,...,p6)|(q1, ..., qx)) = 2K, pilog £ is the Kullback-Leibler divergence.

Hence, F((3) attains a maximum when [ = 3. Moreover, F (8) is constant and equal to
F(B)ifandonly if Ty =Ty = --- = Tg.

In order to sample from the posterior distribution (15) we use the independence between
n and 3 and obtain first n1,..., 7, < Gamma(a, + n,b, + 1). Simulation from the pos-
terior distribution of  becomes easy by using, for instance, the rejection or importance
sampling algorithms (see Gelman et al. (2003) or Devroye (1986)). For instance, the re-
jection algorithm produces an observation from the posterior of 8 by sampling repeatedly
B ~~(Blag+n,bs+n/B) and u ~ Uniform(0,1) until u < exp{n[F(3) — F(5)]}. Repeating
the rejection algorithm m times we obtain an i.i.d. sample fi,...,(,. Once that an i.i.d.
sample from the posterior 7(3,n|D) has been obtained we proceed essentially as in Section
2. In our practice the rejection sampling method has been quite efficient, in the sense that
even for problems with few failures the rejection rate is below 10%.

The rejection algorithm can also be used when the prior for § is a Gamma distribution
truncated to the right of § = 1. In this case, one just changes the proposal distribution
above to be also a truncated Gamma. In other words, to obtain an observation from 7 (/3| D)
one samples repeatedly 5 ~ v(B|lag + n,bg + n/ﬁA) and u ~ Uniform(0,1) until both 5 > 1
and u < exp{n[F(3) — F(B)]}. However, the rejection algorithm would need some major
adaptation if one wants to consider a prior distribution for # which is restricted to have
support in (1, 00) and which is not a truncated Gamma. For instance, we argue in Sections 4
and 5 that for the power transformers problem it may be better to consider a shifted Gamma
prior, i.e. § —1 ~ Gamma(ag,bg). In this case one could use the Metropolis algorithm to
obtain an approximate sample from the posterior of 3. Briefly, we set a starting value [,
(e.g. By = 3) and proceed iteratively as follows. At step (i +1) we generate z ~ Normal(0,1)
and u ~ Uniform(0,1) and let Beuna = B; + Z. Now if v < min{n(Beana|D)/7(5:| D), 1} we let
Bit1 = Beand, otherwise let 3;,1 = §;. In general the Metropolis algorithm produce correlated
observations which may be unduly influenced by the starting value. If one wants to avoid
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this, the algorithm can be run for M = B + ml cycles, the first B observations discarded
(the "burn-in”) and then every other [ of the remaining simulated values can be kept to end
up with a size m approximate i.i.d. sample.

4 Monte Carlo Simulation

In this section we describe some Monte Carlo simulations in order to compare Bayes estimates
under different prior specifications in the case of overlapping realizations of a PLP. The Bayes
estimates were also compared to the ones obtained by maximum likelihood. As described
in Section 1, the optimal preventive maintenance policy that minimizes expected cost per
unit of time is the value 7 defined by (8). 7 was the quantity of interest in the simulations.
The prior (and hence also the posterior) distribution must satisfy Pr(8 > 1) = 1 since the
intensity function of failures must be increasing as discussed in Section 1. This information
has been incorporated in all of the prior specifications in simulations.

Different prior distributions for § and 7 were used in the simulations. The following
notations and definitions were used in the simulation runs:

e MLE - Maximum likelihood estimate;

e BayesE; - Bayes estimator by considering a reference prior distribution (11) for § =1
truncated at 0 = 1;

e BayesE, - Bayes estimator by considering Jeffrey’s prior distribution (10) truncated at

g=1

e BayesE; - Bayes estimator by considering gamma prior distributions truncated at § =

1. That is w(8,n) o< v(B]ag, bg) x v(n| ay, by) Aq,ec)(B), where A )(3) = Lif B €
(1,00) and 0, otherwise.

e BayesE, - Bayes estimator by considering a gamma prior distribution shifted to 1 for
@ and gamma for . That means, 8 — 1 ~ y(ag, bg).;

e CP - Interval Coverage Percentage.

Prior hyperparameters for BayesE3 and BayesE, were set to 107 except for ag in the latter
that must be shifted by 1 and was set to 1 4+ 1074

In the likelihood approach, asymptotic confidence intervals for 7 were obtained by us-
ing the delta method (Gilardoni and Colosimo, 2007). In the Bayesian approach, we used
the highest posterior density (HPD) intervals. The Bayesian estimates were the posterior
distribution mode. That is, the value that maximize the posterior distribution of 7.

Throughout the Monte Carlo study we consider § = 2, 6 = 24 and Cygr/Cpy = 16, so
that it follows from (8) that 7 = 6. The number of systems K and truncation times 7;’s
were set to study three different situations. The first two achieve a large number of failures
by considering respectively many systems and large truncation times. More precisely, we
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have in situation 1 K = 500 systems all truncated at 7" = 100, so that the expected number
of failures per system equals 17.361. Situation 2 considers K = 50 systems all truncated
at T" = 320, resulting in 178 expected failures per system. Finally, the third situation has
K = 50 systems truncated at T =30 and hence only 1.5625 expected failures per system, so
that this situation is probably closer to the real example considered in the next section.

The results of the Monte Carlo simulations based on 3000 replicas are shown in Table
1. In the first two situations there were no significant differences among methods and prior
distributions. Probably, sample sizes were large enough to overcome differences in the prior
specifications. In the third situation, Bayes estimates have similar results. BayesE, has the
worst interval covarage. In general, all estimates have a small bias, the MLE being the least
biased.

