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I think that when we know that we actually do live in uncertainty, then we ought
to admit it; it is of great value to realize that we do not know the answers to different
questions. This attitude of mind - this attitude of uncertainty - is vital to the scientist,
and it is this attitude of mind which the student must first acquire.

- Richard P. Feynman



RESUMO

Nessa tese ¢ introduzido um novo paradigma de aprendizagem de parametros sequen-
cial em modelos de Markov ocultos, capaz de acomodar varios outros algoritmos encon-
trados na literatura como casos particulares. Essa generalidade é possivel principalmente
devido a um formalismo alternativo para regularizacao nesses modelos. Para ilustrar a
flexibilidade do novo paradigma, foram desenvolvidos trés novos algoritmos, incluindo
uma versao melhorada e completamente adaptada do classico filtro de Liu e West. Con-
siderando também esquemas de reamostragem mais eficientes, ¢ ilustrado que em alguns
casos 0 desempenho inadequado de alguns algoritmos de aprendizagem de parametros
sequencial previamente observado na literatura pode em sua maioria ser atribuido a de-
generacao de caminhos inerente a esses métodos, degeneracao essa que a metodologia
proposta ativamente busca mitigar. Destaca-se também que é fornecida evidéncia de que
os algoritmos para aprendizagem de parametros discutidos aqui podem fornecer estimati-
vas compativeis com algoritmos computacionalmente intensivos e que compoem o estado
da arte dessa literatura, como Monte Carlo via cadeias de Markov baseados em métodos
de particulas.

Palavras-chave: Inferéncia Bayesiana, Métodos de Monte Carlo sequenciais, Mod-
elos de Markov ocultos



ABSTRACT

In this thesis we introduce a novel framework for sequential parameter learning in
Hidden Markov models capable of accommodating several other algorithms found in the
literature as special cases. This generality is achieved mainly by providing an alternative
formalism to the role of regularization in this setting. In order to illustrate the flexibility
allowed by this framework, we develop three novel algorithms, including an improved
and fully-adapted version of the celebrated Liu and West filter. By also considering more
efficient resampling schemes, we illustrate that in some cases the poor performance of se-
quential parameter learning algorithms previously observed in the literature can mostly
be attributed to the inherent path degeneracy in these methods, which we actively aim
to mitigate. Crucially, we also provide evidence that the parameter learning algorithms
discussed here can provide estimates that are compatible with state-of-the-art computa-
tionally intensive algorithms, such as particle Markov Chain Monte Carlo.

Keywords: Bayesian inference; Sequential Monte Carlo methods; Hidden Markov
models



LIST OF ABBREVIATIONS

APF = Auxiliary Particle Filter

AR = autoregressive

CLT = Central Limit Theorem

FA = fully-adapted

FALW = Fully-adapted Liu and West

FAPF = Fully-adapted Auxiliary Particle Filter
FF = fertility factor

FFBS = Forward-Filtering Backward-Sampling
FS = Flury and Shephard

HMM = Hidden Markov model

iid = independent and identically distributed
IS = Importance Sampling

KF = Kalman Filter

LW = Liu and West

MC = Monte Carlo

MCMC = Markov Chain Monte Carlo

MH = Metropolis-Hastings

NLSM = Nonlinear Seasonal Model

PF = particle filter

PIMH = Particle Independent Metropolis Hastings
PL = Particle Learning

pMCMC = particle Markov Chain Monte Carlo
PMMH = Particle Marginal Metropolis Hastings
RAM = Robust Adaptive Metropolis

RPL = Regularized Particle Learning

RWM = Random Walk Metropolis

SIR = Sampling Importance Resampling

SIS = Sequential Importance Sampling



SLLN = Strong Law of Large Numbers
SMC = Sequential Monte Carlo

SNR = signal-to-noise ratio
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Chapter 1

Introduction

In this thesis we deal with inference for Hidden Markov Models (HMMs), also known
as state space models. These are discrete-time stochastic processes essentialy composed
of a Markov Chain that can only be observed via another process (hence the name).
Although the term “Hidden Markov model” is typically reserved for the cases in which
the state space is finite and the term “state space model” to refer to those in which the
state space is continuous and obey a certain type of Markov transition, here we will follow
the tradition of Cappé et al. (2005) and use the term Hidden Markov model to denote
both of these objects, as well as even more general ones as seen later on.

Although deceptively simple in their formulation, HMMs can exhibit a surprising
range of behaviors, being suitable to problems ranging from genetics to economics. Per-
haps the most classical application of this type of model is tracking a moving object
subject to measurement error. An important and quite famous case of this instance is
the navigation system developed for the Apollo project (Grewal and Andrews, 2010),
which relied on the celebrated Kalman filter (Kalman, 1960).

Another surprising fact regarding HMMSs is how difficult performing inference for
them really is in the general case. Historically, substantial developments in inference
for these models could only be made by imposing several restrictions on the process,
making the ensuing results particular only to a specific subset of cases. Despite this, the
corresponding procedures have found many fruitful and important areas of application,
such as genetics for the Baum-Welch algorithm (starting with Baum and Petrie, 1966,
which requires a finite state space) and tracking for the aforementioned Kalman filter
(Kalman, 1960, which requires linear and Gaussian components).

With the advent of more powerful computers, however, the field of inference for Hidden
Markov models naturally turned from analytical to simulation-based techniques, which
can in principle be applied to any general HMM. Amongst these, the first widely success-
ful method is the Bootstrap Filter of Gordon et al. (1993), which really set the tone for the
subsequent developments in the field; another landmark algorithm is the Auxiliary Parti-
cle Filter of Pitt and Shephard (1999). Both techniques fall under the Sequential Monte
Carlo (SMC) class of methods, also known as particle filters. That particular decade saw
many theoretical and applied contributions to SMC, many of which are contained in the
classical review volume by Doucet et al. (2001).

The main defining feature of SMC methods is, as the name implies, that they are
sequential. They are therefore naturally suitable for performing inference in HMMs,
exploiting the inherent sequential structure of these models in order to yield very efficient
results. This is in stark contrast to non-sequential algorithms such as the numerically-



intensive Markov Chain Monte Carlo algorithms, which is mostly why SMC algorithms
have become so popular in practice.

Most of the early SMC methods for HMMs focused entirely on performing inference
for the underlying Markov chain, also known as the states of the model. However, HMMs
are frequently indexed by a set of “static” parameters (this naming convention is used to
distinguish these from the components of the hidden chain, which are often thought of
as the “dynamic” parameters of the model), and inference for these have been the main
focus of the literature for the last two decades.

Essentially, there are two main approaches for dealing with parameter inference in
HMMs: offline (or batch) techniques, in which data come in “batches”, i.e. in blocks at
a time, and everything has to be recomputed everytime a new block comes in; and online
techniques, in which data comes in sequentially and inference is performed on-the-fly. In
a Bayesian inference paradigm, the latter are also given the name of sequential parameter
learning techniques.

To give an example of how diverse and fruitful the literature on sequential parameter
learning techniques is, we highlight the works of Kitagawa (1998), Andrieu et al. (1999),
BgLviken et al. (2001), Liu and West (2001), Gilks and Berzuini (2001), Chopin (2002),
Fearnhead (2002), Storvik (2002), Vercauteren et al. (2005), Polson et al. (2008), Flury
and Shephard (2009), Carvalho et al. (2010), Chopin et al. (2013) and Fulop and Li
(2013). Collectively, the variety of fields in which these techniques are used to deal with
problems arising in empirical settings also illustrate their effectiveness. Examples range
from tracking (Wang et al., 2009; Ghaeminia et al., 2010; Liang and Piché, 2010; Nemeth
et al., 2013) to epidemiology (Rodeiro and Lawson, 2006; Dukic et al., 2012; Lin and
Ludkovski, 2014; Liu et al., 2015), ecology (Peters et al., 2010), econometrics (Golightly
and Wilkinson, 2006; Carvalho and Lopes, 2007; Fulop and Li, 2013), finance (Yiimli
et al., 2015; Jacquier et al., 2016; Warty et al., 2018; Virbickaité et al., 2019) and even
psychometrics (Reichenberg, 2018).

Popular and efficient as they might be, however, sequential parameter learning meth-
ods suffer from the unavoidable problem of path degeneracy (Andrieu et al., 2005). Path
degeneracy mostly stems from inefficient resampling (resampling is an integral part of
SMC) and poor (some of them even having nonvanishing asymptotic biases) rules for
moving the parameters around in their space. As noted as early as Andrieu et al. (1999)
and by several subsequent works in the literature (e.g. Andrieu et al., 2005; Chopin et al.,
2010; Lopes and Tsay, 2011; Prado and Lopes, 2013; Kantas et al., 2015), path degen-
eracy is identified as the main culprit for the poor performance of sequential parameter
learning in most settings. Typically, however, no further effort is made to improve upon
this behavior.

Our main goal in this thesis is to provide a general framework for parameter learning
capable of accommodating several of the methods found in the literature as particular
cases. Within this unified framework, we explore the performance of methods that already
exist and some of which we also propose here. By actively attempting to reduce path
degeneracy in the ensuing algorithms, we also provide evidence that they can then per-
form quite well in practice, providing compatible results with state-of-the-art numerically
intensive methods.

This thesis is organized as follows: Chapters 1 and 2 contain a formalization of the
main concepts and properties regarding HMMs and essential results on state inference
needed for a proper understanding of the core material. Then, Chapter 3 on parameter
inference contains our main contributions and original research. Chapter 4 contains



simulation-based experiments and numerical results that illustrate the effectiveness of
our methods in practice while providing a further contribution in their own right, and
Chapter 5 contains the concluding remarks.

1.1 Hidden Markov Models

Let (Q, F,IPy) be a probability space, where Py is in a parametric family P = {Py :
0 € ©}. We denote by p any generic probability density of Py with respect to a suitable
sigma-finite dominating measure and by z;.; the sequence (z1, ..., zx) for positive integer
k. As it is common practice in the literature, upper and lowercase respectively are used
here to distinguish random variables from their realized values, e.g. X(w) = «x for a
particular w € €.

Definition 1.1.1. A state space or hidden Markov model (HMM) is a discrete-time
stochastic process (Xi,Y;)i>o0 indexed by 0 € © and taking values in X X Y such that

(X¢)i>0 is an unobserved Markov process and, for each t, the probability distribution of
Y;| X depends only on X;.

The definition of a Markov process (the term Markov chain is also frequently used)
requires that, for ¢ > 1, the law of X;|X;.,_; depends only on X, ;. That is,

p(l“t|171:t—17 9) = p($t|$t—17 9) = f(fft|$t—1, 9)7 (1-1)

with v(z0|6) being the initial distribution' of the chain, i.e. corresponding to X,. In-

formally, the term “unobserved” (or “hidden”) is used here to point out that (X;)>¢ is
a latent process, i.e. not directly available for inference. Instead, inference about the
model can only be made through the measurements (more often simply referred to as
observations) (Yz)¢>o.

The rest of Definition 1.1.1 requires that, for each ¢, Y;|X; depend only on X;. In
essence, this means that

p(yt’l’t’xl:tflayl:tfla 9) = p(yt|$t, 9) = 9(%’1}7 9)- (1-2)

The density function g is sometimes known as the conditional likelithood of Y; given X,
since it can be interpreted as the likelihood of X; assuming a certain value xz; given
the observed value Y; = y,. From here on, we will sometimes recall equation (1.2) as the
conditional independence property that the sequence (Y;):>0 possesses in HMMs; see item
1.5 in Proposition 1.1.1 below for more details.

An alternative representation of an HMM is in graph form, more specifically as a
directed and acyclic graph; see Figure 1.1. This alternative representation allows us to see
intuitively how the model evolves over time, and neatly summarizes the serial dependence
across (X;)i>o0, the conditional independence of (Y;);>0 and the global dependence on .

Before moving on to further discuss state and parameter inference, we summarize
in Proposition 1.1.1 some important properties concerning HMMs that routinely appear
throughout the rest of the text.

L Although v is actually the probability density function of Py with respect to the sigma-finite domi-
nating measure dxg, it is a common practice in the literature to use the terms density and distribution
interchangeably. We feel that this adoption, along with some abuses in notation such as using Xy ~ v to
denote that Xy has a distribution with density v, enhances the flow of the text, and is mantained here
except in cases where a clear distinction cannot be extracted from the context.

4
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Figure 1.1: Graphical representation of a Hidden Markov model.

Proposition 1.1.1. Let (X;,Y;)i>0 be a hidden Markov model according to Definition
1.1.1. Then

(i) The sequence (X;)>0 admits the predictive decomposition®
t
p(x0:4]0) = v(x0|0) Hf (xg|Tp—1,0 (1.3)
k=1

i) Fort > 1 an Sk St =1, Xy X1, Yier =7 Xi|Xyoy (here "= enotes
i) F 1 and 0 k 1, X4| X Y, 4 X,|X h “=d” g

equality in distribution), i.e.
P(e| Tt 15 Y1, 0) = f(@i|we-1,0). (1.4)

(111) Given (Xi)i>0, the sequence (Yi)i>o is conditionally independent, i.e.

p(otlzos, 0) = Hg(yk\xkﬁ)- (1.5)

2A predictive decomposition is just a useful way of writing the joint density of a sequence Zy.;, as the
product of its conditional densities. That is,

k
p(201) p(z0:2)  p(20:)
pl20:x) = P{%0 = P20 p(Zo|%0:5-1),

( ) ( ) p(Zo) p(ZO:l) p(ZO:k—l) ( )]1;[1 ( ‘ J )
which follows by simple induction and the definition of a conditional density, i.e. p(zj|zo.j—1) =
(25, 20:j—1)/P(20:5-1) = p(20:5)/P(20:j—1). Although we have assumed a specific ordering here, it is
clear the the decomposition holds for any combination of disjoint subsets of Z.x.



(iv) The process (X, Y:)i>o s jointly Markovian, i.e. fort > 1,

p(xb yt|~r1:t—17 Y1:t—1, 0) - p('rtu yt|xt—17 Yi—1, 0) (16)

Proof.

(i)

(i)

The predictive decomposition of the law of Xg.; is

t
p(xo]0) = p(x0|6) Hp k| To—1,0
k1

Now, v(x¢|6) = p(x0|f) is the initial distribution of (X;);>¢. Hence, by the Markov
property (1.1) of this sequence we have that each p(xy|zox—1,0) = p(xg|rp_1,0) =
f(zg|zr_1,0), yielding the desired result

t
plxox|0) = v(x0l0) [ [ folwrlzii, 0).
k=1
We can rewrite the probability density of X;| X1, Yis—1 as

PWYn:t—11%e, Thet—1, O) (24| Ths—1, O)p(ht-110)
p(yk:t—l |:Ek:t—1a 9)p(xk:t—1|9) '
Since by (1.2) each Y, depends only on X, we have that p(yg.i_1|zi, Tri—1,0) =

p($t|l'k;t_1, Yk:t—1, 9) =

P(Yret—1|Tht—1, 0). Further, from the Markov property (1.1), we have p(z|xg—1,0) =

f(x¢|xi—1,0) and, therefore, that

P(Ykst—1|Trie—1, 0) f(we|wi—1, 0)p(244-110) _
p(yk;H |xk:t717 e)p@kztﬂ |9)

p(xt‘xk:tfla Ykit—1, 9) = f(l’t|37t717 9)7

as required.

The joint density of Yy.:|Xo.+ can be factored as

P(?/o:t|$0:t, 9) = p(y0|x0:t7 9)p(yl|yo, T0:t, 9) T (yt|y0t 15 L0:t, 9)
= 9(Yolwo, 0)g(v1]21,0) - - - g(ye|xe, 0) Hg Y|k, 0)

which again follows from the fact that each Y}, depends only on X}, established in
(1.2).

Since the density of (X, Y;|X;_1,Y; 1) admits the decomposition

p(mt, yt’xtflyyt—la 9) = p(yt|$t, Ti—1, Yt-1, e)p($t|$t717yt71, 9);
which we know from (1.2) and item (ii) to be equal to g(x¢|y:,0) - f(x|zi—1,0), it
suffices to show that p(zy, v¢|To.t—1, You—1) = g(xe|ye, 0) - f(xe|z-1,0). First, notice
that
p(?Jo:th?o:t, 9)P<530t‘9)
P(Yo:t—1 ‘xO:t—la e)p(ﬂfo:t—l ’9) '

p(@e, YelTo:t—1, You-1,0) =
Therefore, by items (i) and (iii),

[T 9(yslr, 6) v(ol6) T,y f (wrlzas, o)
[Tico 9(wklok, 0) v (0]6) T2 f(wxlrin 0)
This ratio is equal to g(x¢|y:, 0) - f(z¢]xi—1,0), completing the proof.

p(%n ?/t|fE0:t—1, Yo:t—1, (9) =

6
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As a technical note, it must be pointed out that throughout the text we implicitly
assume that all the conditional probability distributions we deal with always exist. Al-
though in a more general setting this assumption can be dropped (Cappé et al., 2005),
the tools required to provide a consistent definition of HMMs in this case are considerably
more involved than the ones adopted here, and for ease of exposition we shall therefore
avoid them.

In closing this section, note that since Py is in a parametric family and since the law
of each Y; depends only on the corresponding state X;, both # and X; can be thought of
as model parameters in a general sense, with the Markov chain’s states (X;):>o typically
being referred to as dynamic parameters and 6 being referred to as static parameters. This
naming convention reflects the fact that 6 is a fixed (albeit usually unknown) quantity,
whereas the states naturally vary over time. Hereafter we reserve the terms state inference
and parameter inference to respectively distinguish between inference for the states and
inference for the static parameters.



Chapter 2

State Inference

Upon observing a sample Yi., = y1., from an HMM, we usually want to infer about the
sequence of hidden states Xj.,, and static parameter values 6 that are most consistent with
this data, i.e. performing state and parameter inference, respectively. There are however
instances where only state estimation is required, as in e.g. traditional applications in
physics and biology, where 6 represents a set of known physical and /or chemical constants.
In this chapter, we will concern ourselves only with such chases: performing state inference
conditional on complete knowledge of #. Most of the material discussed here also serve as
a building block for the subsequent parameter inference techniques we discuss in Chapter
3.

Now, state inference is usually classified into one of three main types, according to
the level of information available at time ¢:

(i) Prediction: computing X;|Y1.,1
(ii) Filtering: computing X;|Y7,
(iii) Smoothing: computing X;|Y7.,

We will start our presentation of state inference techniques with the filtering problem,
since prediction and smoothing can be derived directly from the filtering solution. Since
6 is assumed to be fixed and known, throughout this chapter we will omit dependence
on it to alleviate notation. Also, note that although no explicit statistical inference
paradigm is assumed for performing state inference (since it can essentially be framed as
a probabilistic problem), traditionally the terminology developed for it is almost entirely
Bayesian in nature.

2.1 Filtering

State filtering in HMMs consists in computing the marginal posterior distribution
p(z¢|yr4) for each t. Conceptually, this is a simple problem since if we have the joint
posterior distribution of Xy, given! Y7, = 9., we can simply integrate it over the image
set of Xg.4_1, yielding

p(@e]y12) 3:/ p(To:t|yr4)dros—1- (2.1)
Xt

'In this work we always assume that only Y7., is observed, so that inference for Xy is based on its
prior v(zg|6). This is equivalent to treating Yy as arbitrary or as the prior information about the model
itself, so that e.g. p(xo|yo,d) = v(xo|6).



However, the problem with (2.1) is that in general neither p(z¢.;|y;.¢) nor its integral over
Xt are available analytically. Moreover, since the dimension of the problem increases with
t, techniques that directly approximate the integral in (2.1) (such as quadrature) usually
perform very poorly as a result of the so-called curse of dimensionality phenomenom (see
e.g. Asmussen and Glynn, 2007, p. 264, Liu, 2008, p. 2 and Robert and Casella, 2004,
p. 136.).

An ingenious solution to the filtering problem, first made practical by Gordon et al.
(1993) is to use Monte Carlo (MC) simulation techniques (see Appendix A for a brief
review). More specifically, we rely on a subset of MC known generally as Sequential
Monte Carlo (SMC), or particle filters, which are essentially importance sampling (IS)
methods which fully exploit the sequential nature of HMMs in order to obtain substantial
efficiency gains over competing alternatives.

As in the general IS case (see Section A.2), application of SMC simply requires us to
be able to produce N random draws/particles X¢,|Yi., i =1,..., N from a proposal dis-
tribution q(zo.|y1+) and evaluate, up to proportionality, the corresponding unnormalized
and normalized importance weights m o p(xf.,|y1+)/q(xh. |y1e) and w} = 7}/ Zjvzl 7.
Since clearly w! > 0 for all i and Y.~ w! = 1, the weighted sample (X¢,, wi)Y, forms
a discrete distribution on the probablhty space generated by the HMM (X}, Y}):>0 with
probability measure denoted by P, i.e. such that P(Xo, = ) = w! for each i and t.

The discrete measure P is also absolutely continuous with respect to the same sigma-
finite measure dominating P itself. Therefore, by the Radon-Nikodym theorem, it has a
density with respect to this measure that we will denote by p. It is easy to see that

P(Tot|y1:) = szé (dzoy), (2.2)

since by definition the probability (under P) of Xy being equal a single particle z7, is
given by wj, which is equal to

IP’(XOt = :L“Ot Zwt det dxo.s = wt

thzl

Here, d,(dz) denotes a generic Dirac measure (or point mass) of an increment dx at the
point a.

We commonly refer to p(zo.¢|y1+) as the Monte Carlo estimate or particle approxima-
tion to the target density p(zo.¢|y1+). Asin (2.1), the corresponding approximation to the
filtering density is obtained by simply integrating over the joint approximation p(xo.;|y.)
over Xg.4_1, i.€.

13(33t|y1:t) 3:/ ﬁ(xO:tlylzt)dtxO:tfl
Xt
N .
— [ 3 wis (dnva) oo
X1 '
N .
-/ >l s
Xt
_Zwt (day) / 5x6:t71(d$0:t—1)d370:t—1



Z i (dy). (2.3)

Note that from the second to the third equations above we have used the fact that any
two point masses are always disjoint, i.e. d(qp)(7,y) = da(x)-6(y). The interchangeability
of sums and integrals here is trivially justified by the fact that the sums are taken over a
finite index 1 <3 < N.

2.1.1 Sequential Importance Sampling

We now turn to the problem of how to produce draws from p(xo.|y1.;) and evaluate
the corresponding importance weights m; = 7(zo4, ¥1.4) = P(Tot|y1:t)/q(xo|v1.4). The
first (and simplest) of the methods we explore here is aptly named Sequential Importance
Sampling, or SIS for short.

As its name implies, SIS is an algorithm which is sequential in nature, enabling it
to exploit the natural Markovian structure of HMMs in order to obtain efficiency gains
both when sampling the particles and computing their weights. More precisely, in SIS
we assume that the proposal distribution satisfies the following assumption.

Assumption 2.1.1 (SIS). Under q, Yi|(Xo4—1, Y1.t-1) is equal in distribution to Y3|Y1..—1.