Table 1: Summary of simulation results

MLE | BayesE; | BayesEs | BayesE3 | BayesEy

Mean of 7 6.00 6.00 6.00 6.00 6.02

Situation 1 CP 94.9 94.3 94.4 94.4 95.0
Mean length | 0.475 | 0.475 0.474 0.474 0.482

Mean of 7 6.00 6.00 6.00 6.00 6.03

Situation 2 CP 94.7 94.5 94.6 94.6 95.0
Mean length | 0.753 | 0.753 0.752 0.753 0.765

Mean of 7 6.11 6.17 6.12 6.13 6.16

Situation 3 CpP 95.4 95.2 95.9 95.1 93.1
Mean length | 2.125 | 2.149 2.125 2.124 1.971

9 Example: Maintenance of electrical power transformers

The data in Figure 1(a) shows the failure history of 40 electrical power transformers (Gi-
lardoni and Colosimo, 2007). The usual nonparametric estimate of A (Meeker and Escobar,
1998) is shown in Figure 1(b). The convex form of this plot provides some evidence that the
intensity function is increasing.

The same prior distributions used in Section 4 were considered here. According to the
electrical power company, the ratio between minimal repair and preventive maintenance costs
is Cyyr/Cpar = 15. Table 4 presents the results. The interval based on the ML estimates is
the shortest one. Point estimates are in agreement among Bayesian methods taking a value
around 6400 hours, although the ML estimate is 6290 hours. Among the Bayesian intervals,
those considering the Jeffrey’s and the translated gamma prior are shorter. Posterior density
function of T appears to be slightly skewed to the right (see Figure 2 for the Jeffrey’s prior
case).

In addition to point and interval estimates for the optimal maintenance time 7, it is
useful to gain an idea of the size of the difference between estimated and true expected costs
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: (a) Power transformer data. Each horizontal line represents a transformer and
dots are observed failure times; (b) Mean Cumulative Failure (MCF) type estimate for A.

Table 2: 7 estimates for the power transformers data (in 1000 hours).

MLE BayesE, BayesEs, BayesEs BayesE,
Estimate 6.29 6.44 6.41 6.41 6.56
Interval | [4.87;7.70] | [5.06;8.48] | [5.00;8.72] | [5.02;8.74] | [5.04;8.44]
Length 2.83 3.42 3.72 3.72 3.40

(Gilardoni and Colosimo, 2007). This difference can be obtained from (7) as

. A\’ 1 7\"”
H(t)—H(t)= = |Cpym + Cur 3 = CPM+CMR<0>
1 CMR 7A'ﬁ ) 1( OMR Tﬂ )]
—Cpy |z (14 22ME T ) (14 2T ).
PM[ ( Cpum ZZ 1T’8n Cpum ZfileT}

H(7) — H(7) measures the difference in the cost attained for the present state of information
and that which could be attained if one had perfect information (i.e. if sampling could be
continued forever). Observe that because of the definition of the optimal 7 one must have
that H(7) — H(7) > 0. Hence, we usually compute a credible upper limit for the difference.

To compute a rao-blackwellized (Gelfand and Smith , 1990) approximation to the poste-
rior density of the optimal 7, note that

Z’/T ‘ﬂ]? ’

1
T m =

7(r|D) = [ 7(718, D)=(3D)d
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Figure 2: Approximate (a) posterior density of 7, (b) cost per unit of time and (c) posterior
density of the difference between costs, all for the Jeffrey’s prior.

_ Cygr (B=D7? ;
where we use that ¢ = Crat 3517 to obtain that

OMR (ﬂ — 1)7”6
Cpmr Z-[il Tiﬁ

7

Cur B(6 — 1)7’3_1
Cpum iIil Tz‘ﬁ .

0
r(r13 D) = (415 D) 52| =

CL¢ + n, b¢ + 1)
Figure 2(c) presents the posterior density of the difference between costs.

6 Final Remarks

In this paper a conjugate prior distribution was derived for the PLP model in the one system
case. The proposed conjugate prior is a product of gamma distributions for the parameters
of the PLP in an alternative parametrization. The results are extended for overlapping
realizations of the same PLP. Although in the many realization case the product of gamma
prior is no longer conjugate, it was showed that posterior sampling is easy to implement.

Monte Carlo simulations are used in order to compare some proposed prior distributions
in the context of a real application. Three different situations and four prior distributions
are considered in the simulations. It can be observed no significant differences among prior
distributions in the considered scenarios. They are also very close to the MLE results. Some
Monte Carlo simulations were carried out for small sample sizes. They are not shown in
the paper. It was difficult to summarize the results since, by chance, a small number of
samples were obtained such that MLE of 3 was smaller than one. Under this condition, 7
is not defined since there is no optimal time when the intensity function is decreasing. This
situation is easily handled in the Bayesian approach by making prior distributions truncated
for g > 1.

In the real case analysis in Section 5, point estimates are similar among the methods.
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Bayesian intervals considering Jeffreys and gamma prior distributions are shorter than the
one using prior of reference. Maximum likelihood confidence interval is the shortest one.