A direct implication of the SIS Assumption 2.1.1 is that we can decompose the pro-
posal distribution as

Q(xom y1:t)
q(yr:t)
q(T4, To:t—1, Yty Y1:0-1)
q(Ye, Yr:e-1)
q(2e|Tou—1, Yo, Yra—1)q(Ye| To:e—15 Y1:0—1)@(Tose—1Y1:0-1)q(Y1:0-1)
q(Yelyr:—1)q(yr:e—1)
q(Ye|Tost—1, Y1:0-1)
q(Yelyr:e-1)
q(Welyr4-1)
q(yelyr:e-1)
= q(@ox—1|Y1:4-1)q(Te|T0—1, Y1:t)- (2.4)

Q<x0:t ‘yl:t) =

= Q(»”Uont—l|y1:t—1)Q(flft’$0:t—1, Z/l:t)

= Q<x0:t71|y1:t71)Q(xt|xO:t717 Z/l:t)

Essentially, Assumption 2.1.1 means that Xo.,|Y1.: =% {Xow_1|Y10-1, X¢e| (Xow_1, Y1)}, ice.
that the joint distribution of Xo, given Y;,; admits X, 1|Y1.,-1 and X;|(Xo.4-1, Y1) as
its marginals In practice, this means that we can sample the entire path x{, by first
sampling z! ~ q(x;|x}, |, y1.+) and then setting x{, = (z%, x}, ;).

Now, the efficiency gains of being able to marginally sample x! conditional on its
history x{, , should be very clear: at each step, SIS requires that we perform only O(N)
operations instead of the O(tN) operations that we would usually require to sample the
entire path z},. If we have a sample of n observations Yi., = y1.,, SIS therefore requires
a total of O(nN) operations to sample the entire sequence of states z., rather than the
O(n*N) that would be required if this was not done sequentially?.

2The n? term arises due to O(N) + O(2N) + --- + O(nN) = O(n?N), since the complexity when
sampling the full z}, at each time step is O(tN).
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Another efficiency gain made possible by Assumption 2.1.1 is in computing the impor-
tance weights w;. In SIS, we can evaluate importance weights recursively time in O(N)
operations, again avoiding the O(tN) complexity required if this was not done sequen-
tially. In order to achieve this, first note that we can decompose the target distribution
p($0:t|y1;t) as

P(To:t, Y1:t)
p(ylzt)
- p(xt, To:t—1, Yt, yl:t—l)
P(yu)
PWelTe; Tos—1, Yrao—1)P(Te| o1, Yr:e—1)P(Tou—1|Y1:e-1)p(Y1:4-1)
PWelyr:e—1)p(Y1:e-1) '

p(-CEO:t ’yl:t) =

Since by (1.2) Y; depends only on X;, we have p(y:|xs, To.t—1,Y1.—1) = g(y¢|x:). Further,
item (ii) of Proposition 1.1.1 applied with k£ = 0 yields p(x|zo.i—1,y14-1) = f(xe|ai_1)
and, therefore, that

f(@ilze—1)g(yelz:)
P(Ye|y1:—1) '

Combining equations (2.4) and (2.5), we therefore have a recursion for the unnormalized
importance weights:

p(£0:t|y1:t> = p(£0:t—1|y1:t—1) (25)

_ p(@ou|yre)
Q(I0t|y1 t)
p(l"Ot 1|Y1:0-1) f(@i|me1)g(yel )
C](l'()t yre—1) PWe|yra—1)a(@e| 2.1, Y1:t)
— f (@i we1)g(yelze) ‘ (2.6)
P(Yelyr:e-1)q(xe| w101, Y1)

Now, in general an analytical expression for p(y:|y:.+—1) is not available, thus making
pointwise evaluation of m; impossible. However, since this density does not depend on
Zo., it can be essentially treated as a proportionality constant and “integrated out” by
summing over the importance weights of all the sampled particles, as shown in Section
A.2. More specifically, let 7] = 7(z{,|y1:e) = P(@hlyre)/a(zh|y1:e). We then define
wi =t/ Zjvzl 7} and, by (2.6), this is equivalent to

i

~ s
RS
Zj:ﬂrt
i f(tlay_1)g(yeley)
- “Lp(yelyrie—1)a(eilah,, 1)
SN Fflxd_)gwila])
7= = p(ylyra—1)q (@] ad,y _y vt
1 i f@ilr )l
B p(yelyre—1) "1 q(ailad,_qy1:e)
Ly F |z _y)g(yelz)
pytlyr:e—1) 4~j=1"t-1 q(z .1 y1:t)

(xtlzt 1)9 (yt‘xt)
T J T
Q(zt‘xot 1:Y1: t)

- i\ )
ZN 7_‘_j f(xt |_"Et7_1) (yt‘xg)
3= T (e ad, )
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as required. It is therefore common practice to simply define 7; up to a proportionality

constant, since this constant is going to be factored out either way when we compute

the normalized importance weights. In light of this fact, the weight recursion for 7; then

takes its usual form

J(@e|wi—1) g(ye|2e)
Q($t|l’0:t—1, yl:t) ’

T OC Wy—_q (2.7)
since w!_, is itself proportional to 7! _; up to the constant 1/ Zjvzl .

Starting at ¢t = 0, SIS is initialized by sampling z§ ~ v(zg) and setting m oc 1
and therefore wj = 1/N for i = 1,...,N. We then proceed sequentially by sampling
wy ~ (e 20,1, Y1), computing m; oc wiy f(wlwy_1)g(yelt)/a(wt| 1, Y1), normaliz-

ing w! = ﬂz/z;\le 7] and setting ), = (z},x}, ;) for each ¢ = 1,..., N, until t = n.

The entire procedure is summarized in Algorithm 2.1.

Algorithm 2.1: Sequential Importance Sampling (SIS)

Initialization

for i =1 to N do
draw z}) ~ v(zg)
set ) o< 1

end

for i =1 to N do
set wh =1/N

end

Main recursion
for t =1 tondo
for i =1 to N do
draw zj ~ Q($t|ﬂ?6:t—17ylzt) ‘ o
compute m; oc wy_y f(x4|xi_1)g(ye|zy) /a(xi|xhy 1, Y1)
end
for i =1 to N do
compute w! = 7/ Zjvzl w
end
end

At the end of each step in Algorithm 2.1, we have weighted samples (zf,,, w!)Y, ap-
proximately distributed according to Xo.|Yi., resulting in a final sample (zf,,,w!)N,
approximating the law of X.,|Y}.,. With these samples, we can compute the approxi-
mation to any of the features of the filtering density p(x;|y;.;). For example, if h is any
P-integrable and B-measurable function, a particle approximation to Ep[h(X};)|Y1.] =
[y h()p(we|yre)dz, is the weighted sum 3"V wih(xi), obtained by simply replacing
p(z¢|y14) with our SIS estimate p(z|y;4) given by (2.3) in the corresponding integral.
More precisely,

Ep[h(X0)|Y1] = Ep[h(X:)[Y14]
3:Ah($t)ﬁ($t|ylzt)d$t
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Now, although the moment approximation above was derived for a function of the filtered
states X;|Y7., the same argument clearly holds for more general functions and functionals
of the entire path Xy.; or any of its subsets by making the appropriate substitutions (e.g.
by replacing p(x¢|yi.c) with p(zo.|y1+) as given in (2.2) for the entire path). Under the
same conditions discussed in Section A.2, these moment estimators can also show to
obey a law of large numbers and a central limit theorem. In particular, as N — +oo,
the density estimators (2.3) and (2.2) approximate their targets p(x¢|y1.+) and p(xo.¢|yi.¢)
arbitrarily well.

Example 2.1.1 (Gaussian random walk). Consider the HMM defined by

Xy =Xi 1+ 71U, Ui~ N(0,1), (2.8)
Y =X+ 0oV, ‘/;NN(()?]‘)?? (29

where 7 > 0 and o > 0 are scalars, (Uy)i>o and (V});>0 are mutually and serially indepen-
dent (i.e. Uy L Uy, V; L Vi and Uy L V; for all t and s) and the state prior is given by
Xo ~ N(0,7?), where N'(m, s?) denotes a Normal distribution with mean m and variance
s2.

The model defined by (2.8-2.9) is known as a (Gaussian) random walk plus noise,
since it is essentially a (Gaussian) random walk (X;);>o that is only observed through
(Y:)i>0 with (Gaussian) noise oV;. In the time series literature, this model is also known
as the Local Level Model (Durbin and Koopman, 2012).

Since both the state transition and observation equations 2.8 and (2.9) are linear and
Gaussian, the filtering distribution X;|Y}.; can actually be computed exactly through the
use of the celebrated Kalman filter (hereafter referred to as KF; see Appendix B for
details). Although the existence of an analytical solution clearly eliminates the need for
simulation-based techniques, this example is still useful as a benchmark to evaluate these
methods against.

Figure 2.1 contains the observations (black points) and states (green solid line) of a
simulated series of the Gaussian random walk model with n = 200 and 0 = (72,02) =
(10,1). For this particular series, the observations and states seem to be almost juxta-
posed, which happens because the states are very informative relative to the observations.
One way to assess this is by looking at the signal-to-noise ratio (SNR), which for this
model is SNR = 72/0? = 10/1 = 10, implying that in this configuration the states are
roughly 10 times more informative than the observations.

Intuitively, a large SNR also implies that the filtering task in a model is simpler,
since the magnitude of the noise affecting observations of the underlying hidden states
is then relatively small. Figure 2.2 shows that this is indeed the case for the Kalman
filter (Algorithm B.1, initialized with X,, = 0 and ¥, = 107), with the estimated states
Xyt (solid blue lines) closely tracking the true states (black triangles). However, the
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Figure 2.1: Simulated observations (black points) and states (green solid line) of the
Gaussian random walk plus noise model (2.8-2.9) with n = 200, 7% = 10, 0% = 1.

same does not hold for the SIS estimates 2, := 3.1 wiz! (solid red lines) produced by
Algorithm 2.1 with N = 10,000 particles and implemented with proposal distribution
q(xe|mos—1,y1:4) = fxe]wi_q) = dN (x4]xi_1,7%), where dN (z|m, s*) denotes the density
of a Gaussian random variable with mean m and variance s? evaluated at the point x.
Although for the first time indices there is a certain agreement between the SIS estimates
and the true states, they quickly diverge from their target as time goes by. Note that in
this problem the weight recursion (2.7) is

f@deia)g(yelee) w f(@i|ze1)g(ye| )
q(we|T10-1, Y1) T Faae)

T OC Wi_1 = wtflg(yt|xt>>

where here g(y|z;) = dN (yi|x, 02).

Although here we could certainly improve the performance of SIS by considering “bet-
ter” proposal distributions (in the sense of producing less variable importance weights —
see Proposition 2.1.1 and the accompanying discussion) or even by increasing the number
of simulated particles N, this does not address the root of the problem. We explain this
more precisely in Section 2.1.2 below.

O

2.1.2 Sequential Importance Resampling

Although it might seem surprising at first, the poor performance of SIS shown in
Example 2.1.1 is actually well-appreciated in the literature of sequential Monte Carlo
methods, and is caused by what is known as the weight degeneracy or particle degeneracy
(and sometimes simply degeneracy) phenomenom.

As its own name implies, degeneracy can be understood as a collapse of the weighted
sample (20, w))Y, to a single particle z,, with w] = 1 and wi = 0 for all i # j.
Intuitively, this happens because as t increases, the weight recursion (2.7) assigns to
the larger importance weights even larger importance weights, leading to the eventual
collapse of the system.

14
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Figure 2.2: True states (black triangles) and corresponding Kalman filter (solid blue line)
and SIS estimates (solid red line) for the Gaussian random walk plus noise model (2.8-2.9)
with n = 200, 72 = 10, 0> = 1 and N = 10, 000.

Formally, the degeneracy of a particle system is defined as a property of the importance
weight sequence (m;);>0, namely that its unconditional variance is nondecreasing with
time, i.e. var(m) > var(m_q) for all £ > 1. Although degeneracy has been noted earlier
in the literature (see e.g. Gordon et al., 1993), this property was first established by Kong
et al. (1994) in the form of the following theorem.

Theorem 2.1.1 (Kong, Liu and Wong, 1994). The importance weights (m¢)i>o0 form
a martingale sequence in t. This implies that their variance is nondecreasing with time.

Proof. The original proof in Kong et al. (1994) assumes a particular choice of proposal
distribution (namely the optimal proposal discussed in Proposition 2.1.1), but the theorem
is actually valid for any density ¢ satisfying Assumption 2.1.1. Although this has been
noted at least as early as Doucet et al. (2000), these authors do not provide an actual
proof of this statement; we therefore provide one below.

First, consider the importance weights as an explicit function of the random vari-
ables (rather than their realized values) Xg, and Yi,, that is, m, = 7(Xoy, Y14) =
p(Xo:4|Y1:t)/q(Xo4|Y1+). The definition of a martingale requires that (m);>¢ satisfy, for
all £,

(i) Egllm(Xos, Y1:)|] < +o0,
(ii) EQ[W(XO:u lest)|ft71] = 7T(X0:t—1> le:tfl) = T¢—1,

where F;_1 := 0(Xo.t-1, Y1.4—1) is the sigma-algebra generated by (X¢.;—1,Y1+-1) and Eg
denotes expectation taken with respect to the measure QQ, defined such that ¢ is the
density of Q.

For the first part, from 7, > 0 for all ¢ (since m; is the ratio of two probability
densities, which are Q-almost surely positive) clearly comes |m;| = m. Without any loss
of generality, we can by construction assume that the proposal ¢ is equal to p whenever
it is considered only as a function of the observations, i.e. ¢(yi.+) = p(y1.), given that in
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practice this does not affect the simulation of the particle system nor the computation of
the importance weights. We then have that

EQ [W(XOm Y1:t)] = T\ Zo:t, Y1: t)Q(fEO:ta ylzt)deO:tdyl:t

(
P(iﬁo t|y1 t)
Xt+lx Pt Q(930t|y1t)
(

P(Zo:t, q\Y1.
/ 0t B t> <y1 t) Q(x[):ta yl:t)d$0:tdy1:t
XtHlxpt p<y1:t) C](Z’O:t, yl:t)

/ p<x0:tvy1:t) p(?h:t)
Xt+lxpt p(yl:t) Q(l'o:t,yu

= / P(%:t; ylzt)dxo:tdylzt
Xty

=1
< +00.

/Xt“xyt

Q<$0:t, y1:t)d$0:tdy1:t

) Q(xO:ta yl:t)d$0:tdy1:t

For the second part, the weight recursion (2.6) implies that

f(Xt‘thl)g(Y;‘/’Xﬁ
P(Yt|Y1:t71)C](Xt|X0:t71, Yl:t) ’

7T(AXYO:ta m:t) - 7T()(O:t—la Yi:t—l)

where once again we use uppercase to emphasize the fact that the functions are taken
with respect to the random variables Xy, and Y7, themselves rather than their realized
values. Taking the conditional expectation under Q of the above expression with respect
to F;_1 then yields

EQ[W(XO:taYI:t)"thl] _/ W(xtaxo:tflayt;leztfl>Q(xt7yt‘X0:tfl,ifl:tfl)dxtdyt

XxY
f($t|Xt—1)g(yt|$t>
= m(Xos_1, Y14 /
( = T 1> xxy p(yt|Y1;t—1)q($t|X0:t—1,yt7Yl:t—l)

Q(l’ta yt|X0:t71; le:tfl)dxtdyt-

Now, we can decompose the integrating density as
q(xe, Yel Xow—1, Yie1) = q(@e| Xow—1, Yo, Yi-1)q(We| Xowt—1, Y1)
= Q(:Et|X0:t—17 Ye, Yi:t—l)Q<yt|}/1:t—1)a

where the last equality follows by the SIS Assumption 2.1.1. Since we assumed that p = ¢
when taken as a function of Y3, we also have q(y¢|Y1.4—1) = p(y¢|Y1.4—1), which allows us
to further write

q(@, Y| Xow—1, Yia—1) = q(@| Xow—1, Yt, Y1) P(Ye| Yi—1).
Finally, substituting the above equation in the expression for Eq[m(Xo., Y1.4)|Fi—1] yields
EQ[W(XO:ta Yl:t)|-7:t—1] = 7T(X0:t—1,Y1:t—1)'

f($t|Xt—1)g(yt|=’Et)
. | Xow—1, Yy Y1i— Yii1)dz.d
/m p(ytm;t_l)q(:cﬂx&t_l,yt,YLH)‘J( 1 Xot1, 90 Ve )V ) dicly,

= W(XO:tbevl:tfl) f($t|Xt—1)9(Z/t|$t)d96tdyt
XxY
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= (X Yia) | f(wt\Xt1)< / g(yt|xt>dyt)dmt

= 7T(X0:t—1,Y1:t—1)/ f(fl?t|Xt—1)d$t
X
- 71-(*X“O:t—lv }/lzt—l)

= Mt—1,

where the interchange between the order of integrability above is trivially justified by the
fact that f(x|X;—1) and g(y:|z:) are both probability densities (since then both integrals
are finite).

Having established that (7;);>0 is a martingale sequence, we can use the Law of Total
Variance (Proposition C.1.2) to decompose

varg(m;) = varg[Eq(m|Fi—1)] + Eqlvarg(m|Fi—1)]
= varg(m—1) + Eq[varg (m|Fi-1)]
> varg(m_1),

where the inequality follows from the fact that Eg[varg(m|F:—1)] is an almost surely-
Q nonnegative variable (the expectation of a nonnegative random variable is always

nonnegative, which by definition is true for varg(m|F;—1) above).
[

Theorem 2.1.1 establishes that degeneracy is unavoidable in SIS, and Example 2.1.1
illustrates that even in simple settings the algorithm can exhibit poor performance as a
result. In practice, degeneracy is the cost of the efficiency gains provided by the sequential
nature of the algorithm.

Now, degeneracy is fundamentally caused by the weight updating mechanism assigning
ever larger importance weights to an ever smaller number of particles. Heuristically, we
could circumvent this by simply replicating the particles with the largest weights at each
SIS step. This is indeed the most popular approach to dealing with degeneracy, and is
known as resampling. Resampling essentially ensures (at least in probability) that the
diversity® of the resulting particle set is then at least greater than or equal to what it
would be without it. In essence, resampling is just sampling (z},)Y, with replacement
from the discrete distribution (xf,,w})Y ; hence the name.

More formally, resampling is a procedure in which we draw, for each 2 =1,..., N, a
number of copies & of the particle i, with probability w! and then let (z},)N, be the
set formed by the & copies of each x,. In practice, this can be accomplished in several
ways, of which the most common one is multinomial resampling. As its name implies,
this method consists of drawing (£})Y, jointly from a Multinomial distribution with size
N and probabilities (w?)Y,. Basic properties of Multinomial random variables allow us
to easily establish that this scheme has both the desirable properties of unbiasedness and
maintaining the size of the particle set intact, given that the expected number of copies

3Most of the research on resampling methods has its roots in evolutionary optimization, a field in
which optimization techniques are inspired by the behavior of real-world biological systems (see e.g.
Simon, 2013). The nomenclature around the various aspects of resampling therefore comes mostly from
this field, particularly from the so-called genetical algorithms. Given that resampling is such an integral
part of SMC methods, it is thus not uncommon to see terms such as “swarm”, “fitness” and “diversity”
in this context.
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of each particle is exactly N - w! and that in this case (&)Y, satisfy Zfil & =N. We
will discuss these properties in more detail in Section 3.2.2.

Resampling is clearly an instance of perfect Monte Carlo sampling (see Section A.1),
since here both the proposal and the target are the same, i.e. the discrete distribution

formed by (wi)¥,. An important (and often subtle) implication of this is that the re-

sulting particle set (Z{,)I, is now an equally weighted sample from p, i.e. with uniform
importance weights (1/N)X ;. In practice this means that after resampling the impor-
tance weights w! are “reset” to w! < 1/N. The SIS weight recursion (2.7) in this case

becomes

lf(mt\it_l)g(yt\ﬂft) 1. S (x| Z—1)g(ye| ) _ f(mt‘it*)g(yt‘xt), (2.10)

N q(x4|Tos—1, Y1:t) q(xe|To:t—1, Yr:t) q(xe|To:t—1, Yr:t)

T X

The technique corresponding to SIS with resampling is aptly named Sequential Impor-
tance Resampling (SIR), and it is summarized in Algorithm 2.2. Note that the particles
x{, drawn from the prior v(zg) are not resampled, i.e. no resampling takes place at ¢ = 0.

Algorithm 2.2: Sequential Importance Resampling (SIR)

Initialization

for i =1 to N do
draw z}) ~ v(xg)
set mi o< 1

end

for i =1 to N do
set wh = 1/N

end

for i =1 to N do
set T} = x})

end

Main recursion
fort =1 tondo
for i =1 to N do
draw zj ~ q(2e|T0,_1, Y1) ' o
compute o f(a1]741)g(y1l}) /a(xi]ha 1, y1a)
end
for i =1 to N do
compute w! = 7/ Z;VZI ol
end
for i =1 to N do
sample 7, from (zf,, wi)N,
end
end

Now, although the resampled set ()., )Y, produced by SIR is also an approximate
sample from p(zo.¢|y1.¢), it is usually not desirable to use this sample to directly estimate
features of the target density. Recalling that our SIS moment estimator of Ep[h(X;)|Y].]
is given by Zfil wih(xl), Carpenter et al. (1999) proved that the variance (under Q)
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of the corresponding SIR estimator Zfil N~'h(z!) is always larger than the variance of
SIS-based estimator, with the relative difference being as large as 100% in the case where
(28.,)X | is already equally weighted prior to resampling. This basically occurs due to the
fact that resampling is in itself a stochastic procedure, and thus inherently introduces
additional Monte Carlo variance in the system. In practice, when using SIR to build
particle approximations of functionals of X;|Y;., these approximations should therefore
be computed based on the weighted sample (zf.,,w!)Y,, i.e. just prior to resampling.

Despite the fact that resampling is relatively simple to explain and implement, it com-
plicates the underlying theory of SMC considerably, since although each z! is still drawn
independently from g, the particles x{, are no longer independent. It can still be proven,
however, (see e.g. Crisan and Doucet 2002, Chopin et al. 2004 and Del Moral 2004) that
the usual asymptotic results for the general Importance Sampling algorithm discussed in
Section A.2 (and which are also clearly valid for SIS) still hold under resampling.

At this point it is important to point out that, even in SIR, degeneracy is unavoid-
able, since in general resampling does not change the fact that the sequence of importance
weights (m;)>0 still constitutes a martingale in ¢. However, as the next example illustrates,
resampling is usually effective enough in mitigating degeneracy to make SMC-based in-
ference feasible (and often quite successful) in practice.

Example 2.1.2 (Gaussian random walk, continued). Let us return to the Gaussian
random walk plus noise model (2.8-2.9) of Example 2.1.1. Figure 2.3 contains the true
states (black triangles) along with the corresponding Kalman Filter (Algorithm B.1)
estimates Xy, (solid thicker blue lines) and SIR (Algorithm 2.2) estimates &, = S~ | wix!
(solid thinner red lines) for each t = 0,...,n. The simulated series is the same as in
Example 2.1.1, i.e. with 62 = 1 and 72 = 10, and for SIR we once again use the
state transition proposal q(z¢|x14—1,%1.4) = f(z¢]xi—1) and N = 10,000 particles. The
resampling step of SIR was implemented with the alias method of Vose (1991), designed
to be a fast O(N) implementation of multinomial resampling (see Algorithm 3.5). Note
that for this model the SIR weight recursion (2.7) is

f@ilze1)gelze) — f(@elze1)g(yelz)

= _ 7).
q(Te|T10-1, Y1:t) f(z|ziq) 9(ye| )

Uv

where g(yi|z:) = dN (|, 0?).

By comparing Figures 2.2 and 2.3, we can see the clear difference in the performance
between SIS and SIR in this example. The SIS estimates quickly diverge from the Kalman
Filter estimates, whereas there seems to be almost a juxtaposition between the Kalman
Filter estimates and the SIR estimates (the Pearson correlation between them diverges
from 1 by 5-1077). The difference between SIS and SIR here is entirely attributable
to degeneracy, which although not entirely eliminated from the problem is successfully
mitigated by resampling.

O

Now, a natural question that arises here is how to objectively measure the degree of
degeneracy to which a particular sample (zi,, w{)¥, is subject to. Since degeneracy is
associated with an increase in variance of the importance weights over time, heuristically
a metric for it should involve an estimate of this variance. This is exactly the case of the
so-called effective sample size (ESS) of Kong et al. (1994), defined by

ESSt = ESS(TFt) = !

14 varg(m)” (2.11)
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Figure 2.3: True states (black triangles) and corresponding Kalman filter (solid thick
blue line) and SIR estimates (solid thin red line) for the Gaussian random walk plus
noise model (2.8-2.9) with n = 200, 72 = 10, 0> = 1 and N = 10, 000.

Since 0 < varg(m) < 400, ESS; takes values in the (0,1] interval. By analogy with
the basic theory of Analysis of Variance and Experimental Design (see e.g. Montgomery,
2018), the effective sample size defined by (2.11) can be interpreted as the proportion
of independent and identically distributed (iid) samples from the target p that would be
required to convey the same information contained in the sample with importance weight
7. Therefore, a small ESS; indicates a strong impact of weight degeneracy in the particle
system and typically a less efficient SMC procedure as a result.

In practice, we must estimate ESS;, given that an analytic expression for varg(m) is
in general not available. To accomplish this, first note that

EQ(%) = / WtQ(l‘ozt, ylzt)d%:tdyl:t
Xt+lxpt

P\To:|Y1:
:/ Mq(x();t,yl;t)dl'o:tdylzt
Xty Yt C](x():tlyltt)

q(y1:t)

= / </ p(xO:t‘yl:t)de:t) Q(yl:t)dyl:t
yt Xt+1

= / 1. Q(ylzt)dylzt
yt
L,

p X : y :
:/ Mq(l’o;t,yl;t)dfp[):tdyllt
Xt x

which, since Eg(n?) = [Eq(m)]? + varg(m), implies that Eq(n?) = 12 + vargv(m) =1+
varg(m). By the Weak Law of Large Numbers (WLLN)?*, we then have N~ Y77 ()2 —F

4Although the WLLN results used here would be usually stated for convergence in probability under
Q (which is the measure that we are taking the expectations with respect to), we are implicitly using the
fact that the convergence also holds for P, given that in the Importance Sampling framework considered
here (see Section A.2) the proposal measure Q is assumed to dominate P.
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Eq(n?) = 1 4 varg(m;) and, by continuous mapping, that [N='32N (79)%]~" =P [1 +
varg(m)] ! = ESS,, which establishes that [N~' SN (77)?]~" is a consistent estimator of
ESS, (here —F denotes convergence in probability under P, and in general an estimator
0 is consistent for 6 if § —F 0).

Now, given that we can usually only evaluate 7! up to proportionality, the estimator
based on Zij\i1(7r§)2 also can’t be used in practice. The solution then is to turn to an
analogous estimator based on the normalized importance weights w!, the ones that we
can indeed routinely compute. Noting that

N.lZ::(wt = ﬁ:( ]ﬂt)Q
al /N 2
:N'Z<Z 17Tt/N)

7Tt N?
Z °/

17Tt/N)

the numerator Y (7¢)%/N converges to 1 + varg(m), as established before. For the

denominator, the WLLN implies that Zjvzl /N —F Eg(m) = 1, which by continuous
mapping then implies that (Zjvzl m /N)?2 —=F 12 = 1. Finally, by applying Slutsky’s
theorem (Shao, 2003, p. 60) we have that the ratio between these quantities converges
in probability under P to [1 + varg(m;)]/1 = 1 + varg(m;), which by continuous mapping
then ensures that [N - SN (wi)?] ™! =% 1+ varg(m) = ESS;.

In summary, our consistent estimator of the Effective Sample Size (2.11) is defined by

1
N30 (w))?

Note that, unlike the true ESS, ESS, actually takes its values in the [1/N,1] interval.
However, as N — +o0, this interval does converge to the correct one, i.e. (0,1].

BSS; = (2.12)

Example 2.1.3 (Gaussian random walk, continued). Returning to Example 2.1.2,
Figure 2.4 contains the estimated ESS; given in (2.12) for both SIS (upper panel) and SIR
(lower panel). We can see that the ESS for SIS drops exponentially fast to 1/N = 1074
and then becomes stationary at this value, whereas the ESS for SIR fluctuates around
its mean of about 0.28. This again illustrates that resampling in SMC is indeed effective
in mitigating degeneracy, contributing to an increase in diversity in the particle set and
thus helping to avoid its collapse.

O

Although resampling had already been around in the non-sequential inference liter-
ature (see e.g. Smith and Gelfand, 1992), its first appearance in the SMC context is
made in the seminal paper of Gordon et al. (1993) with the introduction of the so-called
Bootstrap Filter. The bootstrap filter is a special case of SIR in which the proposal is
q(z¢|xoa—1,21.4) = f(x¢]zi—1). In this case, the weight recursion (2.10) becomes

J(@e|Ze1)g(yelze) S (@e|Ze—1)g(ye2e)

q(2e|To:e—1, Y1:0) B f(z]Z—y) = g(yulz)- (2.13)
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Figure 2.4: Estimated effective sample sizes for SIS (top row) and SIR (bottom row) for
the Gaussian random walk plus noise model (2.8-2.9) with n = 200, 72 = 10, 0% = 1 and
N =10, 000.

The simple form of (2.13) allows the implementation of the bootstrap filter in situations
where samples from f(x;|z;—1) can be produced but this density cannot be evaluated
pointwise. An important example of this instance is the case of discretely-observed dif-
fusions (Fearnhead et al., 2008).

Another important special case of SIR is the so-called Optimal SIR (Petetin and
Desbouvries, 2013), in which we choose q(x¢|zo.t—1,Y1.t) = p(x¢|xi—1,y:) as proposal dis-
tribution. The term “optimal” here is understood in the sense of Proposition A.2.1, i.e.
that the variance of the importance weights under this proposal is minimal. To formally
establish that p(z;|z_1,v:) is indeed optimal, we state and prove the following result
(which is the analog of A.2.1 in SMC), due to Doucet et al. (2000).

Proposition 2.1.1. The proposal distribution q(x|zo.4—1,vy1:1) = p(@|Ti-1, y:) minimizes
the conditional variance (under Q) of the importance weights m; given Xo.4—1 and Y. 1.

Proof. We will first prove the result for the SIS case and extend it to SIR afterwards. Let
us decompose p(z¢|xi_1,v;) as

(T4, o1, Y1) _ P(Ye| e, 1) (24| 20— 1 )P(24-1) _ 9(Yelwe) f(ze|2i—1)
p(Ti—1, Ye) P(Yelze—1)p(xe-1) Pyl wi1)

p($t|$t—1,?/t> =

)

where the last equality follows from the fact that Y;|(X;, X;_1) =2 Y;| X}, as established
in (1.2). This allows us to write the weight recursion (2.7) as

f(@i 1) g(yelze)
Q($t|xozt—1, yl:t)
f(@ilzi—1)g(yelze)
p($t|$t—1, yt)

J (el we1)g(ye| )
f(ze]we—1)g(ytlze)
p(ytlze—1)

T X 1

= Ng—1

= T
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= m_1p(ye|xi—1)- (2.14)

Since (2.14) does not depend on z;, the variance of 7, under the proposal p(z|x;_1,y;)
equals zero, which is by definition the minimum variance attainable for any random
variable.

More explicitly, by taking m; := m(Xo., Y1.¢) as a function of the random variables Xy,
and Y7.;, we have that

varg [W(XO:ta Yi:t) ’XO:t—la }/l:t] =
= EQ [7T2 (XO:t7 }/l:t) |X0:t717 }/1:25] - {E@[W(X(]:t; }/I:t> ’XO:tfla }/l:t]}2

= / [77(%5, X015 Yl:t)]QQ(ﬂUt |X0:t—17 Yl:t)d$t+
X

2
- {/ W(ftaXO:t—laYl:t)Q(It|X0:t—17Y1:t)det}
X

:/[ﬂ't—lp(}/t’Xt—1>]2p(xt|Xt—laY;t)dxt‘i‘
X

2
- {/ Wt—lP(YZ|Xt—1)p($t|Xt—1,Yt)d%}
X

— [rap(Vi| X1 )2 / p(ze| Xor, Yi)dr+

X

- [Wt—lp(YHXt—l)F{/Xp(ﬂft|Xt—1,Yt)d$t}2

= [map(Va| X)) - 1 = [moap(Yi| X)) - 17
= [Wt—lp(Y;f’thl)]Q - [Wtflp(YHthl)]Q
=0.

The proof in the SIR case is essentially the same, given that (2.10) and (2.7) fundamen-
tally differ only by the factor m;_, which does not depend on ;.
[

It is interesting to note that, even under the optimal proposal, the particle system is
still subject to degeneracy. Remember from the proof of Theorem 2.1.1 that

varg(m) = varg(m—_1) + Eg[varg(m| Fi—1)],

where F;_1 := 0(Xg.4_1, Y1.4—1). Under the optimal proposal, by using the target and
proposal recursions (2.5) and (2.4) we can use induction to write the importance weights
as

p(I0t|y1t)

Q(SL’Ot\yu)

~ p(woe—1 Y1) f(e]me1)g(yel ) 1
Q(IOt Hyre—1) (@il 11, y1:0) P(Yely1:6-1)
_ p(@oe—1lyre—1) f(@e|we1)g(yele) 1
CI(IL"Ot Hyre—1)  p(@e]z—1, ) P(Welyrie—1)
( )

( )

Ty =

_ p(zoi— Wyri—1) [z i) g(ye]ze) 1
Jadze)oiled) - p(y, |y14-1)

p(yt|ze—1)

q{Zo:t— 1|3/1t 1
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_ P($0:t—1|y1:t71) P(Z/t’%fl)
Q(x[):t71|y1:tfl) p(yt|y1:t71)

ZEo 1|y1 p ?sz‘xk 1

$01|y1 yk|y1k 1
p(yllf’?l,ﬂ?o)p(ﬂf1|$o)p($o) q(y1 H p(yr|re—1)
p(y1) Q(9€1|$0,?/1) y1|x0 $0 yk|y1k 1

Now, since by (1.2) comes p(yi|x1,z0) = g(y1]|z1), by definition p(zq) = v(xg), by
(1.1) p(xi|xe) = f(x1|xo), by Assumption 2.1.1 q(y1]|xg) = ¢(y1) and by construction

q(z1]wo, y1) = p(x1]zo, y1) = fa1|wo)g(yile1)/p(y1lo), a(y1) = p(y1) and q(zo) = v(wo),
this expression simplifies to

t
g(ylxr) f (@1 |zo)v(20) p(y1) P(Yk|Tr-1)
p(y1) %p(gl)u(xo) s Pkl Y1)

yllxo H P(Yr|Tr-1)
e 2 yk|ylk 1

implying that only in the case when the ratio above is not a function of y; does the term
varg(m|Fi—1) vanishes, avoiding the increase in variance that defines degeneracy.
Finally, the weight recursion (2.10) for optimal SIR becomes

f@l @) gyelze) — f@] @) gele) — faelTi-1)g(ye]ze)

C](l't|j0:t—1,y1:t) B p(l'tlit_hyt) B MLW
p(yt|Ze—1)

= p(yl-1). (2.15)

Note that for implementation of optimal SIR to be feasible the ability of sampling from
p(x¢|xi—1,y) and evaluating p(y:|z;—1) pointwise are both required. Although this severely
limits the applicability of this optimal choice in practice, Proposition 2.1.1 suggests that
it still should be made whenever possible.

2.1.3 Auxiliary Particle Filter

A convenient, popular and quite general alternative framework for including resam-
pling into SMC methods is the Auziliary Particle Filter (APF) of Pitt and Shephard
(1999). They introduce an additional auxiliary variable k (hence the name) taking values
into {1,..., N} such that (z;;_, k) := 2f, | for integer 0 <1 <t — 1 and, in particular,
(w41, k) = 2k, | and (zy_1, k) = 2F ,. Resampling in this setting then consists of simply
sampling k with replacement from {1,..., N} with corresponding probability A\¥ (aptly
named intermediate weight) and setting o1 := (zo._1, k) = 2k, ;. Note however that,
unlike SIR, the APF resampling step thus takes place before the propagation/sampling
of the states X;.

The main reason for reversing the resampling order in APF is the so-called property
of adaptation, defined by Pitt and Shephard (1999) as the ability of the filter to include
current information about the observations Y; prior to sampling the states X;. Intu-
itively, this in most cases avoids problems with outlying observations and noninformative
conditional likelihoods g(y;|x;), since the system has a chance to “adapt” to the current
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observation and thus (possibly) lead to a more representative sample (xf,,w!)Y,. Some
authors refer to the APF as a resample-propagate framework and to SIR as a propagate-
resample framework in order to make the resampling and propagation order explicit.

Let us now derive the filtering recursions for APF. Since here we have to perform
inference for both Xy, and k, the proposal distribution is now a function of (Xo., k), and
assumed to satisfy

Q(«’L’o:t, k‘ylzt) = Q(l’gst—l ‘ylst)Q(xt|xl(§:t—la yl:t>>\fa (2-16)

where \f := q(k|ros_1,v1.), the intermediate weight, is simply the marginal proposal
for k conditional on Xy, ; and Yj;. Alternatively, analogous to SIR we can derive the
recursion (2.16) explicitly. First, write

q(we|zo:—1, K, y1:0) (el Toi—1, Ky Y1) @(To:e—1, Klyre—1)a(y1:-1)
q(y1)
Q(l’t‘x’g:t*la Y1:0)q(Ye| Toe-1, k, yl:t—l)Q(xg:t—l [y14-1)q(Y1:e-1)
Bl a(yelyre—1)a(Yre—1)
q(Ye| o1, k, y1:4-1)
q(Welyri-1)

q(xo:t, k|y1e) =

= Q(‘rg:t—l|y1:t—1)Q<xt|x§:t—1’ Y1:t)

since (zo._1,k) = 2k, , (note that we chose to leave (g, 1, k) explicit in the numerator
of the third term on the right side). Then, we decompose the last term in the above
equation as

q(Yelvo.e—1, K, yr:1-1) B q(To:0-1, Kk, y1:4)
C](yt|y1:t—1) - q(7os—1, K, ylzt—l)Q(yt|y1:t—1)
q(k|wos—1, Y1:0) 4 (Ve Tos—1, Y1:0—1) 40415 Y1:0-1)
q(k|Tou—1, Y1:0-1)q(To:—1, Y1:—1)q(Ye | Y1:0-1)
- q(k|zo:—1, Y1) 4(Ye| Toe—1, Y1:0-1)
B q(k|Tow—1, Y1:e—1)q(Ye|Y1:4-1)

and, since from Assumption 2.1.1 comes q(yi|Tos—1,%1.0-1) = q(Y¢|y1.4-1), this can be
further rewritten as

Q<yt’x0:t—lakay1:t—1): Q(/f|l’0:t—1,yl:t)Q(yt’ylzt—ﬂ _ Q(k’x():t—laylzt)
Q<yt|y1:t—1) Q(k‘xo:tflayl:tfl)Q(yt|y1:t71) Q<k|x0:t717y1:t71)

Now, although we cannot simplify this ratio further, note that it is proportional to the
numerator q(k|zo.t—1, y1.), since the denominator q(k|xo.4—1,y1..—1) is not a function of y;.
We therefore have

Q(yt|$0:t—1, k, yl:t—l)

X Q(k|$0:t—1,y1:t) = )\k7
Q(?Jt|ylzt—1) !

which then finally establishes® (2.16). As mentioned above, the process for sampling
(x8.,, k;) for each 7 in the APF then consists of sampling k; (i.e. resampling), sampling

°As a technical note, it is worth pointing out that in this process we only specifiy q(zo.¢, k|y1.+)
up to proportionality. However, since we can sample exactly from this distribution, we can deal with
the constant of proportionality in practice by normalizing A = 73 ,/ Zjvzl ™. Where 73 ; are the
unnormalized intermediate weights.
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2! conditional on (z, |,k;) = zb, | and then setting 2{, = (2!, 24 ) as the current
particle.
As for the target, we proceed analogously to the derivation of (2.5) and decompose

(o, Ky1:e) as

P(zo:t, Ky y1:e)
p(ylzt)
_ P(yel T, To—1, By Y1:—1)P(@e| Tou—1, Ky Yrie—1)P(To:e—1, Kly1:e—1)p(Y1:e-1)
B PWe|yr:—1)P(Y1:0-1)
p(l‘o:t—h k|y1:t—1)p($t|$0:t—1, k, ylzt—l)p(yt|$t, To:4-1, K, y1:t—1)
P(yt|y1:t—1)
o P(To:t—1, k|Y1a—1)P(Te|To:e—1, B, yra—1)P(Ye| e, Zos—1, K, Yre—1)

p('TO:t, k|y1:t) -

and, since (zo.¢_1,k) =z, 1, by (1.2) p(ye|zs, o1, %k, y1.4-1) = g(y¢|z¢) and by item (ii)
of Proposition 1.1.1 p(z¢|o.s—1, k, y1.e—1) = f(e]zf ), we get

p(zo:e, k|yre) o< p(@ly_1 Y1) f (e 2l ) g (el ze). (2.17)

Finally, by properly redefining our importance weights as m; := p(zo.4, k,y14) =
(o, k|y1.e)/q(xos, k|y1..) and by applying (2.16) and (2.17), the APF weight recursion
is

(w04, k?lym)

Q(JUO:t, k’yu)
P61 Y1) [z ) g(yla)
q(xg:tfl yre—1) (|G, Y1) AF
_ Ty [ wf ) gyl xe)
a A g6y s yree)
wz{il f(xt,mffl)g(ytmt)

A q(@d oy, yre)

U

(2.18)

(2.19)

where once again we note that w* | oc 7/ | up to 1/ Zjvzl m ..

As mentioned before, it turns out that the APF framework is quite general, in that it
includes most commonly found particle filters in the literature as special cases, including
SIR. Although at first it might not seem clear that SIR fits within the APF framework
(due to the different resampling order), by taking \! = w!_, the implementation is equiv-
alent, since the set (x{, ;) resampled at the end of a SIR step at ¢ — 1 is the same
as the one resampled at the start of an APF step at ¢. Starting with x}, ~ v(x) and
il = wh=1/N fori=1,..., N, the APF is summarized in Algorithm 2.3.

Now, there are two basic design choices that one must make within the APF frame-
work: the choice of intermediate weights A} and of the proposal density q(x:|xf, 1, y1.1)-
Usually, these choices are made so as to keep the importance weights 7; as constant as
possible, since in light of Proposition A.2.1 this ensures that the variance of 7, (condi-
tional on both Xy; ; and Yj.) is minimal®. The optimal choice in this sense is to let

SNote that although m; is proportional to a constant (as a function of Xy.; and k), its unconditional
variance varg(m;) is in general not zero, since it still involves the variance of the proportionality constant

p(yt |y1:t—1)-
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Algorithm 2.3: Auxiliary Particle Filter
Initialization
for i =1 to N do
draw z}), ~ v(xo)
set 7w oc 1

end

for i =1 to N do
set wh = 1/N

end

Main recursion
fort =1 tondo
for i =1 to N do
sample k; from {1,..., N} with probability \;
draw @} ~ q(ze|2g, 1, Y1)
wity Faileyt ) g(ydad)

compute 7 o< —& S
¢ )‘tZ q(xﬂxo;ltfpyl:t)

end
for i = 1 to N do
compute w! = 7t/ Z;VZI m
end
end

Noc wh p(ylat ) and q(xe|zf, 1, v14) = p(ze|zf |, v:), since in this case the weight
recursion (2.19) becomes

oW St gule) 1 Sl gle) o0
wip(ylel)  plaef,y)  plulel)  Jede o=

p(ytlzf_y)

Note that in the above derivation of (2.20) we have used the fact that p(z¢|af ,,y:) =
fxe|zk g(yelxs) /p(ye|a¥ ), established earlier in the proof of Proposition 2.1.1. In the
terminology of Pitt and Shephard (1999), a filter such that (2.20) holds is said to be fully-
adapted (FA), and this specific incarnation is referred to as the Fully-Adapted Auziliary
Particle Filter (FAPF).

In practice, a fully-adapted procedure produces exact draws from the target distribu-
tion p (although we have to remember that we need infinitely many draws in order to
arbitrarily approximate p with these samples, due to (zf,,, w!)Y, consisting of a discrete
support). Note that, although still adopting the proposal q(x:|zk, |, y1.) = p(ze|zF 1, y1),
Optimal SIR is not fully-adapted due to the choice of intermediate weights \! = w!_.
Therefore, although abiding to Proposition 2.1.1 (ensuring minimal conditional variance
of the importance weights), it does not satisfy the more general proportional relationship
q x p required by Proposition A.2.1. Also note that in general a SIR procedure can
be adapted (by making the proposal ¢ an explicit function of y;), but the intermediate
weights are not a function of y,;, possibly leading to a less efficient procedure. The con-
verse of adapted procedures (such as the bootstrap filter, in which the proposal f(z:|z;—1)
is not a function of y;) are called blind procedures.
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Now, the main problem associated with full adaptation is that it requires the ability to
simulate from p(z;|z;_1,y;) and evaluate p(y;|x;_1) pointwise, both of which are usually
unfeasible in practice. In this case Pitt and Shephard (1999) proposed approximating
these densities by taking \F oc wF | g(y¢|p¥) and q(z¢|zf, 1, v14) = f(xe|2F ), where p; =
1(Xo.¢—1) is any prediction of Xo.;_1 (such as the one-step-ahead conditional expectation,
median or mode of X;|Xq,;_1). This so-called “lookahead” strategy is in principle readily
appliable to any HMM, and if p; is close to X;, the resulting intermediate weights will
be close to the optimal ones. The weight recursion (2.19) for the lookahead strategy is

wt X wf—l f(xt‘xf—l)g(yt‘xt) — g(yt|xt> (2 21)
wi g(yelpt)  f(aey ) 9(yelpf)

From (2.21), we can see that the closer g(y|u) is to g(y|x;), the closer w; is to being
constant, which implies that the lookahead strategy is also most successful whenever the
observations are very informative. Note here that although y; is denoted at time ¢, it is
actually a function of 2.1, and therefore is required to satisfy (u, k) = uf.

2.2 Prediction

We now turn our attention to the problem of prediction, i.e. computing p(z;|y;.¢—1)
or, more generally, p(x;44|y1.¢) for positive integer h. Owing to their sequential structure,
prediction is a very natural procedure within HMMs, and it can be done in a variety of
different ways (see e.g. Doucet et al., 2000). Here, however, we shall limit ourselves to
presenting only the simplest method for accomplishing this task, since it is popular and
usually yields good results in practice.

First, consider the case of h = 1, corresponding to a one-step-ahead prediction. We
have

p($t+1|y1:t) :/ p($t+1,$0:t\y1;t)d$o:t
Xt+1
:/ p($t+1|9€o;t,yl:t)p(xo:t|y1:t)d$o:t
Xt+1

= f(@ep|ze)p(Tos|yre) dwo.t, (2.22)

Xt+1

where p(zy11|To.4, y14) = f(x401]2) follows from item (ii) of Proposition 1.1.1 with £ = 0.
Since in general an analytical expression for (2.22) is not available, we can approximate
it by replacing p(zo.|y1.) in (2.22) with its particle estimate p(zo.|y1.) given in (2.2),
yielding

B(@ralyia) = / F@ena20)p(ouyre) dzos
Xt

= f $t+1|$t Zwt deOt dxoy

X+l
N

= szf(l’tﬂué)- (2.23)
i=1

Now, p(ziy1]yr.) is typically an efficient estimator of p(zyy1|y1.¢), since it is derived
using Rao-Blackwellization (see e.g. Doucet et al. 2000 and Section A.3). However, it is
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usually not very useful in computing other features of X;,1|Y1., such as its moments or
more general functionals, since the involved integrals might not always have analytical
solutions.