We considered just the time truncation situation in this paper. That is 7" is fixed by
design. This is basically the way that most of the practical situations collect data from
repairable systems. Another possible situation is the case in which data collection is ceased
after a fixed number of failures. This sampling scheme is said to be failure truncated. Since
the likelihood is essentially the same as for the time truncated case, the Bayesian analysis
takes the same form irrespective of the experimental design. However, a cautionary note
regarding the transformation n = (T/6)” or n = X (T;/6)? is in order when one or more
of the realizations are failure truncated. In this case, one or more of the 7;’s are random and
n would depend on data. Hence, the prior density (5) depends indirectly on the observed
data, which is not allowed from a strict Bayesian viewpoint. In our opinion this fact has
little, if any, practical importance. Moreover, we stress that the problem appears only in
the case of failure truncation and even then, disappears if one uses a non-informative prior
m(n) x n~t (ie. a; = b, = 0), because such a prior would be equivalent to 7(f) oc 67! (see
equation (11)), which of course does not depend on data.
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Heterogeneity Identification of Repairable Systems

Abstract

A repairable system, under minimal repair, is usually modeled according to a Non-
Homogeneous Poissson Process (NHPP) assuming a Power Law intensity function. A
traditional approach considers iid NHPPs in order to conduct a statistical analysis based
on a sample of systems. However, systems might be heterogeneous due to unmeasured
variables such as age, suppliers and so on. In order to verify this assumption a classical
and a Bayesian approaches are proposed in this paper. Some possible model scenarios
considering different systems heterogeneity are compared using likelihood ratio tests
and hierarchical Bayesian model. Information criteria are used in order to select the
most likely model for a particular data set. Real data sets illustrate the proposed

methodology.



1 Introduction

Statistical models for recurrent events are of great interest in reliability and maintenance of
repairable systems (Ascher and Feingold (1984), Bain and Engelhardt (1991), Rigdon and
Basu (2000)). Repairable system is allowed to experience more than one failure throughout
its lifetime. The system is restored and put back in operation whenever a failure occurs,
without necessarily being replaced by a new one. After each failure, a maintenance activity
is necessary to put the system back into operation. This activity can usually be of two types:
a) Minimal Repair (MR), popularly known by as bad as old, identified for only replace the
damaged part of the equipment, keeping it in the situation it was immediately before the
failure; b) Perfect Maintenance or major overhaul (PM), popularly known by as good as new,
identified for renew the entire system. The combination of PM and MR has been of interest
since the work of Barlow and Hunter (1960). Some of the developments for this situation can
be found in Gerstack (1977), Block et al (1990) and Park et al (2000). However, statistical
inference procedures for maintenance stochastic models developed in the literature are still
under consideration.

A repairable system, under MR, is usually modeled according to a Non-Homogeneous
Poissson Process (NHPP), {N(t): ¢t > 0} where N(¢) counts the system number of failures
from the beginning of the follow-up until time ¢ (Barlow and Hunter, 1960). N (t), for fixed
t, is modeled by a Poisson distribution with mean function A(t) = E(N(t)) = fot A(u) du,

where A(t), the intensity function of the process, is defined as:

P(N(t,t + Af] = 1)
At—0 At )

This paper is motivated by a data set concerned to failure histories of eleven electrical
power transformers. Figure 1 presents failure records of these transformers between 1999
and 2009. A traditional approach would consider iid NHPPs in order to conduct a statistical
analysis based on this sample of systems. However, systems might be heterogeneous due to
unmeasured variables such as age, suppliers and so on. Indeed, it seems the case, according
to the maintenance engineers, for the power transformers described in Figure 1. In order to
verify this assumption a classical and a Bayesian approaches are proposed in this paper.

The start point to answer questions related to repairable systems behavior consists in
modeling A(¢). The most popular parametric model for A(¢) is the Power Law Process (PLP),

whose analytical form is given by (Crow, 1974)

At =5 (g)ﬁl,ﬁ, 6 >0, (1)

where A\ is increasing if # > 1 and it is decreasing if 5 < 1.

The goal of this work is to identify the best model to fit data from several systems under
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Figure 1: Failure Histories of Electrical Power Transformers

Each horizontal line represents a transformer and ‘*’ are observed failure times.

MR, assuming a Power Law intensity function for each one. It is natural to model such a
problem hierarchically, with observable outcomes modeled conditionally on certain parame-
ters, which themselves are given a probabilistic specification in terms of further parameters
(Gelman et al., 2003). A strong tool for adjusting multiples systems is the Hierarchical
Bayesian approach. According to Gelman et al. (2003), hierarchical modeling techniques
can improve each individual estimate of N(¢). In the other hand, frequentist approach can
be also considered in this work for the same purpose.

The paper is organized as follows. In Section 2, we present six possible scenarios consid-
ering different systems heterogeneities. Likelihood functions and ratio tests, associated with
each one of the scenarios, and their respective maximum likelihood estimators (MLE) are
presented Section 3. In Section 4, we model PLPs hierarchically. Information criteria are
used in order to select the most likely model for a particular data set. In Section 5 two real

data sets illustrate the proposed methodology.

2 Scenarios of interest

Some possible model scenarios considering different systems heterogeneities are presented in

this section. These scenarios are described next considering a sample of K systems.

1. All systems are different. They are essentially K separate systems. Therefore, it is
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necessary to estimate 2K parameters.

2. X functions have different 3’s but they have the same 6. In this case, it is necessary to

estimate K + 1 parameters.

3. A functions have different 6 but they have the same (. Again, it is necessary to estimate

K + 1 parameters.
4. All PLPs are identical. It means, that there is only one # and 3 to be estimated.

5. Each N;(-) represents a different PPH (3 = 1). Therefore, it is necessary to estimate

K 0’s scale parameters.

6. All systems are identical, following a PPH. It remains just one scale parameter to be

estimated in the modeling structure.

The relationship among the scenarios are summarized in Table 1.