An alternative approximation of p(x;1|yi4) can be derived directly from (2.23) by
drawing, for each 4, 2}, , ~ f(z441]2}) and replacing f(x:41|2}) with its particle estimate
Flap|ad) = 0yi , (dxyq1) (since this is a perfect draw — see Section A.1 — the importance
weights of this procedure are uniform and equal to 1, given that for each ¢ we are only
sampling a single z}_ ;). The corresponding estimator p(zy+1|y1.¢) is then given by

p .flft+1 Y1. t = szé dl'H_l) (224)

Note that in analogy to the filtering problem in Section 2.1, the one-step-ahead prediction
density (2.24) can be regarded as a marginal of the joint approximation p(zo.y1|y1:¢)
obtained by integrating it over the image set of Xg.;, where

D(Toer1|y1e) = Z wié% (dxo.iq1)- (2.25)
For the general h-step-ahead prediction case, let

p($t+h|y1:t) = / p($t+h, Io;t+h—1|y1;t)d$0;t+h—1
Xt+h

= / P($t+h|$0:t+h—17 ?/u)-
Xt+h

P($t+h—1|$0;t+h—2; yl;t) - 'p($t+1|$0:t, y1:t>p($0;t|y1:t)d$0;t+h—1
h
= / [Hp(xt+k|$o:t+k—1,y1:t)] P($0:t|y1;t)d$0;t+h—1-
Xt+h he1

Again from item (ii) of Proposition 1.1.1, we have that each term p(xiix|To41k-1,Y1:¢)
of the product inside the integral equals f(z; x|xiix_1), allowing us to further write the
above expression as

h
P(Tenlyre) = / [H f(xtJrk‘xtHcl)] P(To:t|Y1:0 )T n1- (2.26)
k=1

XtJrh

Like (2.22), p(x44n|y1.¢) can also be approximated by replacing p(zo.¢|y1.c) with p(xo.|y1.¢)
n (2.26), i.e
ﬁ($t+h|y1:t) = / ., [H f($t+k|$t+k—1)] ]5($0:t|ylzt)d$0:t+h—1
xt+
h
:/ [H f($t+k|xt+k 1 ] Zwt dl'Ot)dIO t+h—1

Xt+h

=> w / [Hf Tl T o] f(@es1|2))dre viesnr. (2.27)
' LA
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Unlike in the one-step-ahead prediction case (2.23), no readily available estimator
exists for p(xin|y1.), since the integral in (2.27) might not have an analytical solution.
Proceeding in the same way as before, however, we can sample zj,; ~ f(z41]7}), Tjp ~
f(xylay), - xiy, ~ f(xi,, |2, ,_,) for each i and, since these are all perfect samples,
replace each f(24ir|Tir—1) With its IS counterpart f(ziir|z},, ;) = 5$i+k<dxt+k)’ k =
1,...,h. This further approximation yields

P(Tepnlyre) = Zwt/ [Hf xt+k|xt+k 1)] (xtJrl‘xt)dxtJrl +h—1

i
wy Opi  (dTepreen)dTesrern
h—1 +1it+h

RN

;‘5,31-% (dziin). (2.28)

=1

Note that if we do not replace f(zy1p|2iin—1) With f(xHh]xiJrh_l), we end up with a Rao-
Blackwellized estimator p(z¢n|y1.c) := S0, wi f(aen|2l,, ) similar to (2.23). Again we
note that p(xiyp|yi4) in (2.28) is just the marginal of the joint h-step-ahead prediction
distribution p(xg.;1n|y1.¢) defined by

P(Totan|yre) = szé d$0t+h) (2.29)

The entire prediction procedure described here is summarized in Algorithm 2.4 for a
general positive integer h, from which the output is a weighted sample (z.,_,,, w6:t+h)f\;1.
Note that entire process basically consists of keeping the importance weights constant at
time ¢ (since at each step we simply set w,, = w!) and sequentially drawing new values

from the Markovian transition density f.

Algorithm 2.4: h-step-ahead Prediction
for k=1 to h do
for i =1 to N do
draw Ffi+k ~ f(xt+k|$i+k—1)
set wy_,, = wy
end

end

In closing, it is worth pointing out that resampling does not take place when perform-
ing prediction in an HMM, since there are no new observations coming in the model. Also,
note that although we have derived the prediction density estimator p(xg..1n|y1.¢) from an
MC integration point-of-view, we could have done it from an MC sampling perspective
instead. That is, by writing

h
P(Toern|yie) (@i |Tern—1) P(To:t|y1:t)

Q($0:t+h’y1t w1 4 (Tesklotrn—1, Y1) | Q(Tout|Yn:t)

Weyh =
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and taking q(Teyn|To.ern—1,Y14) = f(Tear|Tiir_1) for each k, we also arrive at

Wiy = [ﬁ ;Ext+k|$t+k—1)] p(woelye)  p(Tox|yis)
k=1

g = W+.
It+k|$t+k—1) q(xo:t|y1:t) q($0:t|ylzt) !

2.3 Smoothing

Our chapter on state inference closes with smoothing, which consists of computing
p(z¢|y1.n) for each t = 0,...,n. More specifically, here we deal with forward-backward
smoothing (also known as fized-interval smoothing) which, as its name suggests, is a
type of smoothing procedure that involves a forward filtering step and then a backward
smoothing one, which is why this type of method is also referred to as forward-filtering,
backward-sampling (FFBS) procedure (see also Section B.3). Forward-backward smooth-
ing is a topic that has received considerable attention in the literature of HMMs, dating
from classical pieces such as Kitagawa (1987), and although it is a very interesting and
important subject in its own right, here we mainly restrict ourselves to the presenta-
tions of Doucet et al. (2000) and Godsill et al. (2004). Smoothing in general HMMs
is intrinsycally connected to Kalman smoothing in linear and Gaussian HMMs (Section
B.4).

At first sight, since from the output of a particle filter at ¢t = n we have a weighted
sample (2., w’)Y | approximately distributed according to X.,|Y1.,, approximating
p(z¢|y1.») should be as simple as integrating the corresponding p(zo.,|y1.,) given in (2.2)
over the image set of (X1, Xi11:n), 1-€.

p(l‘t|y1:n) = / ﬁ(m():n|y1:n)dx0:t—1dxt+1:n

N
= / Z wzdmén (dxo:n)de:tfldxt+1:n
X’ﬂ

i=1

= i w0, (dizy). (2.30)

The problem with (2.30), however, is that although current particles z?, are recently re-
juvenated, its paths z{, have been successively resampled over time, and as the distance
|n — t| grows large, the estimate p(x;|y1.,) is supported by an ever smaller number of
unique particles. The result is similar to degeneracy, leading to an inefficient estimator
due to it being supported only by a small set of effective (i.e. with nonnegligible weights)
particles. In fact, this phenomenom is appropriately called path degeneracy (and sam-
ple impoverishment in the more general resampling framework from the literature on
evolutionary optimization); see Section 3.2.2 for more details.

Since the problem with (2.30) in practice lies on the fact that the weights (w?)N, are
not representative of the particle set (i)~ of interest, we might then wish to change
these weights accordingly in order to produce a better approximation to p(x¢|y;.,). This
is precisely the approach taken by Doucet et al. (2000) and Godsill et al. (2004), building
on the seminal work by Kitagawa (1987).

We start by deriving a backward recursion for p(x¢|y:.,). First, let

p(xtv $t+1|y1:n) = p($t|$t+1a ylzn)p(l't-&-lwl:n)'
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By decomposing the first term on the right side, we get

p(xt, Tit1, ?J1:n)
P(Tet1, Yin)
Py |Te, Tears Yit, Yeron)DWer2n| Tos Tt Y1) D(Te|Ter1, Y1:0)(Teg1, Y1)
PWerr|Ter1, Yit, Yoo )P (Yo 2| To 1, Y1:0)D(Tep1, Yi:t)
G Y1 |Te41)D Yer2m [T, Tigr, Y1:6) (Xt T g1, Yrt)
I |7 1)P(Yerom|Tes1, Y1)
p(yt+2:n|$t, Ti+1, ?/Lt)
P(Yes2m|Ter1, Yr:t)

p($t|$t+1; Z/l:n) =

= p(xtlxt+17 yl:t)

Y

since by (1.2) Y;41 depends only on X;,1. We can simplify this further to

P($t|$t+17 y1:n) = p($t|$t+17 yl:t) (2-31)

by showing that p(yt+2:n|90t> Ti41, yl:t) = p(yt+2:n|$t+1, ylzt)a which follows from

P(yt+2:n |-Tl:t+1, yu) = / P(yt+2:n, Ti42:n |$l:t+1 ) ylzt)d$t+2;n
Xn—t—l

= / p(yt+2:n‘xt+2:na Tlt+1, ylst)'
antfl

'P($n|$t+2:n—1, Tl:t41, y1:t) o 'p(-’ft+2|$l:t+1, ?/1:t)d$t+2:n

Z/Xn_t_1 [H g(yk|$k)] LH f(le-rj_ﬂ] dTt12m

k=t+2 =t+2

for integer 0 <[ < t+1 by applying (1.2) and item (iii) of Proposition 1.1.1 to each term
of the first product and item (ii) of Proposition 1.1.1 to each term of the second. With
(2.31) we can then write

(T, o1 [Y1im) = D(@eg1 [Y1n) DXt | Teg1, Yiin)
= p(Te41[Y1:0) (@t Te41, Y1t)
p(@e, Tii1|yra)
P(@er1|yi:t)
p(l’tﬂ ‘-Tta yl:t)p(wt‘yl:t)
P(Te41|y1:e)

f(xt+l|$t)p(xt‘y1:t) (2.32)

P(@eg1|yi:e)

= p($t+1|y1;n)

= p(l't+1|y1:n)

- p($t+1 ’yl:n)

by again applying item (ii) of Proposition 1.1.1 to get p(x41 |2, y14) = f(2ey1]2¢). Finally,
by integrating p(x¢|yi.,) with respect to X;1 and using (2.32), we get

p(ﬁﬁ't’ylzn) :/p(xt’$t+1‘y1:n>dxt+1
X
Tig1|Te) P2 | Y1
:/P($t+1|y1:n)f( 1|z p(eeyne)
. P(Te+1|ye)

T ) (T |x
=p(xt!y1:t)/ Perilyin) [ @enle) (2.33)
X p($t+1|y1:t)
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which is the desired backward recursion.
Now, assume that the approximation to p(z;|y1.,) is of the form

P(ze|y1m) : Zwtln (dzy), (2.34)

where wim are the corresponding normalized importance weights. By replacing p(x;|y1.)
with the particle estimate p(x¢|y1.+) given in (2.3) and p(x¢41|y:) with the one-step-ahead
predictive density Rao-Blackwellized estimator (2.23) in the backward smoothing recur-
sion (2.33), we then have

dxiiy

J D ﬁ T n x xX
p('rt|y1:n> = p(mt‘ylit)/ ( t+1|y1 )f( t+1| t)
X

ﬁ(mt-i-l |y1:t)

N ~
. T o) (x|
=3 wis ;‘(dxt)/ A t;”yl'j 21 t+1|j g
; X Zj:l wy f(ze11|2])

But (2.34) also implies that p(z41]y1m) = Sony w§+1|n5xi+1<dxt+l)> which allows us to
further write

D@1 |yin) f(@ep1|e)
P(xe|y1m) wio dx / : —~dx
o Z t t X Z;V VWi f (@ |t) o
i Zz 1 wt+1|n5x§+1(dﬂft+1)f($t+1|$t)
- Z wi0r (da) N ;
; X Zj:l wtf($t+1|xt)

; N l 1
. W X Xz
= E wiéx;‘(dxt){z:l_glv tﬂ\nf( 41 t)}

Z] 1 Wi f(xt+1|$t)
N l

al i wt+1|nf(xt+1’f’5t)
=2 wi)

N
i=1 =1 ZJ 1wtf(xt+1‘wt)

Finally, by comparing the above expression with (2.34), we obtain a backward recursion
for computing wzm as a function of wfﬂ‘n, ie.

Tt+1

53% (dxt) .

wt+1|nf(x1l€+1|xt)

N !
Wi =1 ), =y
! =1 > 1 wtf<xt+1’$t>

Jj=

(2.35)

with wn|n = w'.

Starting with w;‘n = w! for each i, the forward-backward smoothing procedure de-
scribed above is summarized in Algorithm 2.5. Note that since no simulation takes place
here, the process is even simpler than that of prediction, and essentially amounts to re-
fining the already existing importance weights’ estimates. Similar to the filtering and
prediction density approximations, p(x;|y;.,) can also be seen as the marginal of a joint

smoothing density p(xo.|y1.n), defined by

P(Tot|Y1n) Zwtln (dzo.t). (2.36)
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Algorithm 2.5: Forward-Backward Smoothing

Initialization
for i = 1 to N do

set w’

— ot
nln Wy,

end

Backward recursion
for t = n-1 to 0 do
: . l 1
set wéln = w! Z;\il Wiy f (@ ]7t)

- ! i
Z]‘:l wif(mi+1‘$g)

end
end

Given that smoothing requires that we observe the entire sample y;., before actually
performing the required inference, it is generally referred to as an offline or batch proce-
dure, as opposed to online procedures which can be performed as new observations arrive,
such as filtering and prediction. Also, although sometimes this can be avoided (Elliott
et al., 2008; Douc et al., 2011), typical FFBS procedures such as the one presented here
have an O(nN?) complexity, making their cost sometimes prohibitive when compared to
the usual O(nNV) operations required for filtering.
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Chapter 3

Parameter Inference

In this chapter we turn our attention to the general situation in which # is unknown
and has to be estimated from the data (the act of inferring about static parameters is
usually — specially within the Bayesian inference paradigm — referred to as parameter
learning). Although our main concern in this work is in performing sequential inference
for #, i.e. in an online fashion that consists of obtaining estimates as new observations
are incorporated into the model, we start with a brief presentation of the state-of-the-art
on the literature of non-sequential inference methods, namely the particle Markov Chain
Monte Carlo algorithm of Andrieu et al. (2010). This serves not only to introduce some
ideas that will be necessary to our main contribution, but also as a contrast to (and the
main bechmark for which to test against) our methods.

Note that throughout this chapter and the rest of this work we will limit ourselves
to the Bayesian inference paradigm. This choice was essentialy made in order to give
focus to our main contribution, but is by no means exhaustive. There is a vast amount of
work on parameter inference for HMMs based on maximum likelihood and Expectation-
Maximization-based techniques and within the classical inference paradigm more gener-
ally; see e.g. Kantas et al. (2015) and Schon et al. (2011) for two major reviews.

3.1 Particle Markov Chain Monte Carlo

The Particle Markov Chain Monte Carlo (pMCMC) algorithm of Andrieu et al. (2010)
is a landmark method in parameter learning for HMMSs, since it still targets the correct
joint posterior density p(zo.n, 0|y1.,) even when sampling xg., from a SMC proposal and
approximating the model likelihood with an unbiased particle estimate, allowing for im-
pressive efficiency gains in practice as compared to usual MCMC methods.

First, assume that we can sample a static parameter 8’ from the invariant Markov
kernel (see Section A.4) ¢(#'|0) and a state sequence xj,,, ezactly (rather than only approx-
imately, via SMC) from its target posterior p(zo.,|y1.n, ') given the current pair (zg.,,6).
This implies that the joint proposal for (zy.,,¢') given (x.,, ) and Y., = y1.,, denoted
by q(z.,,, @' | €0, 0, y1.n), satisfies

Q(x61n7 6’3:0:71’ (97 yl:n) = Q(Glle)p(xé)n’ylrw 9/) (31)

This is equivalent to assuming that under ¢ the law of X{,, is perfectly adapted to the
most recent value of § (which is #’), that ¢ does not depend on Y;., and that both X,
and ¢ are independent of the current state path Xg.,, given that the identity (3.1) only
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holds if q(z(.,|Tom, ¢, 0, y1.n) = P(x}.,|Y1:0, 0") and (0|0, 0, y1.) = q(€'|0), in light of
q(xé]:rn ellxﬁtnv 07 yl:n> = Q(xi):n|'r01n7 9/7 07 yl:n)Q(G/’J:OITH 07 yl:”)'

Since p(Tom, OY1:n) = P(Ton|Y1:m, 0)P(y1.0]0)p(F), we can then write the probability (A.14)
of accepting the new pair (zy,,,6') within a Metropolis-Hastings (MH) sampling frame-
work (Section A.4) as

/
$0n,0|$0n7 y Yi:n

(0.0, 0'[Y1:0) q( )
Q('ro ) 6) |l’0 my 6) y Y1: n)
(

a(xg.,, 0 |Tom, 0, y1n) := 1A
( 0: ’ 0 n ) p(xon,9|y1 )
)

=1A p(x0n|y1n7 P\Y1: nw/) ( ) (9‘9/)]7(330;71@1;“,9)
(20 |Y1:n, O)P(Y1:0|0)p(0) q(0]0) (200, |10, )
L P(yial0)p() q(0]6")
o nl0)p() 9(@]6) (3.2

where z Ay := min(z, y).

Now, in general we cannot sample exactly from p(zo.,|y1.n,0) and neither evaluate
the observation likelihood p(y;.,|0) necessary for computing (3.2), which is the primary
reason for why we rely on SMC methods in the first place. It turns out, however, that
within a pseudo-marginal MCMC framework (Andrieu et al., 2009) the sampler still leaves
P(Z0.n, 0]y1.,,) invariant even if we draw z(,,, from the particle approximation® p(zo., Y11, 6)
defined in (2.2) and replace p(y1.,|0) with an unbiased estimate p(y;.,|60). This perhaps
surprising property, proven in Andrieu et al. (2010), is what makes pMCMC so powerful
and appealing in practice. Under relatively weak conditions, the authors also show that
the pMCMC sampler is ergodic.

Since our main objective here is to perform inference for €, we will consider only the
version of pMCMC designed for that purpose, namely the Particle Marginal Metropolis
Hastings (PMMH) algorithm. In practice, no modification of the sampler presented so
far is necessary other than simply ignoring the sampled state paths xzg.,, since we can
deduce from (3.2) that the resulting algorithm still does indeed target the correct posterior
P(0]y1:n), given that p(0]yrn) o< p(y1:n|0)p(6).

Now, in order to obtain estimates of p(yi.,|0) for a given value of 6 we adopt the
APF-based likelihood estimator of Pitt et al. (2012), defined by

o -T[EHO o)) s

=1

where 77, ,(0) and 7 ,(0) are the unnormalized importance and unnormalized intermedi-
ate weights respectively (see Section D), i.e. satisfying w; = i, ,(6)/ Z;VZI ml,.(0) and
Ap = ,(0)/ Z;V:l 7r§;7t(9), taken here as explicit functions of §. The PMMH procedure
presented in this section is summarized in Algorithm 3.1. Note that this is actually a
slight generalization introduced by Pitt et al. (2012) of the original PMMH proposed in
Andrieu et al. (2010), which is limited to the SIR framework.

The converse of PMMH, i.e. in which the target is p(zo.|y1.0,6) for a fixed value
of # throughout the entire process, is called Particle Independent Metropolis Hastings
(PIMH), in allusion to the fact that the newly sampled zj,, is always independent of

'Note that since p(xo.n|y1:n,0) := Zl L Wh O (dmOm), in practice this is equivalent to resampling a
single particle in SIR, i.e. draw z{., with probablhty wt.
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Algorithm 3.1: Particle Marginal Metropolis Hastings

Initialization
draw 0° ~ p(6)

run Algorithm 2.3 conditional on 6° and store (7, ;.,(6°), 7} 1., (6°)) 1,

compute p(y1al0°) =TTy [{ 20 N1k, (00) } {0, 74,00}
set 6 < 6°
set ﬁ(ym‘@) — ]A)(ylnwo)

Main recursion
fori=1to B+ M do
draw 0" ~ q(¢'|0)
run Algorithm 2.3 conditional on 6" and store (7}, 1.,,(6), 74 1., (6")) 1L,

compute p(y1al0") = [Ty [{ 20 N7, (00} {0, 74,00 }]
draw u ~ U0, 1]
compute «(6'|0)
if u <= «a(¢'|0) then
set 0 < o'
end
else
set 0" < 0
end
set 0 < '

set p(y1.n|0) < P(y1.0]0")

1 Bynal0)p(0) a(619")
= 1A G0 a@1)

end

the previous xp.,,. PIMH can also be obtained as a direct marginalization of the gen-
eral pMCMC with target p(xo.n, 0|y1.,), and its acceptance probability is a(z{.,|Ton) =
Py, (Y1:n]0) /Do, (Y1:n]0), where here the additional subscript in p(yi.,|0) indicates the
state path from which the approximation was computed. However, since our interest in
this work lies solely in performing parameter inference, we will not consider exploring
PIMH further.

Finally, it should be noted that although pMCMC is very appealing in theory, the
method needs a fair amount of tuning in order to perform well in practice. Important
works in this regard include e.g. Pitt et al. (2012), Doucet et al. (2015), Sherlock et al.
(2015).

3.2 Sequential Parameter Learning

Having briefly discussed our main reference for offline parameter learning methods in
Section 3.1, we now turn our attention to our main problem, which as stated previously
is to learn about 6 € O sequentially, i.e. to compute p(f|y;.) for all t. In Sections
3.2.1 and 3.2.3 we introduce a novel class of algorithms for dealing with this problem,
and in Section 3.2.4 we show how this framework accomodates many of the commonly
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found methods for sequential parameter learning in the literature as special cases. These
sections contain the main novel contribution of this thesis to the state-of-the-art of this
literature.

3.2.1 A Novel Framework

Let 0; denote the parameter associated with the posterior p(f|y;.1) at time ¢t. Although
6 is still inherently static, keeping track of the inference for it across time allows us to
implicitly define a sequence (6:):>0, where each 6, := 6|Y},; and with initial distribution
given by the prior 6y ~ p(f). The joint posterior for (Xo.;, k,6o.:) given® Y., = 41+ then
admits the recursion

p(ffozt, k, 90:t|y1:t) = p(9t|$0;t, k, 001, y1:t)p(yt|$o:t7 k, 0.1, yl:t—l)'
p(xO:t—la k,00.t—1 |ylzt—1)p(y1:t—1)
p(yt|y1:t—1)p(ylzt—1)

p($t|x0:t717 k,0o.-1, ylztfl)

In the framework proposed here we implicitly assume that all marginal distributions of
(Xt, Y3)i>0 depend only on the most recent value of 6, i.e. that (X3, Y;)i>o is perfectly
adapted to the sequence (6;);>¢ (in the sense defined in Section 3.1). We also adopt
the same resampling formalism as the APF, implying that (z;4,k) := (x4, 2F, ) and
(0.1, k) == 0F,_, for integer 0 < [ < t—1. Therefore, by (1.2) and (1.1), we then have, re-

spectively, that p(y;|Zo., k, Oo:e—1, y1:-1) = g(yelze, 0F 1) and p(z|wos—1, k, Oo—1, Y1:40-1) =
f(aak [ 0% ), allowing us to further write the joint target distribution as

p(x():ta ka 00:t|y1:t) -
p(xé’:t*p egztfl ‘ylzt—l)

p(yt|y1:t—1)
X p(xg:tfh ngtflwl:t—l)f(xtmffh 6571)9(yt|xt7 fol)p(@lxt, xlg;tqa eg:tfla yl:t)- (3-4)

= P(9t|$t> xg:t—h 815:15—17 y1;t)g(yt|xt, 95_1)f($t|$f_1a ‘95_1)

Assuming that the proposal for drawing (Xo., k, 6o.¢) satifies

Q(x():tu ka 90:t|y1:t) -
= q(xlgzt—l’ elgzt—l |y1:t—1)Q<0t|xt7 lj(;:t—h elg:t—la yl:t)Q<xt|x§:t—l’ elg:t—lﬁ yl:t))‘f7 (35)

where A\ := q(k|2o.t—1,004-1, y1:¢), we then have the weight recursion

p(%:t, k, 90:t|y1:t)

q(wox, k, 90;t|y1:t)

p<m](§:t—17 915;t—1 |?Jl:t—1)f(wt|xf—1v 9?—1)9(yt|xt7 Qf—l)p(0t|xt» xlgzt—la elg:t—la Yi:t)
Q(xg:ph 915171 |y1:6-1)q(0¢| ¢, $§;t717 915:%17 ylzt)Q(Itul&t*l’ 9’5;&1» Y1) AL

_ Wf—l f(xt‘xf—lvef ) (yt’$t,ef_1) (et’xbwlgt 1791815 1>y1:t)

Af ($t|x’8t 1700t py) 40w aG 1, 0015 y1)

wt 1f($t|xt 10 1) (yt|xt,9f,1)p(9t]xt,x0t 17901‘, 1> Y1:t)

Af q(welG 1, 061, y10) a0 061, Y1)

(3.6)

t|xtax0t 1

2Once again we assume that only Yj.; is observed, treating Yy as arbitrary or as the model prior
information, i.e. so that p(wo, 6olyo) = p(x0|0o, yo)p(fo|yo) = v(x0|00)p(fo).

38



Note that pointwise evaluation of the weight recursion (3.6) requires the ability of not
only evaluating the APF weights (2.19) but also the ratio p(0:|xs, zE, 1,08, 1, v14)/
q(Os|we, 2, 1,05, 1, Y1), at least up to a proportionality constant. This usually requires
making additional assumptions about the specific (or approximate) form of the density
(O, xk, 05, | y14) and, as illustrated below in Section 3.2.4, is essentially what
distinguishes one sequential parameter learning algorithm from the other.

The fundamental design choices in the framework proposed here are the interme-
diate weights AF and the state and static parameter proposals q(x:|xf, |, 05, | yi.t)
and q(0;|xs, zf, 1,05, |, y1.4), respectively. Starting with 6 ~ p(0), zi ~ v(xo|6) and
mhoc1l = w)=1/N fori=1,...,N, the algorithm for sequential parameter learning
developed here is summarized in Algorithm 3.2. It should be clear that the class proposed
here also contains the APF described in Algorithm 2.3 (i.e. without any parameter learn-
ing) by simply taking 6; to be a fixed quantity 6* for all ¢, or equivalently by assuming
that p(0) = dg«(d0).

Algorithm 3.2: Sequential Parameter Learning

Initialization

for i = 1 to N do
draw 6, ~ p(6)
draw zi) ~ v(x0|6})
set ) o< 1

end

for i = 1 to N do
set wh = 1/N

end

Main recursion
fort =1 tondo
for i =1 to N do
sample k; from {1,..., N} with probability i
draw 2 ~ q(xt|a:]8ft_1, 9]5:12—17 Yi:t)
draw 02; ~ q(O] x4, Ilgft—lv Qg:it—p Yi:t)
wly f(@dle 07 )g(yeled 000 1) pOieh el 1 B0 1)

compute 7! o< —4= A A et
AL q(ailzgi—1,005%—1,Y1:t) q(0|2},20% 1,005 —1,Y1:¢)

end
for i =1 to N do
compute w} = 7t/ Zjvzl w
end
end

The main output from Algorithm 3.2 is the approximation
N
ﬁ(xO:h 90:15,311:15) = Z wzd(xézt,eézt)(d$0:td90:t)7 (37)
i=1

which is typically referred to as the histogram-based estimator of the joint posterior
distribution of (Xg., 0o.¢) given Y1, = y14. To obtain an approximation to the target
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p(0ly1), we can simply integrate (3.7) over the support of (Xo., 6o.—1), yielding

N
U / P(Toit, Oo:e Y1) dxo:4dbo:e—1 = Zw%gg(d@). (3.8)
Xt+l X@t i—1

Proceeding analogously, estimators of any marginal of p(xg.;, 6o.¢|y1.+) can be obtained by
integrating (3.7) accordingly. In particular, integrating over the entire path of the static
parameters 6y, results in the state posterior (2.2) obtained in the “pure filtering” context
of Section 2.1.

Besides the usual histogram-based estimator defined in (3.8), an alternative estimator
of p(A|y,+) can be obtained via Rao-Blackwellization (Liu and Chen, 1998; Doucet et al.,
2000). First, note that we can rewrite the target distribution as

p(e‘yl:t) = / p(ev Z0:ts HD:t—llylst)d-TO:tdeO:t—l
Xt+lx Ot

= / p(9|$o:t, 0o:t—1, y1:t)p($o:t, 0o:t—1 |y1:t)d$0:td90:t—1
Xt+lx et
= EP[p(‘9|XO:t7 90:75—17 }/].:t)‘}/l:t]a (39)

i.e. as the conditional expectation (under P) of p(@|xos,0os—1,%1.¢) given Yi,. Now,
we can obtain a direct Monte Carlo approximation to (3.9) by simply replacing the
integrating density p(zo.¢, Gox—1|y1.¢) with its particle approximation p(xo.;, Go.t—1|y1.¢) in
the corresponding integral. This gives

15(9’3/1:15) = / p(9|x0:t, 00:t—1, yl:t)ﬁ(on:t, 0o:t—1 ‘ylst)d-%O:tdeO:tfl
Xttlx ot

:/ P(0z0:4, Oo:—1, Yn:¢ Zwt5(:ﬂ 08 (dﬂfo:td@o:t—l)d-iEo:td@o:t—l
Y+l ot 0:0-1)

=1
N
:Z PO 204 a1 Yrie)- (3.10)

The resulting expression for p(0|y;.;) given in (3.10) is then known as the Rao-Blackwellized
estimator of the posterior p(0]y;.;).

The Rao-Blackwellized estimator (3.10) is typically (Liu and Chen, 1998) more effi-
cient than the histogram-based estimator (3.8) whenever interest lies in approximating
only the posterior p(6|y1.¢), i.e. the typical setting for sequential parameter learning. How-
ever, this comes at the cost of having to evaluate p(6|zo., 0o.t—1, Y1.¢) pointwise. Moreover,
if interest lies in the moments and/or general functionals of 0]Y}., analytical solutions to
the required integrals might be much more involved and sometimes unattainable when
compared to the simpler histogram-based estimator (3.7).

A subtle point about the framework proposed here is that in Algorithm 3.2 we first
sample the states X; and only then sample the parameters 6;. Although this might not
appear relevant at first, explicitly adopting this order proves crucial for obtaining fully-
adapted procedures, as discussed below. See Section 3.2.3 to see how we can accommodate
methods that have the reverse sampling order, such as Liu and West (2001)’s and Storvik
(2002)’s filters.

We obtain a fully-adapted sequential parameter learning procedure by taking in-
termediate weights AF oc wl p(y|af ,0F ), state proposal q(wi|xf, 1,058, 1, y1.¢) =
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p(ze|zf |, 0F | y;) and static parameter proposal equal to q(6i|zs, zf, 1,05, 1, y14) =
p(0s|ze, 2k, 1,08, | y1.), since in this case the associated importance weights (3.6) be-
come

T o wf—l f(xt’xf—bef—1>g(yt‘xt79?—1)p(et‘xhxlg:t—l?eg:t—layl:t) —1
wf—lp(yt‘xf—b 95—1) p(xt\xf_l, 95_1, Yt) (0] e, xlgzt—p elg:t—la Y1:t)

On the other hand, if the sampling order is reversed (i.e. 0; before X;), we would end up
with the weight recursion

wf—l f(ift’xf—p 0:)9(ye|, 0r) P(9t1$§:t—1a 915:,:_1, Y1:t)
)\f q<$t’$§:t_1, 9t7 egzt—h yl:t) Q(Gt‘xgzt—17 95:75—17 yl:t)

Here, even if we choose by analogy the intermediate weights AF oc wf p(y|zF |, 0F )
and proposals q(xe|2gy 1,00, 06,1, y12) = plaelay y,0r,50) and q(Onfat, o, 05,1, y10) =
p(O;|xk, 1, 0k, | vy1.4), the resulting weights would be
wy f(@ilwi s, 0)g (il e, 00) p(OulxGs s, 5 1) _ pylriy 60
i1 t1T—15Y¢)g\Ye|Tt; Ve ) PWO[ L0415 Y0u—15 Y1:e) Pt Ty_1, Y

T X =
wf_lp(ytle_p 95—1) p(xt’-ff—la 01, yt) p(9t|$§:t—1> 95;t—17 Y1:t) p(yt‘xf—h 95—1)

Y

which in general are not proportional to 1. Note that in the above derivation we have used
that p(zi|of_y, 0,9:) = f(@il2f1,0)g(yele. 0)/p(yslot_y, 0) for either § = 0, or 6 = 0.
This identity can easily be shown to hold by an argument analogous to the one used in
the proof of Proposition 2.1.1.

In summary, the argument for sampling the states X; before the parameters 6; lies on
the fact that at time ¢ we cannot take the intermediate weights AF to be a function of the
current parameter ¢, since here resampling is done prior to sampling the parameters?®.
As far as sequential parameter learning is concerned, this also has the benefit that we
always perform inference for the parameters based on the most recent information about
the states.

3.2.2 Path Degeneracy and Resampling

Due to the unavoidable degeneracy inherent in sequential importance sampling meth-
ods, the resampling step is an integral part of SMC. Despite its benefits, however, resam-
pling has an important drawback: sample impoverishment, which in this context takes
the form of path degeneracy (Andrieu et al., 2005).

Path degeneracy manifests itself as the coalescence of particles’ paths ocurring from
successive resampling steps. As an example, consider a general functional* Z;.,_; of
(X1.4-1,01.4—1) defined for integer 0 < [ < t — 1 and computed recursively along the
filter’s trajectory. At time ¢, (z53_,)Y, is the set resampled from (2}, )Y, and, due to

some 2z}, ,’s typically having lower weights than others, the resampled set (255 )Y, will

3 Although theoretically this could be dealt with in a propagate-resample framework (i.e. one in which
we first sample the states/parameters and then perform the resampling step), this might be undesirable
since then the resampled sequences X%, ; and 65, ; will not benefit from current information on y;,
i.e. the procedure will be blind as per the APF terminology. Works comparing propagate-resample
and resample-propagate frameworks from a theoretical standpoint include e.g. Petetin and Desbouvries
(2013) and from an empirical standpoint include e.g. Lopes and Tsay (2011).

4Examples of such functionals include sufficient statistics Sp.;—1 for (Xo0:t—1, Y1.4—1) and even the state
and static parameter paths Xg.;_1 and 6., themselves; see the various examples at Section 3.2.4.
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have fewer distinct values than (zf, ;)¥,. At time ¢ + 1, we now have (z},)Y,, with

each 2}, = (zl’fft_l, 2!). Therefore, when resampling takes place, the zl’fj;_l’s are going to
be resampled again, taking even fewer distinct values than before. Over time, this is
compounded and the paths z!,, eventually degenerate (hence the name) to a single point.

Now, path degeneracy is progressively worse as [ is closer to 0. Whenever [ =t—1, i.e.
when only Z; ; is of interest, the sample impoverishment due to resampling is minimal
since the transition from Z;_; to Z; essentially “replenishes” the number of distinct values
the functional Z;.;_; can take from one step to the other. This is why path degeneracy
can for the most part be ignored whenever interest lies only in state filtering, since the
state transition from X;_; to X; will usually allow for a proper exploration of the state
space even when the number of distinct values of X; i is small. Formally, this property
is known in the literature as exponential forgetting (Del Moral, 2004) and as it name
implies it refers to the ability of the functional to “forget” (i.e. eliminate its dependence
on) past values exponentially fast, thus avoiding path degeneracy.

Whenever the state transition does not allow for a proper exploration of the state
space (i.e. whenever the exponential forgetting property is not satisfied), however, path
degeneracy can become problematic even if [ =t — 1. This is specially true for sequential
parameter learning, since the static parameters for which we are trying to perform infer-
ence for usually have no “natural” dynamic. Here, even if we are only interested in the
most recent value 0;, if the parameters are static we implicitly have 6, = 6,_; for all t and
eventually 6, = , meaning that at each time ¢ we only resample from an ever-decreasing
set of distinct values drawn from the prior p(0).

Since path degeneracy is a direct consequence of sample impoverishment, we should
therefore avoid sample impoverishment as much as possible. This can essentially be done
in two ways: by choosing optimal proposal distributions and by considering more efficient
resampling schemes. The first of these is very straightforward, since it simply consists of
opting for fully-adapted procedures whenever possible.

On the other hand, considering more efficient resampling schemes might at first sight
not be as straightforward, since there are several methodologies in the literature from
which to choose from (see e.g. Randal et al., 2005; Li et al., 2015). It turns out, however,
that there is a single resampling scheme that have been proven to have minimal variance
amongst all unbiased (i.e. such that the expected number of offspring & of particle 2}, ;
equals N -\!) resampling methods. This method, introduced by Crisan and Lyons (2002),
is usually known as the tree-based branching algorithm, or simply as branching algorithm.

Essentially, the branching algorithm relies on near-deterministic allocations in order
to sample offspring, which in practice is why the method is so efficient. At time ¢, the
ith particle is assigned a number of offspring &/ according to

g = { [N with probability 1 — {NA}} (3.11)

£ |NA +1 with probability {NA:}

where || is the floor operator and {z} := x — |z| is the non-integer part of x. There are
several ways in which we can sample an entire offspring set (€/)N, satisfying S & = N
and (3.11). Without further details, we adhere to the procedure described in Bain and
Crisan (2009), summarized in Algorithm 3.3.

It is worth pointing out that Algorithm 3.3 does not yield a set of indices (k;)Y,
from which we can perform resampling with but rather only the set of offspring (&)Y,
produced by each particle. There is however a clear bijection relationship between them,
in that we can produce one set directly from the other. For completeness, a procedure to
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Algorithm 3.3: Tree-Based Branching Resampling

Alias Table
set g =N
set h=N

Sampling Indices
for i = 1 to N-1 do
draw u ~ U[0, 1]
if {NXi}+{g— NX} <1 then
if u<1—({NX}/{g}) then
set & = [NA}]
end
else
set & = [NA + (h— g])
end
end
else
if u<1l—(1—{NX})/(1-{g}) then
set & = [N +1
end
else
set & = [NA + (7 — Lg])
end
end
set g < g— N
set h < h—¢&
end
set £ =h

compute the index set (k;)Y, from the set of offspring (£;)Y; is summarized in Algorithm
3.4.

Now, in light of Algorithm 3.4 it is interesting to note that even outside the APF
framework we inevitably have to use indices for resampling, although in e.g. SIR they
are not explicitly included as a part of the particle system. In this case, the usual
interpretation for resampling is as a procedure for drawing (z, ), with replacement
from the empirical distribution

P(2r—1]y1:) == Z)\ 0. (dzig—1). (3.12)

However, as discussed above, this is usually accomplished by drawing a set of offspring
(€)X, and computing their corresponding indices using a procedure similar to Algorithm
3.4.

Finally, for completeness we briefly describe in Algorithm 3.5 a fast O(N) procedure
for directly producing index draws from a Multinomial distribution. This method was
originally proposed by Vose (1991) and consists of building in O(NV) operations an alias
table from which draws can be produced in O(1) time. Note that in practice we strongly

43



Algorithm 3.4: Index Sampling

Initialization
set 1 =1
set c=0

Main recursion

while ¢ < N do

if £ > 0 then
while & > 0 do
setc+—c+1

set k. =1
set &+ & —1
end
end
set 1+ 1+1
end

recommend that multinomial resampling be avoided at all costs, and used only for bench-
marking different methods. In particular, it can be proven (Kiinsch, 2005) that by using
the branching algorithm the additional Monte Carlo variance introduced in the particle
system is reduced by a factor of at least two when compared with multinomial sampling.

3.2.3 Regularization

Other than adopting more efficient resampling techniques as mentioned in Section
3.2.2, still another avenue for mitigating path degeneracy comprises a set of techniques
that can be collectively referred to as regularization algorithms (Musso et al., 2001). In
essence, regularization is a modification of the resampling step to allow for resampled
particles to assume values other than the ones specified by the current set of particles.
In the above example, this means that with regularization the number of unique values
in (z/, )N, is typically larger than the number of unique values in (2}, ), increasing
diversity. This also allows for additional exploration of the state space, which is specially
important for static parameters since their support will no longer be limited to a subset
of values initially drawn from the prior.

Recall from Section 3.2.2 that the resampling step can be interpreted as drawing
a set (Z1, )N, with replacement from the empirical distribution p(zy.s_1|y1+) given in
(3.12). The corresponding regularized distribution is then defined as the convolution of
P(214—1|y1.e) with a regularization kernel (Silverman, 1986) K (-), i.e.

ﬁ(zl:t—l‘yl:t) = /K(Zl:t—l - Zl*:tfl)ﬁ(zl*:t—l|y1:t)dzl*:t71

N
- / K (st — 500) SONo (et )ty
=1

N
= Y NK (it — ) (313
=1
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Algorithm 3.5: Alias-based Multinomial Resampling

Initialization

for i = 1 to N do
set p; = Al

end

Alias Table
set s =1
set I =1
for i = 1 to N do
if A\l > 1/N then
set large; = ¢
set [« [+1
end
else
set smally, = 17
set s < s+1
end
end
while s # 1 and s # 1 do
set s s—1
set ¢ = smallg
set j = large,
set prob; = N\!
set alias; = j
set pj < p; + (pi —1/N)
if p; > 1/N then
set large; = j
set I« 1+1
end
else
set smally = j
set s ¢—s+1
end
end
while s > 1 do
set s+ s—1
set prob
end
while [ > 1 do
set I« [—1
set probyye., =1

1

small, —

end

Index Sampling
for i = 1 to N do
draw u ~ UJ0, N]
set j = |u]
if (u —j) < prob; then
set k; = J
end
else
set k; = alias;
end
end
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Traditionally, K(-) is assumed to be the probability density of a continuous random
variable with zero mean and finite second moment taking values in R¢-1-0%4  where
d, := dim(Z;). By replacing the empirical measure (3.12) with the regularized measure
(3.13), it is then clear that the set of possible values assumed by (z}, )X, effectively
goes from the finite set (2}, )~ to the uncountable image set of K(-). Note that 2}, ,
used in the above derivation is only an integration variable; the density p in the first and
second integral is still (3.12).

As mentioned before, regularization is specially effective in sequential parameter learn-
ing due to the fact that it allows for exploration of the parameter space by otherwise static
parameters, thus giving them “artifical dynamics”. The first widely succesful application
of this idea is in the method proposed by Liu and West (2001), which relies on a Gaussian
kernel with location and scale determined by past parameter values and an additional
user-defined scale specified via discount factors (see also Section 3.2.4.2). In order to
obtain a more general framework, however, here we will assume that K(-) is any proba-
bility distribution density, and develop an auxiliary variable formalism for regularization
analogous to the one for resampling within the APF.

More specifically, let (z, ;)¥, be the set of resampled values drawn from (3.12).
From the auxiliary variable interpretation presented so far we clearly have 7, | = 27,
for each i, and by definition this is also equivalent to zf% | =: (2, |, k). Therefore,
denoting by Z;, , the regularized value instead of the resampled one, we can interpret
the joint particle (2}, ;,k:) as a draw from the regularized measure (3.13) instead of the
empirical measure (3.12), keeping the definition for k; intact in the process. That is, we
can reinterpret the regularization procedure as drawing the particle zj, | := (2}, 1, k;)
by first sampling k; with probability A! and then sampling a value from K (z; 1 — thq)
This effectively generalizes the usual auxiliary interpretation for resampling in the APF,
which here is clearly obtained by choosing K (z) = d(z), i.e. the Dirac delta function, as
the regularization kernel. For completeness, the weight recursion under regularization is

wf S (@] 1,0 1)g(e|we, 0 1) p(Os|2e, To:—1, 001, Y1:t)
A (@l Zout, Ooe1, 1) @(0e] e, Bou—1, Ooe—1, Y1)
Although this novel auxiliary variable interpretation of regularization might appear

to be of little consequence, we will show in the examples of Section 3.2.4 below that this
formalism is essentially what allows for our framework to include so many of the most
common methods for sequential parameter learning found in the literature. In particular,
in algorithms in which the sampling order is the opposite of the one adopted here (i.e.
in which we first sample 6, and then X;) and exploration of the parameter space is only

done through regularization, we can simply take p(6;|z:, T, 1, 041, Y1) = 59}-_1 (db;), so

that 0/ = 07 _, for each ¢ and 1.

Algorithm 3.6 summarizes a generic method in the class of sequential parameter learn-
ing methods with regularization described so far. As stated before, if regularization is
considered as an integral part of the resampling step, Algorithm 3.6 is simply Algorithm
3.2 with zlk:j/fl replaced by 2}#71 for both zlk:;fl = xi@fl and zl’f;;l = Qlk:;l, with { = 0 or
l=t—-1.

t

. (3.14)

3.2.4 Special cases

We now show how the framework proposed here can accommodate several of the
algorithms for sequential parameter learning found in the literature as special cases. We
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Algorithm 3.6: Sequential Parameter Learning with Regularization

Initialization

for i =1 to N do
draw 6, ~ p(6)
draw zi) ~ v(x0|6})
set ) o< 1

end

for i =1 to N do
set wh = 1/N

end

Main recursion
fort =1 tondo
for i =1 to N do
sample k; from {1,..., N} with probability \i

~i i ki ki
draw (a'jO:tfl? 90#/7;) ~ {{((370;25,1, 90:1571) — ( 0:t—1> 90:1671))
draw xy ~ q(2¢|Z0,_1, 00,41, Y1:t)

draw 917; ~ q<9t|xt7 i%):t—b 96:t—17 yl:t)

s ST o o -
t i wyty f(w] 1,0t 1)9(ye|zi,0: 1) PO |3,80: 41,000 1,U1:t)
compute m; < — T PR
At (@@ 100:0—15¥1:0) (071200 _1.06.61,01:0)

end
for i = 1 to N do
compute w} = 7t/ Zjvzl ur
end
end

have grouped existing methods according to our subjective perception of their defining
features, and afterwards propose three novel algorithms as an illustration of the flexibility
allowed by our framework.

3.2.4.1 Particle Jittering

Introduced in Gordon et al. (1993), jittering consists of adding small amounts of ran-
domness to the particles during the resampling step so as to allow for further exploration
of the state space in the case of slow-moving states (this was called a “roughening pro-
cedure” in the original paper). This idea was later expanded by Kitagawa (1998), which
by taking static parameters to be a part of the (“augmented”) state vector, allowed the
method to be suitable for sequential parameter learning.

Essentially, jittering is simply an instance of regularization with an additive kernel
with location (zf,, 6% ) and user-defined variance matrix V;_1, i.e.