Table 1: Comparative restrictions among the scenarios of interest for K systems.
] \ Number of Parameters \ Restriction on (3 \ Restriction on 6 ‘

Scenario 1 2K Bi#Bj, Yi#j|0;#0;, Vi#j
Scenario 2 K+1 ﬁl 7£ 5]' y Vi %j 91 =40 y Vi
Scenario 3 1+K Gi=p, Vi 0, #0;, Yi#£]j
Scenario 4 2 Gi=0, Vi 0; =0, Wi
Scenario 5 K Gi=1, Vi 0, #0;, Yi#]j
Scenario 6 1 Gi=1, Vi 0, =0, Yi

Likelihood functions related to each scenario are presented in the next section.

3 Likelihood Functions and Ratio Tests

In this section, likelihood functions are established for each model associated with the corre-
sponding scenario described in Section 2. In reality, only the likelihood function for scenario
1 is derived next. The others ones are easily obtained from it by algebraic manipulation
since they are special cases of scenario 1. Analytic expressions of the Maximum Likelihood
Estimators (MLE) for each one of the scenarios are also presented in this section. It is
considered for each scenario that there are K processes with time truncations, respectively,
at 71,715, ..., Tk.
It was observed n; failure times for the i-th system, indexed by failures at times ¢;; ,7 =
1,...,K,j=1,...,n; The likelihood function is given by: (Rigdon and Basu, 2000):
K n kT
L) = I < e |- / Aa)ds| 2)

i=1j=1 i=1"
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Likelihood function for the model associated with Scenario 1, is one that allows for maximum
heterogeneity among systems. It can be obtained by plugging the PLP intensity function in
(2). That is

] K n; K .
L(NhNQ,...,NK|ﬁ1,...,ﬁK,91,... H mﬁz HHt exp[ Z (%

217« i=1j5=1

and the corresponding log-likelihood function is

K K K Bi
T;
{= nilo P — n; z‘lO 814— —1 lo tz . 4
s~ Y it losti + 3 (3 ng;(gi) )
MLESs are obtained, by solving the system of equations obtained by the partial derivatives
of (4) with respect to each of the parameters. That is, for the scenario 1, is given by
T;

and éi: R 1=1,..., K.
ni/ﬁi

A~ n’L

b=
3 log &
7j=1

Scenarios restrictions presented in Table 1 can be used in (3) in a way to obtain the
likelihood functions for models associated to the remaining scenarios. Table 2 presents the

analytical form or the equations in order to get MLEs of the parameters under each of the
K

scenarios. In order to simplify the notation, the total failures number » n;, has been replaced
by N. Each model in Table 2 refers to each respective scenario. -

Likelihood ratio test (LRT) is used in order to compare the scenarios of interest. This test
can be used because the scenarios are nested within each other. A model is said to be nested
within another one if it represents a special case of it. For example, models from 2 to 6 above
are special cases of Model 1. LRT, under the restricted model, has large sample chi-square
distribution with the degrees of freedom equal to the restricted number of parameters. It
can observed that Scenarios 1 and 2 require at least one failure per system for the existence

of MLEs.

4 Hierarchical Modeling for PLPs

Inference for hierarchical modeling is fundamentally Bayesian, in terms that population
unknown quantities have a probabilistic specification as hyperparameters. The aim is to
find a general model, sufficiently flexible to comport several scenarios, but very simple to
data analysis and result interpretation. Nonhierarchical models are usually inappropriate for
hierarchical data: with few parameters, they generally cannot fit large data sets accurately,

whereas with many parameters, they tend to ‘overfit’ such data in the sense of produce
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Table 2: MLE or Normal Equations for the six models of interest.

Nr of 3’s | Nr of 0’s BZ él
n; T A
Model 1 | K K n; / j;log - T, /5
i N Bi
%—l— Zlogtij =n;log6 + <%> log %
Model 2 K 1 e Cd ;
Zz 1”16@ Zz 1ﬁZ<A>
Shs 1B
Model 3 1 K N/zz:uZ log L= o T, /n,
K 2 log T3 5 AP
Modeld | 1|1 | NG S lowty = SRR (S8, 77/ )
1=15= i=1"4
Model 5 0 K 1 T; /n;
Model 6 0 1 1 Zf; T,/ N

models that fit the existing data well but lead to inferior predictions for new data (Gelman
et al., 2003). Bayesian hierarchical modeling might work with more parameters than data.
This fact is a nice advantage of this approach. Hierarchical models with three levels are

presented in Section 4.1

4.1 The Fully Bayesian Treatment of Hierarchical Modeling

A hierarchical model structure with three levels based on Scenario 1 is presented in Figure 2.
In this figure, n; = (6;,0;); i = 1,..., K, is treated as a sample from a common population
distribution, indexed by ¢.

In the hierarchical modeling, not only n = (11,...,7k) is unknown, but so is ¢, with
probability distribution 7(¢). The goal is get a joint probability distribution for the vector

(1, ¢). Thus, prior distribution for the unknown quantities is given by:

(1, ¢) = w(¢)m(n]9), (5)

and the joint posterior distribution is:

p(n, 9IN1(t), .., Nk (1)) o< m(n, @) L(NL(1), ..., Nk ()[n, ¢) (6)
= W(na(b)L(Nl(t)?"'7NK<t)’77)7 (7)

where L(Ni(t), No(t),..., Nk(t)|n) is the likelihood function defined in Section 3. Classical

approach developed in Section 2 takes 7 as unknown and fixed. In the usual Bayesian
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Figure 2: Structure of a hierarchical model with three levels

approach, 7 is random and ¢ is treated as known. Now, in hierarchical Bayesian approach,

uncertainty in the model is included also in ¢.