K (w011, 0001) = (261 — O5i—1)) = dG((w1-1,001) | (221, 07%1), Vier) -
(5( k; k; )(d$0;t,2d80;t,2), (315)

K
Toly_o:00—2

where dG(x|p, ) is the density of any continuous random variable (usually Gaussian) in
R?*ds with mean vector 1 and variance matrix ¥, evaluated at point z. Note that here
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only the most recent state and parameter particles (z¢_;,0¢ )Y, are regularized, since
the ensuing Dirac measures imply that (2%, 5,05, o) = (zh, .00, ).

Since jittering was originally proposed within the SIR framework, the intermediate

weights are given by ! = w! , and the state proposal q(z¢|Z}., 1, 00,1, y1.¢) is completely
user-defined. The target parameter distribution is assumed to satisfy®
PO, T 1, Ooie—15 Y1) = 0 (d0y) (3.16)

o
and, by taking q(0|x}, 7., 1,00, 1 ve) = Ot . 1,05, 1, y14), the corresponding
weights (3.14) are

i o U @l O ) (el B1) 05, (W) J @il Bi)otudain b))
t ; il Ni N o il Ni ’ ’
wfil q(2 Tt 15 0615 Y1:t) 59;_1 (db:) q(x T4y, Obe—15 Y1:e)

3.2.4.2 Liu and West’s Filter

Liu and West (2001)’s (LW) filter is widely recognized as the first successful sequential
parameter learning method, and the main benchmark in the literature. As in particle
jittering, its main reasoning is to allow for static parameters to properly explore their
state space through regularization, but its adoption of the APF framework and adaptive
kernel density estimation techniques make for a much more efficient method.

More specifically, the LW filter adopts the kernel

K ((z0:-1, 00:—1) — (i1 — O5,_1)) = AN (O,_1|my7y, h*Viy)-

6( ki pki )(de:tfldQO:t72)7 (318)
To:t—1:Y%0:t—2
where
B B N
mi | =af |+ (1 —a)f_, Oy :=> 0 4, (3.19)
i=1
N — —_
Vier = Y w00, — 0 1][6, — 6], 0<h<l, (3.20)

i=1

with @ = v/1 — h2. Note that in the LW filter only the most recent ! ,’s are regularized,
whereas the states are simply resampled.

The choice of kernel (3.18) builds on the work of shrinkage location by West (1993a,b),
yielding draws that are more concentrated around their mean 6,_; than simply using
the usual jittering locations Gfil. As a consequence, the overdispersion over time that
usually affects kernel-based estimates (Liu and West, 2001) is completely avoided. By
also requiring that a® +h? = 1, the method guarantees that the first two second moments
of the regularized estimates (6 )Y, will be the same as those of (:_,)N,, i.e. f;_; and
Vi—1. The kernel bandwidth h is usually selected according to a discount factor (West and
Harrison, 1997) 6 € (0,1] via h = /1 — [(36 — 1)/24]2, which according to the authors
should typically be around 0.95 to 0.99.

As for the other choices, the LW filter uses a lookahead strategy by taking (u, mi_,) as
the best guess for (¢, 6!), where here specifically p} = Ep(X;|z{, 1,05, ;). This results in

°Note that drawing 6} from & ) (d6;) simply amounts to setting 6 = 6;_,.
i
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the intermediNQte weights A oc wi_;g(ye|pt, mi_;) and state proposal q(x|Zh., i, 01, Y1)
= f(x|Z}_y,0;_,). Similar to jittering, it is also assumed that

p(0t|$iv jf):t—l? é(i):t—h yl:t) = 692_1 (dgt)7 (3'21)

so that movement along the parameter space is only made through regularization. Finally,
we also have q(0, |28, T, 1,0, 1, y1a) = p(Oclat, &, 1,0, 1, v14), yielding weights (3.14)
equal to

o wfil f(xﬂji—l’ 92—1)9<yt|xiv éi—l) 55§_1(d0t> . g(yt|xi, éi—l) (3.22)
t . R . P ~ — ) ) . .
w9y, myty) flai|@_y, 0 ) Ogi (d6)  g(yelpy®, myy)

Note that in its original version the LW filter first samples the static parameters 6! from
the kernel (3.18) and then samples the states z} conditional on ;. However, as mentioned
before, this is accommodated in our framework by setting i = ¢ _,, yielding an equivalent
implementation of the method.

3.2.4.3 Smooth Jittering

Introduced in Flury and Shephard (2009), the so-called smoothly jittered particle filter
builds on previous work on smoothed bootstraps in the SMC context (Stravropoulos and
Titterington, 2001) in order to provide asymptotically optimal choices and increase the
overall efficiency of particle jittering.

The regularization kernel for the smooth jittering method is

K ((wost-1, 00u-1) — (26_1 — O6is_1)) = dG (-1, 0s-1)|¢f 1, Hyov)-
) zk ki (d$0;t,2d90;t,2), (323)
0:t—2770:t—
where ¢ := (¢, 1, G, raye 1) and H,_y := diag(hyy_1, .. . R, +dpt—1) are the kernel
locations and bandwidths, respectively. Here, each location (j, ; and bandwidth 7;; 1
are defined independently, according to

CJZ:,tfl = g1+ Z;‘,tq — fjt1) (3.24)

and )
hj,t—l = 159[R(X, @|y1:t—1)]1/35-j,t—1N_1/37 (325)
where 2}, | is the jth element of the vector (9:@ b0, i =1,... dy+dy, f1j;—1 and 67,

are estimates of the mean and variance of (2!, )X, and R(X,Oly1,4_1) is an estimate of
the functional defined by

1|, 6
R(X,Oly1:-1) 32/ 91|, b1 1>p(xt—179t—1|y1:t—1)dxt—1d9t—l- (3.26)
Xx0 P(ytq’yufz)

Note that although the location shrinkage equation (3.24) might at first appear distinct
from the LW filter shrinkage (3.19), it can be easily seen that they are equivalent (for a
unidimensional parameter) by taking 27, | =6;_, i’, | = =0;_; and hjt 1 = ho3, .
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Smooth jittering was proposed within a SIR framework, more specifically a bootstrap
filter. Therefore, here the intermediate weights are \i = w!_,, and the state proposal is

g, 1,00 y1a) = fla]@_,,00_)). Here we again assume that
p(@t]xi, jé:t—l? 96:1&—17 Yie) = 5(5;’71 (d6:) (3.27)

and, with q(0,2%, &1, 0,1, y) = p(Oy|2t, ., 1, 0,1, y1), We get importance weights
(3.14) given by

o wfil [Ty, éi_l)g(yt]xi, é§—1> (55%;1(0[9'5) .
t ) — =~ =
wi' JICHE RN 05 (d6y)

t—1

gyl 0:_)). (3.28)

For a practical implementation of smooth jittering, Flury and Shephard (2009) prove
that a consistent estimator of the functional (3.26) is given by

N

A 9(Wealri 1,0, 1) 2
R(X,Bly1.1) == N =N (w,) (3.29)
ZZ:; Zjv1g(3/t 1’5’315 1791: 1) Z

since from (3.28) comes w! | = g(yt,llxifl,ezfl)/[ijzl g(ye_r|2z_,,67_))]. Although by
(3.24) the locations (!, ; can become undefined whenever the bandwidth h;,_; is greater

than &;, ; (which occurs if R(X,O|y14_1) > N/4.02), in practice this can be dealt with
by increasing the number of particles V.

3.2.4.4 Resample-move

The resample-move algorithm proposed by Gilks and Berzuini (2001) introduces
an idea that is in principle simple but very powerful: “rejuvenating” resampled paths
(zbi 1,08 N, with Markov Chain Monte Carlo (MCMC) moves. This avoids (path)
degeneracy entirely, since by drawing completely new paths from the MCMC kernel we
guarantee diversity and therefore prevent sample impoverishment.

In our framework, the MCMC draws (z{, ;, éé:t_l),fil from the resample-move algo-
rithm can be naturally formalized as draws from the regularization kernel

K(@O:t—l»eo:t—l) (%t 1 90t 1)) :M((xﬂzt—laeo:t—l) (xlgt 1 _90t 1)) (3.30)

where M(-) is a Markov kernel having the target posterior p(xo._1,0o.4—1|y14—1) as invari-
ant density (see Section A.4). Since the algorithm is originally set within a SIR framework,
the intermediate weights are A\ = wi_,, and the state proposal q(a;|Z,_,, 0%, 1, y1:) is
user-defined. For the target parameter distribution, it is assumed again that

POy, o1, é(i):pp Yie) = 55;’_1(d9t) (3.31)

and, with q(6]a?, 75, 1,05, 1, v14) = p(Oelxl, 7, 1,05, 1, y14), the importance weight
recursion (3.14) for this method is

7o wfii f(xﬂi'i_p é§—1)9(9t|$i7 é§—1) 65i_1(d0t) . f(wﬂfi_p 5§_I)g(yt|xi, §§—1) (3.32)
t ; il Ni - il Ni ) )
wfi1 q(@H Tt 15 0615 Y1:0) 59; 1(d0t) q(2i|Th.e 1, O0.4—15 Y1:t)
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Although in theory resample-move is very appealing, draws from the Markov kernel
M(-) at each step are produced at O(t) complexity, making a complete run of the algo-
rithm from times 1 through n an O(n?N) operation®. In order to circumvent this cost,
the authors propose performing the rejuvenation step only at predefined times, according
to user-defined probabilities O(t~7) for v > 0 (possibly different for each component)
or even regularizing only a part of the resampled particles, (x%, ,,0%, ;) for integer
0 < L <t—1. All of these modifications can be built directly into the definition of M(-).

An ingenious way to keep the complexity constant in the resample-move algorithm
is to rely on a set of fixed-dimension sufficient statistics S; := S(Xo., Yo.¢) which can be
updated recursively by the map S; = S(S;_1, Xy, Y;). This idea was first proposed by
Fearnhead (2002) within an APF framework and, when applicable (as e.g. in exponential
families), it effectively transforms rejuvenation into a Gibbs sampling step, in which draws
(Zh.,_1, 00, ;) then consist of sampling from p(z,_1, Os_1|zri, |, 08, ) = p(xe_1,0,_1|SF ).

3.2.4.5 Storvik’s Filter

Similarly inspired by the idea of using sets of fixed-dimensional sufficient statistics in
order to perform Gibbs sampling moves, Storvik (2002) proposed a generalization of the
SIR method capable of also performing inference for static parameters. This technique has
the additional interpretation of a procedure that marginalizes the static parameters out
of the joint target posterior p(zo.;, 6o.¢|y1.+), providing additional theoretical justification
for its effectiveness in mitigating degeneracy.

In Storvik’s filter, only the current static parameters 0! | are regularized; current
states x!_; and past trajectories (z}., o, 05, ») are simply resampled. Since 9}_1 is sampled
from the complete conditional p(#,_1|SF,), the regularization kernel here is then given
by

K (2011, 004-1) — (261 — 054-1)) = P(QH|Sfil)5(mg;t_l,gg;t_2)(d$0:t71d90:t—2)- (3.33)
Note that the recursive update of the sufficient statistics via Si = S(SF |, 21, 4) is per-
formed deterministically at each time ¢ after the newly propagated states z} are available.

Since Storvik’s method relies on regularization (and since in the original formulation
0, is sampled before X;, as in the LW filter), we again have that the target parameter
distribution must satisfy

p(O:|x}, &y Oy y10) = G (d6;). (3.34)

As for the rest of the design choices, Storvik (2002) requires that the intermediate weights
satisfy \i = w! _; (since the method is set within the SIR framework), leaving the state

proposal q(z|Zl,_1,605,_1,Y14) to be specified by the user. By once more choosing the
parameter proposal q(0;]at, Z.,_1, 0.4 1, v11) = (O]t Tby_1, 0541, Y14), We have impor-
tance weights (3.14) of the form
k; 0|5 yi i pi 5i 0|5 yi i Qi
i wi'y f(xi|Th_y, 0t 1)g(yeli, 0 ;) 69§_1(d0t) . f(@il@ty, 07 1) g(yelzt, ;) (3.35)
t ki i| 5 i - o i| 5 gi ' ’
wity @@y Thq, Obp—15 Y1:t) 592,1 (d6,) q(i|Th.e—1, Ob.4—15 Y1:t)

In cases where p(6;_1|S;_1) can be evaluated pointwise but is still difficult/impossible
to sample from, Storvik (2002) allows the parameter proposal to differ from 55%_1(d9t).

®Note that O(1- N) +O(2-N)+...+O(n-N) = O(n?- N).
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Although this situation rarely occurs in practice, in our framework it can be accom-
modated by performing an additional importance sampling step to sample from the
kernel (3.33). This marginal IS step has importance weights given by p(fi_,|SF )/
K (00 |zhi 6%, 1), where K (-) is a kernel that we can easily sample from. As
a result, the original weight recursion of the method (3.35) must also be multiplied by
this marginal importance weight.

3.2.4.6 Particle Learning

Although also relying on sufficient statistics, the more recent Particle Learning (PL)
technique of Carvalho et al. (2010) is set within a fully-adapted APF instead of the SIR
framework adopted by previous methods. This is advantageous because fully-adapted
procedures have minimal variance importance weights (see Proposition 2.1.1) and conse-
quently less variable resampling weights, which in turn minimizes sample impoverishment
and therefore path degeneracy. Another benefit pointed out by the authors (see also the
footnote on Section 3.2.1) is that the resulting method is then a resample-propagate filter
instead of a propagate-resample one, further contributing to the mitigation of degeneracy
on static parameters’ paths.

In PL, no regularization takes place; only resampling is performed. This implies
taking

K ((204-1,00:4-1) = (2051 — Ooip—1)) = 3, oty (dros1dbo.a). (3.36)

To:t—1:%0:t—

Since the procedure is set within the FAPF framework, the intermediate weights and

the state proposal must satisfy i oc wi_ p(ye|zi 1,607 ) and q(xe| %, 1,00, 1 y1e) =

p(zy|Zi 1,0 |, y). As for the target parameter distribution, the main underlying as-
sumption here is that it satisfies

p(et‘xiu fé:t—l’ éé:t—la yl:t) = p(et’StZ) (3'37)

Additionally, it is also assumed that we can sample from p(6|S!) and, therefore, that we

can set q(0,]zt, &, 1,00, 1, y14) = p(6;|S!). The importance weights (3.14) for PL are
thus given by

ki i i i i i i Qi
i Wy f(xt‘xtfh et—l)g(yt|xt= 9#1) p<0t|8t)
T X

- — — , o = L (3.38)
wfilp(yt!%flﬁ%fl) (2T 1, 001, yt) ACHNY)

which in retrospect should be obvious given that the procedure is fully-adapted. Note that
in the above derivation we have once again used that p(z|#i_,,0/_,,3) = f(zi|E_,,0/_))-
9w, 04_1) [p(ye Ty, 0;_1)-

In the original formulation of PL, the sufficient statistics were included as part of an
extended vector Z; := (S;, X, 6;) and inference was actually performed for Z; instead of
the pair (X, 6;). Although unnecessary, this can be accommodated within our framework
by rederiving target and proposal recursions for Zy; instead of (Xq.;, 0o.t). The end result
is the same as that of Carvalho et al. (2010): for each time ¢, we have a target (and an
equal proposal, cancelling its terms in the corresponding importance weight recursion)
for S, given by p(S;|SF |, %, 1) corresponding to a deterministic update made through
the map S! = S(SF |,z ).

Finally, Carvalho et al. (2010) also consider the possibility of using state sufficient
statistics 7; := T (Xou, 0o.t, Y1) whenever available, which unlike S; can also be made
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functions of the static parameters. These statistics are also set to satisfy a recur-
sive mapping T, = T (T;-1, Xy, 0:,Y;) and their use is feasible if the conditional pos-
terior p(z¢|Ti—1,y:) is analytically available. In this case, the authors justify via Rao-
Blackwellization (see Proposition A.3.1) that the corresponding intermediate weights
w'_ p(y|Ti—1) will be less variable than w!_,p(y|#i_,,0!_,), yielding a more efficient
procedure.

3.2.4.7 Hybrid LW-PL Filter

Introduced by Chen et al. (2010), this method is essentially a LW filter that also
incorporates Gibbs sampling for the static parameters for which sufficient statistics are
available, resulting in a hybrid version of Liu and West (2001) and Carvalho et al. (2010)’s
algorithms.

Let 6 = (¢, ), where ¢ is the subset of static parameters for which LW moves are
made and ¢ is the subset for which draws conditional on sufficient statistics S; are made.
The regularization kernel is then

K((x(]:t—la Oo:t-1) — ( g:itq - elg:itfl)) -
dN(¢t—1 |mi€ila hQ‘/t—l)(;%’fil <d90t_1)5($g»it7170§-it72) (dIO:t—ldGO:t—Q)a (339)

where m!_; and V;_; are the same as in (3.19) but computed only for the subset (¢¢ ;)Y ,

instead of the entire (8;_,)Y .

Under the same lookahead strategy within the APF framework adopted for the LW
filter, here we also have intermediate weights Af oc wi_g(ye|u;, mi_y, ¢}_;) and state pro-
posal q(z¢|Zh,, 1, 00,1, Y1) = [(@:|T}_1, @)1, Pi_y), Where iy := Ep(Xila)_y, ¢}y, 0 1)-
As for the target parameter distribution, we assume

(0|}, 1, éf):t—lv Yie) = 555;’_1 (don)p(wel SP). (3.40)

and, by letting q(0;|x%, 28, 1,08, 1, v14) = p(O¢|xl, T8, 1,05, 1, Y1), we have importance
weights (3.14) given by
o _ 12’511 — fap|7_y, éi—l:@i—129(yt|~$ia q;ii&—h Pi_1) 5<13i_1(d¢t)p<30t|$’?)
w1 g(Yel e, mi 1, Piy) [Ty, by, 61-1) 5$i,1(d¢t)p(9@t|‘9’?)
_ g(%@ia&—h Pi1)
g(ytmfi,mi_l, @i—ﬂ‘

(3.41)

Here the sufficient statistics are updated in the same way as in the PL algorithm, i.e. by
the map S/ = S(SFi |, 2%, ).

Aside from the hybrid LW-PL filter of Chen et al. (2010), Rios and Lopes (2010) also
proposed a hybrid LW method but based on Storvik (2002)’s formulation of the Gibbs
sampling step associated with the propagated sufficient statistics for ¢. The algorithm is
very similar to the one presented in this section, and can be obtained by simply replacing
5¢fil(dapt,1) with p(@;_1|SF ) in (3.39) and p(y,|S}) with dgi_ (dgy) in (3.40). Note that
for both Chen et al. (2010) and Rios and Lopes (2010) algorithms the same lookahead
APF framework is adopted, since the LW filter is actually the “baseline” algorithm,
making the Gibbs sampling moves actually optional. Naturally, both methods collapse
back to the LW filter whenever 6 = ¢.
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3.2.4.8 Fully-adapted Liu and West’s Filter

We will now illustrate the flexibility allowed by the novel framework proposed in this
thesis with the introduction of three novel sequential parameter learning algorithms. The
first of these will be hereafter referred to as Fully-adapted Liu and West’s (FALW) filter.
As its name implies, this method consists of choosing a regularization kernel

K ((w0:1-1, 00:0-1) — (61 — O 1)) =

dN ((z4-1,0:-1) Iy, hi-1Vieihy1)6 dxo—odfos—o)  (3.42)

($§?t7270§?t72) (
similar to that of the LW filter, but under a FAPF framework instead of the original looka-
head APF one. This is done by choosing intermediate weights \i_; oc w!_;p(y:|xt_,,0:_ ;)

and state proposal q(2}|Z{.,_1,0%.,_1, y14) = p(@|Ti_1,0;_1,y:). By also assuming that

p(9t|$iv fé:t—lv eé:t—la yl:t) = 50}71 (d0t>7 (3'43)
and that q(0|x, &, 1,00, 1, v1x) = p(O]at, 7, 1,04, 1, y14), the corresponding impor-
tance weights (3.14) here become

wfil f(xilji—h éi—l)g(yt‘xia éi—l) 55i71<d9t)

wi p(ye| 1,6 ) P T, 011, 9e) Ogi_ (dby)

t—1

i
T X

= 1. (3.44)

Although at first sight the modifications to the original method by Liu and West (2001)
that define FALW here might not warrant the definition of an entirely new algorithm,
we highlight from the discussion at the end of Section 3.2.1 that full adaptation in this
case is only possible due to our formalization of LW moves as draws from a regularization
kernel, which essentially allows us to reverse the original sampling order from € first and
then X, to X, first and then 6. This is a situation which we have not encountered outside
of our framework.

In light of Flury and Shephard (2009)’s work, we also make an additional improvement
to FALW by choosing a diagonal variance matrix and the optimal bandwidth proposed by
these authors in their smooth jittering method described in Section 3.2.4.3. More specif-
ically, in (3.42) we take shrinkages mj_, := (m{, ;,...,m} 4, , ), bandwidths h,_, :=
(h14-1,-- - Pd,tdpi—1) and variance matrix Vi_y := diag((0*)7, ..., (0")7, 1q,4-1) €qual
to, respectively,

N
m;’,t—l = aj,t—l'z;‘,t—l + (1 - aj,t—l)zé‘,t—p Z;‘,t—l = Z wz—lz;',t—lv (3.45)
=1
N
hjeor = LBI[R(X, Olyry—1)] PN ol o= | wi (2, — 2, )% (3.46)
=1

where a;, 1 = (/1 —=h3,  and 2}, , is the jth element of (z]_,,0; ), j =1,...,d, +dy.
Note that here the states x! ; are also regularized along with the static parameters,
analogous to the smooth jittering method.

Now, the estimate R(X,O|y1.+—1) appearing in (3.46) should not be confused with
(3.29), since although it is also a particle approximation to the same functional (3.26)

54



as in smooth jittering, the particle system here is different. For FALW, we can show
(Appendix D) that

N . .

> 9(y—1lz_1, 0,

R(X, @|y1:t71> = - - . (347)
; Z;V:1 P(Ye-1|T7_0,07_5)

It turns out that expressions (3.29) and (3.47) are actually particular instances of an
estimator of a more general regularization functional than (3.26). This estimator is
based on the unbiased APF particle approximation to the likelihood proposed by Pitt
et al. (2012) and extended here for our sequential parameter learning framework, and its
derivation can be found in Appendix D.

3.2.4.9 Regularized Particle Learning

The second method introduced in this work is a regularized version of the PL algorithm
of Carvalho et al. (2010), hereafter referred to as Regularized Particle Learning (RPL).
The theoretical reasoning for RPL is that, in addition to updating current parameters
with sufficient statistics, regularizing resampled states and parameters would mitigate
path degeneracy even further. In addition, for this method we do not restrict our attention
to fully-adapted procedures, which makes it applicable for a much broader class of models.

The regularization kernel adopted in RPL is the same as that of the FALW method,
ie.

K ((w0:1-1, 00:0-1) — (61 — 06 1)) =
d/\/((xt 17916 1)|mt 1;ht 1Vie 1ht 1)5 k; (de:t—QdQO:t—2); (3.48)

Z
(wolp— 2790 Y

where the components of m!_,, h;_; and V;_; are defined in (3.45) and (3.46). Accordingly,
by adopting a general APF framework, we let the intermediate weights ! and state
proposal q(z|&, 1,65, |, y14) to be defined by the user. Since this method is based on
Particle Learning, the target parameter distribution is assumed to satisfy

p(9t|$i, jé:t—p éé:t—h ylzt) = p(9t|SZ), (3‘49)

where Si = S(SF |, 1, 1,), as usual. Finally, by also assuming q(f;|zi, &, |, 0%, | y14)
= p(0y|xt, T, 1,08, 1, Y1), the weight recursion (3.14) for RPL is

i wt 1f($t|xt 10t 1)g (yt!xiaéi_l)pwilsf)

t X T 0ilSi
At (xt|x0t 1’0015 17y1t) p( 1S

— wt 1f($t‘xt 1’ ) (yt’xﬂ t— 1)' (350)
)\f ($t|370t 17901: 1> Yiit)

Note that the regularization of the past static parameters 6;_; in RPL only affects
the importance weights 7} and current sampled states z!, since the current parameters
0i are sampled independently from 6! ,. Moreover, by taking the optimal importance
weights A! oc w!_,p(y|ai_,,0!_,) and optimal state proposal q(z|Z., 1,00, 1, 11) =
pla |7t éﬁfl, ), the procedure is once again fully-adapted, since in this case the weights
(3.50) are equal to those in (3.38), i.e. proportional to 1.