4.2 Prior and Hyperprior Elicitation

In order to specify a joint probability model for n = (ny,--- ,nk), it is necessary to use
the crucial idea of exchangeability. It represents probabilistically the symmetry among the
parameters under their joint prior distribution. The pairs of parameters (51, 61), (02, 62), ...,
(Ok,0k) are exchangeable in their joint distribution if 7((81,6:), (B2,62),...,(0k,0k)) is
invariant to permutations of the indexes (1,...,K). See Gelman et al. (2003) for details
about exchangeability and setting up hierarchical models.

A useful reparametrization & = (T'/0)P was considered by Oliveira, Colosimo and Gilar-
doni (2010) and Huang and Bier (1998). &7 has a nice interpretation as the expected number
of events during the period that the process has been observed T and it is orthogonal to 5.
However, this parametrization does not satisfy the exchangeability principle since each pa-
rameter depends on 7; and they are different for different systems. In order to overcome this
drawback, consider & = (1/6;)” as an alternative parametrization to get an exchangeable
model. That is, let’s take T" = 1. &; still has an interpretation as the expected number of
events in one unit of time. Let’s consider gamma prior distributions for & and ;.

Let ¢ = (ag, ag, b, be) be the hyperparameters vector of the third level. As established

above, fori =1,..., K,

b ;15—1 —bet; baﬁﬁfﬁ_l —bsf;
rlele) = 5 ) = 2 ®)

where ag, ag, bﬁ, bg > 0.
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Using the jacobian for transformation of variables, it follows that

Bibet exp(—be/07")
074 i? - . ) 9
7T( |/6 d)) F(ag)e?—i_ﬁlag ( )

)

and, therefore, 7(8,0|¢) = m(0|3, $)7(B|P).
In the third level, consider also a Gamma hyperprior distribution for each of the four

components of ¢

ag ~ P)/aﬂ‘aagabag); (10)

where y(x | ;a , b) = b*2* te " /T(a) (,a,b > 0) is the density of the Gamma distribution
with shape and scale parameters equal to a and b, respectively.

It follows then that the prior distributions are specified by (8) and (9) for the second
level and (10) for the third level. This developments are the ones for the most complex
scenario. That is, for scenario 1. In order words, in order to obtain prior specifications for
the other scenarios is just a matter of exclude some pieces of prior specifications. The set of

restrictions for each scenario is presented in Table 3.

4.3 Posterior Inference and Computation

Joint posterior distribution can be expressed by:

(¢, 8,0|N1,...,Ng) < () (B,0|p)L(Ny, ..., Nk|B1,..., Bk, 01,...0K). (11)

Under prior and hyperprior specifications (8), (9) and (10), respectively, conditional posterior
densities for Model 1 are shown next. Conditional posterior densities functions for other

models can be easily found by considering restrictions in Tables 1 and 3.
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These conditional posterior densities might be useful for posterior computations.

a U Bi
ﬂz|027 Nz ~ 7y (ﬁ”(lﬁ —+ n; —+ 1 s b/g + 10g 95m+ g) — Z lOgtU> exp |:—T1—ﬁ+b£:| s
=1

J 0;"

;10
(03] 8;, Ni) o< mexp [—9;1_ Tf + f} ,
. a;aﬁ_l Kaﬁ K aﬁfl
7(ap| remainder ) oc —[F(aﬁ)]Kbﬁ 3777 exp [—baﬂag] : .
i=1

bs| remainder ~ 7y (bg | Kag + ap, , by, + Zfil @‘) ;

ags—1
. a K K _ﬁi —1
m(ag| remainder ) o¢ b, B

exp [—bagag] ,

be| remainder ~ 7y (bg | Kae + ap, , by, + Zfil ﬁ) :

Table 3: Restrictions for hierarchical models with at most three levels

Scenario | Var(8) | Var(§) | Var(bs) | Var(be) Additional Restriction
Model 1 - - 00 00 No restriction

Model 2 - (15/ h% o 0 E(bf) = hl and CLbé = hl bb5
Model 3 | ag/h3 - 0 00 E(bg) = ho and ay, = haby,
Model 4 | ag/h3 ag/ hi 0 0 Idem Models 2 and 3
Model 5 0 - 0 00 Bi ~v(ag , ag), with ag ~ oo
Model 6 0 ag/ h? 0 0 Bi ~~(ag , ag), with ag ~ oo

hy e hy are fixed positive constants.

Samples from the quantities of interest were obtained by using MCMC techniques. Adap-
tive Rejection Metropolis sampling (ARMS) algorithm, introduced by Gilks et al. (1995),
was used to sample from the posterior distribution of 3, 6 , ag and a¢, whereas samples
from the posterior distribution of bg and be were obtained straightforwardly. All of third
level prior distributions were assumed Gamma(0.001;0.001). For all scenarios considered in
our analysis, it was considered single chains of size 300,000. Samples of size 25,000 were
obtained after considering a burn-in period of 50,000 iterations and a lag of 10 to eliminate
correlations. All computational procedures were implemented in the Object-oriented Matrix
Programming Language Ox version 5.1 (Doornik , 2007), and are available from the first
author upon request.

In Section 5, two real data set illustrate the metodology proposed in Sections 3 and 4.
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5 Numerical Examples

In this section, the proposed methodology is applied in two data sets. The first one comes
from Proschan (1963) and it is analyzed by some papers in the literature. The second one is
the motivating example of this work and it was previously introduced in Section 1. In both,
the graphs of the estimates were constructed as follows: internal points of the vertical lines
and the internal horizontal line represent the exact estimate, that in Bayesian approach is the
mean of posterior distribution. Bayesian approach intervals are Highest Posterior Density
(HPD) intervals.