95



3.2.4.10 Hybrid FALW-RPL Filter

The last novel method introduced here is a hybrid between the FALW and RPL
algorithms. Similar to the hybrid LW-PL algorithm of Chen et al. (2010), this technique
has the benefit of allowing for Gibbs updates whenever sufficient statistics are available
for a subset ¢, of the static parameter vector 6;, while also allowing for regularization-
based inference for the rest of the parameters to be performed. In fact, just as in RPL,
even the past values of this subset y;_; are also regularized, with the aim to mitigate
path degeneracy even further. In order to keep the procedure as general as possible, we
opt for the usual APF framework adopted in RPL rather than a strictly fully-adapted
one as in FALW.

Let 0 = (¢, ¢), where ¢ is the subset for which p(¢|S;) is available. The regularization
kernel adopted here is the same as in both FALW and RPL, i.e.

K ((x0:-1,00:4-1) — (261 — O51)) =

dN((ft—laet—l)|mfilaht—l%—lh?_1>5 k; )(de:t—2d90:t—2)a (3-51)

ki 7
(@oip—2:0011—2

with mi_;, hy_; and V;_; defined in (3.45-3.46). Accordingly, we also allow intermediate
weights ! to be user-defined, along with the state proposal q(z¢|Z}, 1,05, 1,v14) =
q(xe| Ty 1, Dby 1y Ph1, Y1), As for the target parameter distribution, it is the same as

in Chen et al. (2010), i.e.

P(Oslat, By 1s 01, v1a) = 055 (db)p(21]S5). (3.52)

Therefore, by taklng q(et’xi7f6:t—l796:t—l7yl:t) = p(9t|xi?jé:t—he(i):t—lvyl:t)? we have the
following importance weights (3.14):

i wfil [z, &i—h @t_1)g(ye| i, Qgi—h @i 1) 5¢;§_1(d¢t)p(%|3§)

T o< , — = — i
Ar q(@| T 15 Poe—1, Pi-1, Y1:t) 5&;’71 (de)p(e] )
ki i) 5 7 ~i i i ~q
Wi @ Ty, @1y Pr-1)9 (el wh, By 15 Pi1) (3.53)
Tk i| i 7i =i ) )
At q(T] T 15 o1y Pio1) Y1:t)
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Chapter 4

Numerical Experiments

In this chapter we illustrate with numerical experiments that SMC-based algoritmhs
for sequential parameter learning (both the novel ones introduced here and the ones
already established in the literature) can perform poorly if proper care is not taken
in mitigating path degeneracy, but can provide adequate inference once this issue is
addressed. Through simulation-based experiments, we also argue that these methods can
even provide estimates that are compatible with “exact” and computationally-intensive
methods, such as quadrature and particle Markov Chain Monte Carlo.

4.1 1id Model

We start with a very simple experiment proposed by Chopin et al. (2010). Here, we
have a scalar-valued state space model defined by

X X1 = X, ~ N(0,1) (4.1)
Vil X: =1 Yy~ N(Oa 1) (4.2)

with initial state Xy ~ N(0,1). This model describes a pathological situation in which
the states are completely independent of their own past and of the observations, and
there are no static parameters. From (4.1-4.2), we have f(zi|z! ;) = dN(z|0,1) and
9(yelzy) = dN (y:]0,1). .

Consider in this setting the problem of recursively estimating the sample mean X; :=
(Xo+ X1 +...+ X;)/(t + 1), starting at Xy := Xg. Since X; = (tX; 1 + X;)/(t + 1) for
t > 1, we can construct a particle approximation for p(z;|y:.1) sequentially in time with
the output of Algorithm 3.6 as

P(Zelyre) == Zwt (dzy),

where each particle Z! also satisfies Z: = (tZ+ | 4+ 1) /(t + 1) for each time ¢ < 1, with
zy =} for all i = 1,..., N. For the practical implementation, both optimal importance
weights and optimal state proposal are available for this experiment as

A o w_yp(yelri_g) = wi_ip(ye) < wy_y  and (], ye) = p(a;) = dN (20, 1),

since from (4.1-4.2) we have X; L X, L Y; for all ¢,7,s (here U 1L V denotes inde-
pendence between the random variables U and V). The corresponding weight recursion
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(3.14) is therefore

wi_y dN (210, 1)dN (4]0, 1)
wi_, dN (4]0, 1)

7
t

= dN(yt‘O, 1) X 1,

given that dN (1|0, 1) does not vary with 7. After normalization, the importance weights
for the experiment are then uniform, i.e. w! = 1/N for all i and t.

Figure 4.1 contains kernel density estimates (solid blue lines) of (z¢, 1/N)Y, from
M = 50 independent runs of Algorithm 3.6 using N = 5,000 particles, for t = 500,
t = 2,500 and ¢t = 5,000, along with the true density (dashed black lines) p(Z|y1.+) =
p(z;) = dN (240, (t + 1)~!). The results on the left panel are based on the standard
multinomial resampling scheme and those on the right panel are based on the branching
algorithm of Crisan and Lyons (2002); see Section 3.2.2 for details.
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Figure 4.1: Independent SSM experiment (4.1-4.2): kernel density estimates (solid blue
lines) of (z¢,1/N)Y, based on M = 50 independent runs of Algorithm 3.6 and the true
density (dashed black lines) dA (40, (t + 1)7') at ¢ = 500, ¢ = 2,500 and ¢ = 5, 000.
The filters were run with N = 5,000 and multinomial (left column) and branching (right
column) resampling.

Naturally, at first we might attribute the poor performance of the filter in approximat-
ing p(7;|y1.¢) entirely to weight degeneracy. However, note that from 7} oc dN (3|0, 1) we
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have that w! = 1, given that the constant of proportionality is 1/p(y¢|y1.c—1) = 1/p(y;) =
1/dN (y)0,1). Since the weights are actually constant even before normalization, their
variance (conditional or otherwise) is always zero, which by definition (Kong et al., 1994)
implies that no weight degeneracy takes place in this experiment. In retrospect, this is
not surprising given that the importance sampling procedure here is itself not sequential,
given the serial and mutual independence between the states and observations.

Now, although the system defined here is not subject to weight degeneracy, it is
definitely still subject to path degeneracy, since each particle Zi_; is resampled at the
beginning of each step of the filter. Implicitly, this creates a dependence of Z¢ on T}, ,
for each ¢, and the sample impoverishment inherent when successively resampling the
latter ends up affecting the inference for the former.

A simple way to assess sample impoverishment is by looking at the fertility factors
(FFs) (Baker, 1987) of the offspring produced by a resample algorithm over time. The
FF is defined by

. #{distinct elements in (k)Y ,}
FF, = FF((A)Y,) = - :
P =FF(ODS) HODET
_ #{distinct elements in (k});L,}
= N )

where #{A} denotes the cardinality of set A. Naturally, since the number of distinct
elements is at least 1 and at most N, we have 1/N < FF, < N.

For this experiment, the resampling weights are given by A\i = 1/N for all 4,¢. Under
multinomial resampling, the probability that a fixed index j in {1,..., N} is not selected
is then equal to

(4.3)

. N 1\"
bl # i =1 ) = (1= = (1= 1)

from which we deduce that the probability of 7 indeed being selected is

- - 1\" 1

Therefore, FF; = 0.63 for large N, meaning that multinomial resampling does not select
approximately 37% of the values in the sample, leading over time to the poor performance
observed in Figure 4.1.

On the other hand, recall from Section 3.2.2 — more specifically (3.11) — that the
number of offspring 5{ produced by particle 7 in the tree-based branching algorithm of
Crisan and Lyons (2002) satisfies

= [V )\iJ with probability 1—{N A}
E L INM] + 1 with probability {NM}

where |-] is the floor operator and {z} := z — |x] is the non-integer part of x. Since
here NA] = N/N = 1 implies that [ NX/ | = 1 and therefore { NA/} = 0, we have that &
is degenerate at 1, i.e. each particle produces exactly one descendant in the branching
algorithm. As a result, we have (k;), = (i)Y, implying that FF, = 1 for all ¢. This
perfect diversity entirely avoids any sample impoverishment and ensuing path degeneracy;,
leading to the sample (z¢,1/N)N | being an actual exact draw from the true p(z!), as seen
in the right panel of Figure 4.1.
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In closing, we point out that although the need for more efficient resampling schemes
has long been recognized in the literature, systematic efforts to diagnose and mitigate
the ensuing path degeneracy from sample impoverishment associated with low-efficiency
resampling methods have not been made so far, at least to our knowledge. As pointed out
in the discussion accompaying the original experiment in Chopin et al. (2010), this path
degeneracy can significantly affect the inference based on any functional of the entire paths
(Xo.t, 00¢) that does not possess exponential forgetting properties (see Section 3.2.2), as
illustrated in this example and in the ones that follow.

4.2 AR(1) + Noise Model

For the next experiment, consider the state space model defined by

X, = ¢ X1 +V0.1U,, U, ~N(0,1) (4.4)
Y, = X; + oV, Vi ~ N(0,1) (4.5)
with priors
Xo ~ N(0,0.1), ¢~ Ul—1,1], o? ~1G(1/2,1/2),

where Ula, b] denotes a continuous uniform distribution on (a, b) and IG(c, d) denotes an
Inverse-Gamma distribution with shape ¢ and scale d. We also assume that X, I U; 1L V;
for all ¢, s, and that (U)o and (V)0 are serially independent.

The state space here is X = R := (—o00,+00) and the static parameter is § =
(¢,0?), taking values in © = (—1,1) x RT, where RT := (0,+00). Since equations
(4.4-4.5) describe a (Gaussian) autoregressive process (X;);>o of order 1 observed via
(Y:)r>0 with (Gaussian) noise oV;, the model is commonly referred to as the (Gaussian)
AR(1) + noise model. Here f(xi|zi |,0i ;) = dN (xi|¢g;_jx¢ 1,0.1) and g(y|z,6;_ ;) =
AN (s (02)i_y).

We reproduce here the specific configuration adopted by Kantas et al. (2015). By
taking ¢ = 0.5 and 02 = 1 as the true parameter values, we simulate a series of size
n = 5,000 of model (4.4-4.5) and then perform M = 50 independent runs of the LW
filter (Section 3.2.4.2) and the PL method (Section 3.2.4.6) using N = 10,000 particles.
For the LW filter implementation, we have used 6 = 0.99. Since the model is linear and
Gaussian, analytical expressions for both p(y;|x;—1) and p(z;|z¢—1,y:) can be obtained by
Proposition B.6.1 with G; = X; and F; = ¢.X;_1. Therefore, for the PL implementation,
the optimal importance weights and state proposal distribution are

/\i X wi_lp(yt|xi_1, Qi—l) = wz—ldN(gbi—lxi—lv (‘72)1—1 +0.1)

and

p<xt’$i7179§f1ayt) =dN <$t

0.1y + (72)1—1@—155%—1 (0%)iy - 0.1
(02)i_, +0.1 "(02)i_,+0.1)"
and the posterior distributions for ¢ and o2 given the states and observations are

p(¢|x0:t7y1:t> = d/\[[—1,1](¢fcflmt; 0.1- Cfl)

and
p(02|$o:t, yl:t) = d]G((72|at/2, bt/z)a
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where dNjqp(x|m, s*) denotes the density (evaluated at x) of a Gaussian random variable
truncated in the interval [a,b] with mean m and variance s?. The sufficient statistics for
this example are S; = (my, Cy, aq, by), satisfying the following recursions for ¢ > 1:

t—1

mt—ZXXJ 1= ZXX] 1+XtXt 1—mt1+XtXt 1,

Ct = Z 1—2 1+X21—Ot 1+Xt 1

at':1+t:1+(t—1)—|—1:at 1+1,

t—1
by —1+Z Yi— Xp)2 =14 (Yi— Xp)? + (Vi — X)? = by + (V; — X%,
k=1 k=1

with mg = Cy = 0 and ag = by = 1. Note that since the parameter space © is restricted,
we always work with transformed parameters ¢ = arctanh(¢) and &2 = log(c?) for the
LW method; see Section E.1 for more details.

Figure 4.2 contains the corresponding estimated marginal posteriors p(¢|y;.,) and
p(?|y1.n) for both LW and PL methods (based on multinomial resampling), along with
their exact counterparts computed using quadrature based on the likelihood obtained
from the Kalman filter (see section B.5) on a 100 x 100 equispaced grid. Although the
results for o2 using PL (bottom right panel) are reasonable, the results for ¢ and LW’s
results in general are not. Overall, the variability across different runs is simply too large
for the method’s performance to be acceptable.

On the other hand, Figure 4.3 contains the same estimated marginal posteriors p(¢|y1.,)
and p(02|y1.,), but now for the FALW and RPL methods. Here we also performed M = 50
independent runs for each filter with N = 10,000 particles, but resampled according to
the tree-based branching algorithm. The results for FALW and RPL are much more con-
sistent, with the estimated posteriors being not only much less variable across different
runs, but also closer to the true quadrature-based posterior.

As argued previously, we can attribute most of the difference in performance from
Figure 4.2 to Figure 4.3 to path degeneracy, since the only striking difference between
the methods for both figures lie in the choice of resampling method (although the specific
improvements that motivate us to propose FALW and RPL are also expected to mitigate
path degeneracy even further). Although this might be expected in the LW filter (as a
case of inefficient regularization, leading to the collapse of the static parameter paths),
at first the PL method should not be susceptible to this phenomenom, given that the
Gibbs sampling structure effectively marginalizes out past parameters and only relies on
information from the current and at most one previous step via S (St 1 T8y). As pointed
out in e.g. Andrieu et al. (2005), Chopin et al. (2010) and Kantas et al. (2015), however
(see also Section 3.2.2), the sufficient statistics are implicitly functions of the entire path
Xo.¢ and, without any exponential forgetting properties (since past statistics are only
resampled and do not have an associated transition law), in time they also collapse.

4.3 Nonlinear Seasonal Model

We now consider an experiment proposed by Andrieu et al. (2010). The model, which
we refer to simply as Nonlinear Seasonal Model (NLSM) was first introduced by Netto
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Figure 4.2: AR(1) + noise model (4.4-4.5): kernel density estimates (solid blue lines)
of the posterior distributions for ¢ and o2 based on M = 50 independent runs of the
LW filter (left column) and the PL method (right column). The filters were run with
N = 10,000 and the true parameter values are ¢ = 0.5 and 0> = 1. The black dashed
lines are quadrature-based estimates using the likelihood from the Kalman filter.

et al. (1978) and is widely popular as a toy example in the particle filter literature (see
e.g. Gordon et al., 1993; Kitagawa, 1987; Doucet et al., 2001; Cappé et al., 2005). It is
defined by

X X1
X = 2 1.2 ~ 1 4.
¢ 5 T 51+Xt2_1+8cos( t)+ovVi, Vi ~ N(0,1) (4.6)
X
with priors
Xo ~ N(0,5), ov ~1G(1/2,1/2), o? ~ 1G(1/2,1/2),

where (V;)i>o and (Wi)i>o are assumed to be mutually and serially independent, with
Xo 1L V; and X 1L W, for all t.
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Figure 4.3: AR(1) + noise model (4.4-4.5): kernel density estimates (solid blue lines)
of the posterior distributions for ¢ and o2 based on M = 50 independent runs of the
FALW filter (left column) and the RPL method (right column). The filters were run with
N = 10,000 and the true parameter values are ¢ = 0.5 and 0> = 1. The black dashed
lines are quadrature-based estimates using the likelihood from the Kalman filter.

The state space for the NLSM model is once again X = R, the static parameter vector
is 0 = (0%,0%,) and the parameter space is © = RT x RT. Here

i i Tiy Tia 2y
JACHE N —dN( 5 +Q5W+8COS(1-%),(%%—1>

g(yt|$zzsa 0 1) = dN(ytlwi, (0-12/1/%—1))'

For this experiment, we take o0& = 10 and o3, = 1 as the true parameter values,
simulate a series ¥1., with n = 500 and then perform M = 50 independent runs of the
smooth jittering method (Section 3.2.4.3, here denoted as FS) and the RPL method
(Section 3.2.4.9) using N = 50,000 particles. For comparison, we also fit a pMCMC
algorithm with N = 5,000 particles, branching resampling, Markov chain size M =
50,000, a burn-in of B = 10, 000, initial values (0% )¢ = (¢3,)o = 100 and a random walk
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proposal

_ (09)i ] |[(e¥)j=] [015 O
ool = ([ a] [ oo
for j=1,...,M + B, as in Andrieu et al. (2010).

Since full adaptation in model (4.6-4.7) is not possible, the original PL algorithm is
not feasible here. Moreover, given the the high signal-to-noise ratio 0% /o, = 10 and the
fact that by construction the observations in this model are not very informative (since
the state X, is only observed via its square), lookahead APF strategies are not efficient,
leading the usual LW filter to perform poorly. Therefore, design choices for RPL are the
same as for the FS method: SIR intermediate weights \! = w!_; and blind state proposal

q(xt|a~j%):t—17 96:1:—17 yl:t) = f(xt|a~ji—1v 0;-1)'
The posterior distributions for o and o3, for the Gibbs sampling steps of the RPL
method are given by

U\z/l(XO:tv Yl:t) ~ IG(at/Z, bt/2) and UI%I/‘(XO:ta Yl:t) ~ IG(bt/27 Ct/2)7
where the sufficient statistics S; = (ay, by, ¢, d;) satisty, for t > 1,

a:=1+t=1+t—-1)+1=a1+1,

t t—1
bei=1+ Z(Xk —F) =1+ Z<Yk —F)?+ (Y, = F)? = b + (Y - B,
k=1 k=1

=1+t=1+@t—-1)+1=¢_1+1,

k=1
t—1 2 2 2
X2 X2 X2
=1 Y, — =& y, -2t ) — 4. y, _ 2t
+;(’“ 20)+(t 20) ”+<t 20 )

with ag = by = co =dy =1 and F; := X;_1/2+25X;_1/(1+ X2 ;) +8cos(1.2t). Since the
parameter space © in this example is also restricted, we have to work with log-variances
5% = log(o?) and 63, = log(c?,) for the RPL and FS methods (see Section E.1), as
well as for pMCMC. For the latter, the transformation implies that the usual acceptance
probability of the pMCMC algorithm must be multiplied at each step j by the Jacobian

(09); - (of);
(0%)j-1 - (o )j-1
see Section E.2 for further details. All the methods are implemented using branching
resampling.

Figure 4.4 contains the estimated marginal posteriors for both 0% and o3, obtained
via smooth jittering (solid blue lines, left column), RPL (solid blue lines, right column)
and pMCMC (dashed lines, both columns). Taking the pMCMC estimates as the main
reference here, we can see that overall both smooth jittering and RPL methods perform
reasonably well, with the RPL estimates apparently having lower variance across runs
than those from FS. It is worth pointing out that the difference in complexity between
pMCMC and the SMC-based methods is striking: for an Intel® Core i7 CPU 860 running
at 2.80 GHz, pMCMC took 57,251 seconds (about 15 hours and 54 minutes) to complete,
while an average F'S run took 20.15 seconds and an RPL one took 27.59 seconds.

I
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4.4 Stochastic Volatility Model

For our last experiment, consider the discrete-time scalar-valued Stochastic Volatility

(SV) model (Taylor, 1982), defined by

X=Xy + 71U,

Y = oexp(X;/2)V;,

with priors

XO ~ N(O7 7_2)7

where N, p)(m, s?) denotes a normal distribution with mean m and variance s* truncated
in the interval [a, b], G(c,d) denotes a Gamma distribution with shape ¢ and rate d, i.e.

¢ ~ N_11)(0.95,0.05%),
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% ~ ((2,0.01),

Ut NN(Oa1)7
Vi ~ N(0,1),

o ~ LN(0,1),




with expectation c¢-d and LN (my, s?) denotes a Log-Normal distribution with log-mean
my, and log-variance s%. Here, once again (U;);>o and (V});>o are assumed to be serially
and mutually independent, and also independent of Xj.

The stochastic volatility model is a widely popular model in economics and finance,
having many different incarnations (Shephard, 2005). A particularly interesting motiva-
tion for this model is as the discretely-observed version (Fearnhead et al., 2008) of the
underlying diffusion

dX (1) = ¢X ()dt + TdBx(t),
dlog P(t) = o exp{ X (t)/2}dBy (¢),

where Y (t) = dlog P(t) is the increment of log-prices (referred to as log-returns) and
dBx(t) and dBy(t) are two independent standard Brownian motions (Doob, 1990).

The state space for the SV model is X = R, the static parameters are § = (¢, 7%0?)
and the parameter space is © = (—1,1) x RT x RT. Here we have f(zi|z! ,,0! |) =
AN (2] d) 1y, (72); 1) and g(yelat, 0;_y) = dN (4]0, (0%);_ exp(a(/2)).

For this experiment, we simulate a series of size n = 1,000 with true parameter values
¢ =10.97, 72 = 0.15% and 02 = ¢ 923, These values are based on the estimates of Dahlin
and Schon (2019) using a real time series of stock index prices. We perform M = 50
independent runs of the LW filter (Section 3.2.4.2) and the smooth jittering method
(Section 3.2.4.3, referred to here as FS) using N = 50,000 particles and, for comparison,
we fit a pMCMC algorithm similar to that of Dahlin and Schon (2019), but with N = 500
particles, a chain of size M = 50,000 and a burn-in of B = 50, 000.

For the burn-in period of the pMCMC, we adopt the Robust Adaptive Metropolis
algorithm of Vihola (2012) (see also Section A.4) with step size 1; = j72/3 (Vihola,
2012) and desired acceptance rate o, = 0.234 (Sherlock et al., 2015), starting with an
independent covariance matrix with diagonals equal to 0.1, 0.01 and 0.05 (Dahlin and
Schon, 2019). For the actual retained chain, we then use the resulting covariance matrix
Y.p of the burn-in period in a random walk metropolis of the form

0; ~N(0;-1,%5),

for j = B+1,..., B+ M. All the methods were implemented using branching resampling,
and due to parameter space restrictions we always work with ¢ = arctan(¢), ¥ = log(7?)
and 62 = log(c?); see Sections E.1 and E.2. The Jacobian of this transformation is

(1=¢7)-(r%); - (0?);
(1—- ?—1) : (7'2)1'—1 : (02)j—1 '

Figure 4.5 contains the estimated marginal posteriors for ¢, 72 and o2 obtained from
the LW filter (solid blue lines, left column), FS (solid blue lines, right column) and
pMCMC (dashed lines, both columns). Taking the pMCMC estimates again as the main
reference, both the LW filter and the smooth jittering method perform reasonably well,
with low variances across runs and similar posteriors to the one produced by pMCMC.
Overall, the LW posteriors seem to have lower variance across runs but those from the
FS method seem to agree more with the output from pMCMC. As far as complexity is
concerned, for an Intel® Core i7 CPU 860 running at 2.80 GHz, pMCMC took 19,979
seconds (about 5 hours and 33 minutes) to complete, while in average LW took 45.64
seconds and RPL took 34.97 seconds.
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Figure 4.5: SV model (4.8-4.9): kernel density estimates (solid blue lines) of the posterior
distributions for ¢, 72 and o2 based on M = 50 independent runs of the smooth jittering
method (left column) and the FS method (right column). The filters were run with
N = 50,000 and the true parameter values are ¢ = 0.97, 72 = 0.15> ~ 0.02 and 02 =
e 923 ~ (0.80. The black dashed lines are pMCMC estimates based on a chain of size
M = 50,000, burn-in of B = 50,000 and N = 500 particles.
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Chapter 5

Conclusions

In this thesis we introduced a novel framework for sequential parameter learning in
Hidden Markov models, shown to be capable of accommodating several other algorithms
found in the literature as special cases. A key feature of this framework is how we rein-
terpret regularization of past states and static parameters through the use of auxiliary
variables, essentially generalizing the approach of Pitt and Shephard (1999). As an exam-
ple of the flexibility allowed by our framework, we also developed three novel algorithms,
including an improved and fully-adapted version of the celebrated Liu and West filter.
This general framework is the main contribution of our work.