5.1 Proschan’s air conditioning data set

This data set firstly appeared in Proschan (1963). Records were kept for the time of
successive failures of the air conditioning system of each member of a fleet of Boeing 720
jet airplanes. The intervals between successive failures were recorded. Failure records from
thirteen planes are described in Figure 3. This data set were analized by some papers
in literature, such as Rigdon and Basu (1990), Pan and Rigdon (2009) and Gaver and
O’Muircheartaigh (1987) among others.
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Figure 3: Failure Times of 13 Aircraft Air Conditioners (‘*’ represents failure times).

At first, some preliminary plots are presented in Figures 4, 5, 6 and 7. In each one of

these figures, two models are compared according to their difference. Comparisons are made
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by using MLE confidence intervals and HPD intervals. In general HPD intervals are smaller

than the asymptotic MLE ones. Figures 4 and 5 indicate a intensity functions for planes

with same (8 but larger than one. That means, data set should not be treated as a PPH.

(a)

Planes

(b)

Planes

Figure 4: Aircraft 5’s comparisons between Models 1 and 3: (a) MLE confidence intervals
and (b) HPD intervals. Vertical lines represent Model 1 and horizontal lines represent Model 3.

Table 4 presents LRT p-values comparing the six models under consideration. Notice

that they confirm some indications from Figures 4 and 5. That is, there is a statistical

evidence in favor Model 3. However, this fact does not confirm indications of Figures 6 and

7.
Table 4: LRT Aircraft data
Scenario | Model 1 Model 2 Model 3 Model 4 Model 5 Model 6
Model 1 - 0.3051 (12) | 0.3716 (12) | 0.0472 (24) | 0.0907 (13) 0.0089 (25)
Model 2 - Not applicable | 0.0301 (12) | Not applicable | 0.0036 (13)
Model 3 - 0.0223 (12) 0.0072 (1) 0.0026 (13)
Model 4 - Not applicable | 0.0044 (1)
Model 5 - 0.0170 (12)

Degrees of freedom for chi square distribution in parenthesis.

Bayesian hierarchical analysis was also performed. Some information criteria were calcu-

lated in order to pick the best model. Results are presented in Table 5. According to AIC
and BIC criteria, Model 4 is the best one. Model 4 considers same PLP for the systems.
This result is in agreement of those of (Proschan , 1963). On the other hand, DIC indicates
the same model as the LRT.

36




Planes

(b)

Planes

Figure 5: Aircraft 5’s comparisons between Models 2 and 4: (a) MLE confidence intervals
and (b) HPD intervals. Vertical lines represent Model 2 and horizontal lines represent Model 4.
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Figure 6: Aircraft 6’s comparisons between Models 1 and 2: (a) MLE confidence intervals
and (b) HPD intervals. Vertical lines represent Model 1 and horizontal lines represent Model 2.
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Figure 7: Aircraft 6’s comparisons between Models 3 and 4: (a) MLE confidence intervals
and (b) HPD intervals. Vertical lines represent Model 3 and horizontal lines represent Model 4.

Table 5: Decision criteria for Aircraft data

Scenario AIC BIC DIC

Model 1 | 2364.774 2379.463 1177.515
Model 2 | 2354.706 | 2362.616 | 1177.659
Model 3 | 2353.739 2361.649 | 1174.863
Model 4 | 2353.440 | 2354.570 | 1176.731
Model 5 | 2358.959 | 2366.304 | 1176.595
Model 6 | 2359.532 2360.097 1179.757

5.2 Example Electrical Power Transformers

Data set in Figure 1 presents the failure histories of eleven 500 kvolt transformers belong-
ing to a state electrical power company in Brazil, between 1999 and 2009. Electric power
transformers are the basic components of an electrical power transmission system. They
are complex and most of their repairs involve the replacement of only a small fraction of
their parts. Therefore, its reasonable to suppose that the system’s reliability after a repair
is essentially the same as before the failure. This fact characterizes MR and, hence, justifies
the statistical analysis by using a NHPP for these data.

LRT in Table 7 indicates the most simple is the best fitted model. Model 6 consists of
only one parameter. Figures 8, 9, 10 and 11 describe these results. These figures compares
two scenarios where one of them is nested in the other. Asymptotic confidence intervals are
graphed in these figures. Some intervals lower limits were negatives. Asymmetrical intervals,

calculated by exponential of the interval of the logarithm of paramete have greater range
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Table 6: Parameter Estimates for Aircraft Data under Model 4

Parameter MLE Bayes
Exact \ Interval Exact \ Interval
16} 1.205 | [ 1.055, 1.354 | | 1.205 [ 1.055 , 1.353 |
0 152.5 | [ 103.7,201.2 | | 153.172 | [ 106.55 , 203.45 |

than the original intervals.

Models 1 and 3 (just one [3) were compared in Figure 8 and 9. Models 1 and 2 (just one

0) were compared in In Figure 10 and models 3 and 4 in Figure 11. Almost of the intervals of

the larger model intercepts the confidence interval of the smaller model. This is in agreement

to the adequacy of model 6.

Table 7: LRT Transformer data

Scenario | Model 1 | Model 2 Model 3 Model 4 Model 5 Model 6
Model 1 | - | 0416 (12) | 0.102 (12) | 0.278 (24) | 0.135 (13) | 0.322 (25)
Model 2 - Not applicable | 0.228 (12) | Not applicable | 0.284 (13)
Model 3 - 0.698 (12) 0.620 (1) 0.757 (13)
Model 4 - Not applicable | 0.647 (1)
Model 5 - 0.701 (12)

Degrees of freedom for chi square distribution in parenthesis

In hierarchical Bayesian approach same prior distributions used in Section 4.2 were con-

sidered here. DIC criterion agrees with AIC and BIC criteria for this case. They are in
Table 8. Estimate for 4 and 6 form Model 6 are in Table 9.

Table &: Decision criteria for Transformer data

Scenario AIC BIC DIC

Model 1 | 411.013 | 419.767 | 200.940
Model 2 | 409.414 | 414.189 200.434
Model 3 | 406.937 | 411.712 | 198.623
Model 4 | 394.226 | 395.021 | 197.113
Model 5 | 405.182 | 409.559 | 197.998
Model 6 | 392.436 | 392.833 | 196.170

39




(a)

30

25

20
1

10

_______

Transformers

30

25

20
I

(b)

Transformers

Figure 8: Transformers (’s comparisons between Models 1 and 3: (a) MLE confidence
intervals and (b) HPD intervals. Vertical lines represent Model 1 and horizontal lines represent

Model 3.
Table 9: Parameter Estimates for Transformer Data under Model 6
Exact 1785.997
Eav Miterval | [1055.94 , 2516.06]
Exact 1951.058
EBayes Mnterval | [1054.84 , 2873.85]
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Conclusoes

Nesta tese de doutorado foram apresentadas algumas propostas de modelagem para
histéria de falhas de sistemas reparaveis, sujeitos a reparo minimo e manutencao perfeita.
O Processo de Poisson Nao Homogéneo norteou todas as abordagens consideradas. Con-
juntos de dados referentes a historia de falhas de transformadores elétricos, foram o grande
motivador no desenvolvimento de todo o trabalho, apesar de que em algum momento, um
conjunto de dados tido como auxiliar, exaustivamente estudado na literatura de sistemas
reparaveis, foi adotado e reanalisado através da modelagem bayesiana hierarquica.

A seguir, sao discutidas resumidamente as principais contribuigoes e resultados associados

a cada texto apresentado nesta tese.

Primeiro texto

Esse texto apresentou uma abordagem nao paramétrica para estimar a funcao intensi-
dade de um processo de Poisson nao homogéneo, sob restricao de crescimento. Foi mostrado
como a transformacao tempo total sob teste - TTT pode ser usada para agregar tempos de
eventos da superposicao de processos de Poisson nao homogéneos. A partir dai, metodologias
conhecidas para um tunico processo, como por exemplo a contida em Boswell (1966) pode
ser adotada para vérios processos parcialmente superpostos. Intervalos de confianca boot-
strap foram construidos a partir de dois métodos. No primeiro método foram consideradas
reamostras de sistemas, considerando a suposi¢ao de independéncia entre esses sistemas.
Esse método apresentou precisao menor do que os intervalos obtidos pelo segundo método,
no qual a reamostragem é realizada nos tempos transformados, ou seja, nos tempos dos
eventos do processo resultante da superposicao. Uma hipotese levantada para a diferenca na
precisao é que a reamostragem nos sistemas considera os tempos finais de acompanhamento
T;, de cada sistema, como sendo aleatorios, enquanto que a reamostragem nos tempos trans-
formados (via a transformagao TTT) os T;’s ficam fixos. Ou seja, como o primeiro método
amostra os transformadores, estes sao considerados como vindo da mesma populacao. O
que nao acontece quando os tempos sao agregados antes do procedimento de reamostragem.
Quando todos os sistemas sao truncados num mesmo tempo 7T fixo, essa diferenca entre as

precisoes dos dois métodos fica consideravelmente reduzida.

Segundo texto

Uma nova parametrizacao para a funcao intensidade de um processo lei de poténcias foi
proposta nesse trabalho. A parametrizacao permite identificar uma familia de distribuicaoes
a priori conjugada como um produto de funcoes densidade de variaveis aletérias com dis-

tribuicao gama para os parametros do PLP. A metodologia é estendida ao caso de muitas
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realizagoes independentes de um mesmo PLP, no entanto a conjugacao nao mais se verifica.
Apesar disso, simulagoes da distribuicao a posteriori é de facil implementagcao.

Restrito a estimacao de uma funcao intensidade crescente, a abordagem Bayesiana con-
siderou apenas distribui¢oes a priori para [ cujo suporte era o intervalo (1,00). Isso foi
possivel, ou truncando a distribuicao, ou propondo uma distribuicao deslocada do valor 1.
As distribuicoes truncadas em 3 = 1, consideradas, foram a distribuicao a priori de referén-
cia 7(8,n) < B~1n~1, a de Jeffreys 7(3,n) < (Bn)~! e o produto de fungoes de distribui¢ao
gama 7(3,1n) o< y(B] ag, bg) x y(n| ay, by) I1,0)(5), como sugerido pela reparametrizacao ado-
tada. Por fim, foi considerada para (§ uma distribuicao gama deslocada de 1, mantendo-se
para n a distrbuicao a prior: gama usual. Simulacoes de Monte Carlo mostraram a van-
tagem da abordagem Bayesiana sobre a de maxima veossimilhanca, principalmente no caso
de amostras com poucas falhas. As simulacoes foram realizadas sob varios cenarios distintos
de tamanho de amostra, todos com truncamento temporal, seguindo o esquema amostral
de truncamente por tempo, que é o mesmo dos dados reais sobre a historia de falhas de
transformadores de poténcia elétrica, analisados. Nao foi observada diferenca significativa

entre as distribuicoes a prior: propostas através dos cenérios avaliados.

Terceiro texto

Nesse trabalho modelamos hierarquicamente o problema de ajustar dados de vérios pro-
cessos de Poisson nao homogéneos, admitindo um processo lei de poténcias diferente para
cada sistema. Sao consideradas as abordagens frequentista e Bayesiana para identificar o
melhor modelo para se ajustar aos dados. Modelos com trés niveis foram propostos na
abordagem Bayesiana hierarquica, estabelecendo como primeiro nivel o nivel dos PLPs, no
segundo nivel ficaram os parametros (/3,0) dos PLPs sendo o terceiro nivel, o nivel dos
parametros das distribuicoes a priori propostas para os parametros (5 e ¢ do segundo nivel.
A reparametrizacao da funcao intensidade do PLP do segundo texto, serviu como base para
estabelecermos uma distribuicao a prior: para os parametros do segundo nivel do modelo
hierarquico. Nesse sentido, foram propostas distribui¢do gama para [ e para £ = A(1), e
a distribuicao a priori para 6 foi deduzida a partir destas. Essa parametrizacao respeita a
permutabilidade das distribuigoes a priori. Os valores dos hiperparametros do segundo nivel
de um modelo hierarquico com trés niveis, surgem naturalmente como uma medida resumo
das distriuigoes a posteriori dos paramteros do terceiro nivel. Distribui¢oes gama com ambos
os paramteros iguais a 1073 foram propostas para cada um dos quatro hiperparametros do
terceiro nivel.

Os resultados obtidos a partir da analise do conjunto de dados sobre ar condicionado
de avides, de Proschan (1963) mostraram uma heterogeneidade entre avides que nao havia
sido detectada na anédlise original para esses dados. Outros autores analisaram esses mesmos
dados considerando os sistemas sempre como réplicas de um mesmo. A abordagem apre-

sentada aqui, mostrou ser esta uma pratica inadequada para esses dados. Ja a probreza de
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informacao dos dados dos transformadores, fez com que a aplicagao da metodologia a estes
dados fosse pouco conclusiva, na deteccao da heterogeneidade entre sistemas para esses da-
dos, indicando sempre o modelo mais simples. Apesar de observamos intervalos de confianca
assintoticos mais estreitos do que os intervalos HPD, para sistemas com poucas falhas, a
teoria assintotica na abordagem por méaxima verossimilhanca pode ‘falhar’ com tao poucos
dados.

Uma observacao importante sobre a quantidade de falhas em cada sistema, é que a teoria
por maxima verossimilhanca s6 pode ser aplicada, se for observada pelo menos uma falha

por sistema. O que nao é necessario na abordagem Bayesiana.

Trabalhos Futuros

Este trabalho trata da modelagem em processos de Poisson nao homogéneos. Sao abordadas
metodologias nao paramétrica, Bayesiana e hierdrquica associadas a esse tema. Por outro
lado, nenhuma das situacoes discutidas considera a inclusao de covariaveis, o que pode ser
tratado num trabalho futuro. Outro tema que pode ser levantado, e que pode atuar em
conjunto com a abordagem hierarquica, é a introducao de fragilidades (efeitos aleatorios)
na modelagem. Modelos de fragilidade tem recebido crescente atencao na literatura estatis-
tica, sobretudo nas duas ultimas décadas, com especial destaque as abordagens Bayesianas.
Outra possivel proposta de trabalho é a elaboracao de um artigo de revisao cobrindo as
principais abordagens existentes para PPNHs, e o desenvolvimento de um pacote estatistico

para ajustar esses modelos, para ser disponibilizado em R.

Referéncias

Aalen, O. Nonparametric inference for a family of counting processes. The Annals of Statis-
tics 6(4), 701-726, 1978.

H. Ascher and H. W. Feingold, Repairable Systems Reliability: Modeling, Inference, Miscon-
ception and their Causes, Marcel Dekker: New York, 1984.

L. J. Bain and M. Engelhardt, Statistical Analysis of Reliability and Life-Testing Models,
Theory and Methods Marcel Dekker: New York, 1991.

R. E. Barlow and L. C. Hunter, Optimum Preventive Maintenance Policies. Operations
Research 8, pp. 90-100, 1960.

H. W. Block, W. S. Borges and T. H. Savits, A General Age Replacement with Minimal
Repair. Naval Research Logistics 35, pp. 365-372, 1990.

Boswell, M. T. Estimating and testing trend in a stochastic process of Poisson type. The
Annals of Mathematical Statistics 37(6), pp. 1564-1573, 1966.

46



L. R. Crow, Reliability Analysis for Complex Systems. Reliability and Biometry, F. Proschan
and J. Serfling (Eds), pp. 379-410, 1974.

A. Cowling, P. Hall, and M. J. Phillips, Bootstrap Confidence Regions for the Intensity of a
Poisson Point Process. Journal Of The American Statistical Association 91, 436, pp.1516-
1524, 1996.

C. A. Field and A. H. Welsh, Bootstrapping clustered data. Journal of Royal Statistical
Society, 69, pp. 369-390, 2007.

I. B. Gerstack, Models of Preventive Maintenance. North Holand: Amsterdam, 1977.

G. L. Gilardoni and E. A. Colosimo, Optimal maintenance time for repairable systems.
Journal of Quality Technology 39, pp. 48-53, 2007.

D. H. Park, G. M. Jung and J. K. Yum, Cost Minimization for Periodic Maintenance Policy
of a System Subject to Slow Degrada- tion. Reliability Engineering € System Safety 68,
pp. 105-112, 2000.

F. Proschan, Theoretical Explanation of Observed Decreasing Failure Rate. Technometrics
Vol. 5, No. 3, pp. 375-383, 1963.

S. E. Rigdon and A. P. Basu, Statistical Methods for the Reliability of Repairable Systems.
John Wiley: New York, 2000.

47