The other contribution we make to the literature is to further illustrate that the poor
performance of sequential parameter learning algorithms previously observed in certain
settings can mostly be attributed to the inherent path degeneracy in these methods,
building on the work of da Silva (2016). By exploring procedures that actively aim to
mitigate path degeneracy (such as more efficient resampling schemes and asymptotically
unbiased regularization methods), we consider a series of simulation-based numerical
experiments in which we attempt to show that once path degeneracy is properly assessed,
even classical parameter learning algorithms such as the “vanilla” Liu and West filter
can provide estimates that are compatible with state-of-the-art and more numerically
intensive methods such as particle Markov Chain Monte Carlo.

As a main avenue for future research, hopefully the formalism developed for the frame-
work proposed here will allow for a unified exploration of the theoretical properties of
general sequential parameter learning algorithms, while also allowing for a better under-
standing of the common features defining these methods. Such a development would be
crucial, since due to their apparent differences these techniques have only been tradition-
ally studied separate from one another.

A further promising avenue for future work would be to use the sequential parameter
learning techniques developed here in order to design more efficient proposals for particle
Markov Chain Monte Carlo methods, as done by e.g. Wood et al. (2014) and Fearnhead
and Meligkotsidou (2016). In principle this could yield powerful algorithms indeed, since
sequential parameter learning methods require no tuning and as shown in this thesis
they are good at exploring the global features of the posterior distributions of static
parameters.

As far as improving the methods explored in this thesis themselves, the theory of
Hamiltonian Monte Carlo (more specifically Langevin-type dynamics) could also be fruit-
fully applied within our framework in order to allow for even more efficient exploration
of parameter spaces. This would parallel the work of e.g. Dahlin et al. (2015) and
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Nemeth et al. (2016) on particle Markov Chain Monte Carlo methods but on a sequential
inference context. Other possible improvements include e.g. the adaptive importance
sampling method of Cornebise et al. (2008) and the hybrid particle filter algorithm of Pe-
tetin and Desbouvries (2013), which in principle could be readily adapted for performing
parameter inference.

Since the literature on parameter learning methods (both online and offline) is quite
extensive, we naturally omitted even popular methods from our presentation, such as
the Practical Filtering technique of Polson et al. (2008), the SMC? framework of Chopin
et al. (2013) and the Marginalized Resample-Move algorithm of Fulop and Li (2013).
Although none of these methods fit within our framework in their full generality, all of
them can certainly benefit from either the regularization or minimal variance resampling
techniques (or even both) advocated in our work.

In closing, note that here we avoided certain heuristics designed for mitigating path
degeneracy that although popular and insightful still do not have an established theoret-
ical background. Examples of these include tempering of importance weights (Liu et al.,
2001), resampling at random times according to arbitrary cutoffs (Doucet et al., 2000)
and annealing of importance distributions according to arbitrary schedules (Peters et al.,
2010). Exploring the theoretical properties and providing general practical guidelines for
these heuristics could also be important goals for future research, since they have already
been shown (see e.g. da Silva, 2016) to be quite effective in certain settings.
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Appendix A
Monte Carlo Methods

In this appendix we briefly introduce some notions about Monte Carlo methods which
are necessary for a complete understanding of the core material in this thesis. There are
several comprehensive references available on the general theory of Monte Carlo methods,
such as Asmussen and Glynn (2007), Liu (2008) and Robert and Casella (2004). In
particular, the material here is mostly inspired by Liu (2008).

A.1 Perfect Sampling

Let X be a random variable mapping the probability space (2, F,Pq) onto (X, B, P).
If we can generate N independent random copies of X, each denoted by X, a natural
estimator P for the probability that X € A for A € F is the proportion of X%’s in A,

that is,

1 N

PX € 4) =5 D dn(A), (A1)
where 2! € X is the realized value of each X', i.e. X%(w) = z* for a particular w € 0
and d,(A) denotes point mass/Dirac measure at the point a, i.e. 0,(A) =1 if a € A and
0a(A) =0 if a ¢ A. In particular, for the event [X < 2] :={w: X(w) <z}, x € R%, we
have

F(z)=P(X <)== 0.(X <), (A.2)

which is sometimes known as the empirical (cumulative) distribution function of the
sample (z°)Y,. Here, d, denotes the dimension of X, i.e. d, := dim(X).

Assume now that P is dominated by a suitable o-finite measure dx and let p := dP/dx
be its respective probability density. Then, by (A.2) we have



1 N
= ; 0y (dx), (A.3)

where 0,i(dx) := dd,i(X < x)/dx, i.e. the point mass of an increment in dx at the point
z'. We call p the Monte Carlo (MC) estimator of p.

Since p is essentially the mean of a random sample, it should have all the good
properties associated with this class of estimator. For example, p is unbiased. To see
this, given that by definition the X*’s are independent and identically distributed (iid)
to X, we have

Belp(X)) = 1 > Eeloxe(do)

_ 1oy, Ep[0x (dz)]

N
:/Xéx(dx)p(:v)da:
= p(X) (A4)

where p(X), dx(dx) and dxi(dx) are understood as functions of the random variables X
and X* themselves, rather than their realized values.

Another important property of p(z) is that it is the estimator with smallest variance
amongst the set of unbiased estimators for p(z). This is clearly seen if we note that each
dxi(dx) is a Bernoulli distributed random variable with probability of success p(X); we
then have that (dx:(dz))Y, forms a random sample from this distribution, which has as
its sufficient and complete statistic V- p(X). The Lehmann-Scheffé theorem (Shao, 2003,
p. 162) then establishes the desired result.

The estimator p also posesses good asymptotic properties. From (A.4) and by the
Strong Law of Large Numbers (SLLN), we have that p converges almost surely to p.
Also, since var(p) = p(1 — p)/N is always finite, by the Central Limit Theorem (CLT)
VN (p — p) converges in distribution to A'(0,p(1 —p)), where N (1, %) denotes a Normal
distribution with mean p and variance o2.

The CLT guarantees that convergence of p to p is O(N~'/2), which might be a de-
scouraging result whenever more precise approximations are readily available, such as
those based on numerical integration methods. However, most of these alternatives have
O(N%) complexity, a fact widely known in the literature as curse of dimensionality (see
e.g. Asmussen and Glynn, 2007, p. 264, Liu, 2008, p. 2 and Robert and Casella, 2004, p.
136.). Monte Carlo methods, on the other hand, do not suffer from this drawback, and
typically require only O(N) operations to be performed; they are therefore invaluable in
settings where the dimension of X is large.

Using Monte Carlo methods, we can also estimate the moments Ep[h(X)] of any B-
measurable and P-integrable function h of X. This is actually the most common setting
for presenting MC methods; the ”density-based” estimation approach taken so far is sim-
ply a convenient formalization. Since Ep[h(X)] = [, h(x)p(x)dz, the MC approximation
to this integral is obtained by simply replacing p with p, i.e. by computing the expectation
under P. More precisely,



(A.5)

2 |

where here we have used that [, h(x)d,(dz)dz = h(a), a property of Dirac measures
directly deduced from 8,(X) = 1. Clearly, Ep[h(X)] thus defined is an unbiased estimator
of Ep[h(X)]. Further, if the variance of h(X) under P, o7 := varp|[h(X)], is bounded, the
Strong Law of Large Numbers and the Central Limit Theorem also apply to Ep[h(X)],
with almost sure convergence to Ep[h(X)] and v N{Ep[h(X)] — Ep[h(X)]} converging in
distribution to N (Ep[h(X)], 03).

A.2 Importance Sampling

So far, we have assumed that we can produce N iid copies or particles X* from p'.
This is a situation which is typically known as perfect sampling, as per the title of the last
section. Assume now instead that we can no longer sample from p directly, but that we
can sample from another distribution Q such that Q dominates P (we write P > Q) and
which also has a probability density ¢ with respect to dr. A simple change of measure
allows us to express P(X € A) for any A € B in terms of Q as

P(X € A) :Ap(x)dx:A%p(az)dx:A%q(w)dx:[‘w(x)p(x)dx, (A.6)

where 7 := p/q is called the importance weight. Note that, since p/q = (dP/dz)/(dQ/dx) =
dP/dQ, by the Radon-Nikodym theorem this ratio is always well defined (7 is the Radon-
Nikodym derivative of P with respect to Q, which always exists since both measures are
finite and P is dominated by Q).

Now, let 7 := 7(z') = p(2')/q(x") and define w’ := 7'/ Zjvzl 7/, Analogous to (A.3),
our correspondmg importance sampling (IS) estimator of p is defined by

plx) = Z w's,i (dx). (A7)

The term ”importance weight” comes from the fact that 7 indeed represents the ”im-

portance”, i.e. relative probability, of each particle z¢. Since we draw from ¢ in order to
make inference about p, the usual terminology for these functions are the proposal and
target densities, respectively. To distinguish between 7 and w, we often use the terms un-
normalized and normalized importance weights. Note that by definition we have w® > 0

!Technically, samples are produced according to the law of X, which is P. However, since p is the
unique probability density associated to P, using them interchangeably whenever no confusion can be
made is common practice and simplifies the exposition.
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for all i and> SN wi = 2N «t/ Zjvzl 7/ =1, i.e. the sampled particles and associated
importance weights (%, w')Y, define a discrete probability distribution P on (X, B).

A subtle point we have omitted so far is that although in IS we no longer require
that direct sampling be made from p, we still assume that we can evaluate it pointwise.
An advantage of working with the estimator (A.7), however, is that we only need to
compute p up to a proportionality constant, since when computing w this constant is
eliminated. To elaborate on this point further, assume that 7 oc p(x?)/q(x?) so that
nt = Kp(a')/q(x?), where p represents the part of p that we can evaluate analytically.
Then

i ' Kp(a')/q(x") K pl)/a@) _ p(a)/q(")

w =

S S Kp(e) /() K S i) fq(er) S, plad) fa(ad)

i.e. we can still compute w’ using only the analytically available part of p (as long the
rest of it is not a function of 7).

Intuitively, the accuracy to which P approximates IP should be increasingly better as
N — +00, i.e. p should be a consistent estimator of p. To establish this, first note that
the expected value of 7 (under Q) is

px
Eg[n(X)] = / m(x)q(x)dx = / Qq(az)dm = / p(z)dr = 1. (A.8)
X x q() X
By the Weak Law of Large Numbers (SLLN), it follows that 7 := N~' S~ 7% converges
in probability (under P)® to 1. Similarly, noting that w' = 7'/ Zjvzl = N-'7%/7, by
(A.7) we also have

N N

p(z) = Z w6y (da) = Z Nﬂ il 6pi(dr) = 7-plr) = N! Zwiéxi(dx),

i=1 i=1

and, since under Q each 7'd,: has expected value equal to (remember that the X*’s are
iid)

Eg[r'0x:(dz)] :/Xﬂiéxi(dx)q(m)dx

_ / 22 5 (dw)g(w)de

q(z)
/Xp(x)éxi (dx)dx
Xp(m)éx(dx)dx
(X)7

I
S

2In order to ensure that the sum Zjvzl 7 is finite, it is enough that 7* be uniformly bounded for each
i. This is satisfied by simply adopting the convention 0 - co = 0, since by definition P > QQ means that
q(z) = 0 implies p(x) = 0 for any € X, which in turn implies that w(z) =0-1/0=0- 00 = 0.

3Remember that, since P < Q, convergence in probability under Q implies convergence in probability
under P.
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by the WLLN we have that 7 - p converges in probability under P to p*. Finally, by
Slutsky’s theorem (Shao, 2003, p. 60) and continuous mapping of the function z — 7
p=7/7-plx) =71 (7-p) converges in probability to 17! - p = p, as required.

Note that in deriving the consistency result we cannot directly apply the WLLN to
p, since it involves the ratio of random variables. This is actually an example of a more
general class of ratio estimators; see e.g. (Shao, 2003, p. 204). In particular, p is also
biased for finite V.

Another desirable property of the IS estimator is that it has an associated Central
Limit Theorem. Perhaps not surprisingly, the asymptotic distribution of p is the same as
the MC estimator (A.3) under perfect sampling, i.e. as N — 400 we have v/ N(p—p) —=¢
N(0,p(1 — p)). The proof in this case, however, is much more involved; see e.g. Geweke
(1989) for further details. Crucially, the O(N~1/2) rate of convergence of IS is the same as
in perfect sampling, and so is the O(N) complexity, with neither depending on dim(X’).

So far we have merely stated that under any Q > P the asymptotic behavior of p
is the same. However, the finite sample performance of the estimator depends a great
deal on the choice of proposal density. Heuristically, we want to choose ¢ as “close” to p
as possible, so that the variability of the weights are as small as possible. The following
proposition establishes what the optimal choice of proposal distribution is, i.e. which
choice of ¢ leads to the smallest variance of 7.

Proposition A.2.1. The proposal distribution q that minimizes the variance of the im-
portance weight T is q X p.

Proof. Since q  p is equivalent to ¢ = K - p, we have that

p(X) 1
Kp(X) K’

m(X) =

where once again m(X) is understood as a function of the random variable X. The
variance of 7 under Q is therefore given by

varg[m(X)] = Eo{[r(X)]*} — Eg[r(X)]

- [ e ]

-] -Gl

)
which is the minimum attainable variance for any random variable.
O

4Note that from the third to the fourth equations we have used the fact that under P the X*’s are
equal in distribution to X, which implies that

Ep[dyi(dz)] = Ep[dx (dz)] <— /Xp(x)5x7:(dx)dx:/Xp(a:)éx(dx)d:v.
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Although in most realistical situations we cannot sample from ¢ oc p directly, Propo-
sition A.2.1 provides theoretical justification for the heuristic presented above, i.e. that
g should be “as close” to p as possible. In light of this result, this heuristic can be
reinterpreted formally as choosing ¢ so as to maintain the importance weights as con-
stant /uniform as possible with as high a probability as possible, thus ensuring that the
variance of 7 is relatively small.

In closing this section, note that IS clearly generalizes the case of perfect sampling
by simply taking ¢ = p, which implies that 7* = 1 and therefore w’ = 1/N for each i.
Not surprisingly, it follows from Proposition A.2.1 that this is also the optimal choice
whenever possible.

A.3 Rao-Blackwellization

Rao-Blackwellization (Robert and Casella, 2004; Liu, 2008) is essentially based on the
reasoning that even when performing inference based on Monte Carlo simulation methods,
it is always beneficial to do as much analytical computation as possible. Although at first
this might seem like simple intuition, it can be formally proved to be true based on
the so-called Rao-Blackwell inequality (Corollary C.1.1). We will deal with the general
Importance Sampling case here (see Section A.2), and defer to a treatment using the
specialization of these ideas in the SMC context to Doucet et al. (2000).

First, assume perfect sampling conditions as in Section A.1. Suppose that we can
decompose our random variable of interest X ~ P into X = (X, X5), that our interest
lies in approximating Ep[h(X)] for a B-measurable and P-integrable function h and that
Ep[h(X)|X,] is known analytically.

Recall from Section A.1 that our estimator of Ep[h(X)] (sometimes referred to as a
histogram-based estimator) is given by

~

Bolh(X)] = i) (A.9)

and define the corresponding Rao-Blackwellized estimator Ep[h(X)] by

Bell(X)] = & D El()|Xa). (A.10)

It is easy to see that (A.9) is unbiased for Ep[h(X)], since it is an average of iid copies,
each with expectation Ep[h(X)]. For (A.10), we can apply the Law of Total Expectation
(Proposition C.1.1) to show that each term has expectation Ep{Ep[h(X)|X3]} = Ep[h(X)],
also yielding an unbiased estimator.

The difference between (A.9) and (A.10) thus lies in their efficiency; by applying the
Rao-Blackwell Inequality (Corollary C.1.1), we can conclude that, for each term in both
estimators,

vare[h(X?)] > varp {Ep[h(X")| X2}

and, since the copies are iid, this is clearly true for the estimators themselves as well.
Note that although the argument was derived here using moment-based estimators, the
same result holds for density-based estimation in general.

For the more general case of Importance Sampling, it is perhaps surprising that Rao-
Blackwellization does not always yield more efficient estimators (this has to do with the
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behavior of the normalized importance weights; see Liu 2008 for more details). It does,
however, always leads to less variable importance weights, as shown in the following
result.

Proposition A.3.1. Let X = (X1,X3) ~ P on the probability space (X,B,P) and
m(x) = p(x)/q(x), where X = X1 U Xy such that X, € Xy, Xy € &y, q(x) = dQ(x)/dx
and Q> P. Then

varg[m(X)] > varg[m (X1)], (A.11)

where (1) := p1(z1)/q1(x1), with py(z1) = fx x)dxe and g1 (1) = fX x)dxsy.

Proof. Let © = (x1,22) and qop(@2|21) = q(x1,22)/q1(x1) = q(x)/qi(21) be the con-
ditional proposal density of X, given X;. We can then write the marginal importance
weights 7 as

T
%=
fX ($1,$2 d$2
CJ1(1‘1)

_/ P($1,$2)Q2|1(I2|$1)d
= T
Xy (J1(SU1) (J2|1(9C2|371)

p(xlailfg)
- Ta|xy)dx
/"2 ql(x1)92\1(x2]:1:1)q2|1( 2| 1) d

~—

1, T
:/ %Q2|1($2|$1)d$2
Xy ql(ﬂfl)m

- /XQ Z%qml(%zlﬂﬁ)dx2
/X2 %%ll(ﬁlxl)d@
e
[ (X)X

Eq
Eq
Finally, by applying the Rao-Blackwell inequality (Corollary C.1.1), we have

varg[m(X)] > varg {Eq[m(X)[X1]},
as required. =

In the form of Proposition A.3.1, we can see that the Rao-Blackwellization technique
for obtaining more efficient weights in Importance Sampling is essentially a marginaliza-
tion procedure, where we can obtain a reduction in variance by integrating out unneces-
sary components in the importance weights. As explored by e.g. Liu and Chen (1998),
Doucet et al. (2000) and Carvalho et al. (2010) in the context of SMC methods, this type
of marginalization should always be implemented whenever possible, and in practice can
lead to substantial efficiency gains.

83



A.4 Markov Chain Monte Carlo

Markov Chain Monte Carlo (MCMC) can be considered a major cornerstone method
in Monte Carlo simulation, and is probably the most popular algorithm for estimating
untractable posterior distributions in the context of Bayesian inference. In this section
we will only touch upon what we believe are the most relevant aspects of MCMC to our
work. For general references regarding both theoretical and applied aspects of MCMC
algorithms, see e.g. Gamerman and Lopes (2006) and Liu (2008).

Essentially, MCMC algorithms rely on the construction of a Markov Chain with transi-
tion kernel Q(z'|z) designed to have as stationary density the target density p. Although
there are certain conditions (Doob, 1990) the Markov Chain needs to satisfy in order
to possess (and reach) this stationary density, perhaps the most important of them is
invariance, defined as

/X P(2)Q('|x)dz = p(a). (A12)

Regarding the choice of kernel, the most popular ones are the Gibbs and Metropolis
(or Metropolis-Hastings, MH) kernels. The Metropolis kernel is defined by a transition
function ¢(z'|z) and acceptance probability as

Q(z'|z) := q(a|x)a(a’|x), (A.13)
where (@ )a(zl2)
non o p(a)g(x|r
al@'|x) =1A @)D (A.14)

and x Ay := min(z,y).

Now, although we can directly check that the MH kernel satisfies the invariance prop-
erty (A.12), it is usually easier to check the stronger detailed balance condition, defined
by

p(@)Q(2'|x) = p(2)Q(x[2"). (A.15)
In general, a Markov Chain satifies detailed balance if and only if it is reversible, and
reversibility in turn implies invariance. For the MH kernel, we have

p(2)Q(2'|z) = p(x)q(2’|v)a(2’|z)
p(z)q(’|z) - {1 A p—(xl)Q(x‘x,)}

I
=
—~
S
S
—~

&\
=
~

>
=
2
=

&\
=



= p(2')Q(x[2"),

where in the above derivation we have used the symmetry of the minimum operator, i.e.
that z Ay = y Ax. This establishes that drawing from the MH kernel (A.13) always keeps
p invariant.

The so-called Metropolis-Hastings algorithm is simply a MCMC procedure based on
a Metropolis kernel. Starting with a draw xg from a prior distribution v, the Markov
Chain is updated until certain converge metrics are met (Robert and Casella, 2004). Since
the procedure does not start with draws from the posterior p (which we assume to be
impossible to sample from — this is the reason for using MCMC in the first place), assume
that we reach the invariant density p only after B iterations. B is therefore referred to
as the burn-in of the method, and since it is usually hard to determine analytically, in
general it is simply set to a suitable value for which the system appears to be stationary
(but see e.g. Gelman et al., 2013, for some caveats and pitfalls related to this approach).
Unlike perfect sampling (Section A.1) or even Importance Sampling (Section A.2), we
must therefore discard the samples obtained prior to reaching the burn-in period, i.e.
if the chain is run for B + M iterations, we only keep the last (z')}, sampled values.
The resulting set (z°), is a uniformly /equally weighted sample from p, albeit usually a
dependent one due to the sequential construction of the method. This entire process is
summarized in Algorithm A.1.

Algorithm A.1: Metropolis-Hastings Algorithm
Initialization
draw 2° ~ v(x)
set x < 2°

Main recursion
fori=1to B+ M do
draw 2’ ~ q(2'|z)
draw u ~ U[0, 1]
compute a(z'|x)
if u <= a(2'|z) then
set ' + 2
end
else
set 2’ + x
end
set © + 2

4 p@aele)
= 1A G

end

Within the class of MH kernels, an important subset are the so-called Random Walk
Metropolis (RWM) proposals. As their name implies, these consist of drawing new states
2’ from a distribution centered at z with arbitrary variance matrix 3, obeying a random
walk-type dynamic 2’ = z + %'/22, where z ~ iid (04, , I4,), 04, is a d, x 1 vector of zeros
and I, is the identity matrix of order d,. As a popular example, when z ~ N (04, , I4,)
the proposal is a Gaussian Random Walk Metropolis proposal, i.e.

q(2'|z) = dN (2'|z, X). (A.16)
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Although RWM proposals are very popular and usually provide good results (Sherlock
et al., 2010), in practice the scaling behavior of the algorithm (governed by X) can
be hard to tune. Motivated by this fact, there have been several modifications of the
“vanilla” RWM algorithm in order to allow for a scaling that is not only robust to outlying
fluctuations but also adapts to the movement of the chain. Amongst these, we highlight
the work of Vihola (2012), which introduced the so-called Robust Adaptive Metropolis
(RAM) Algorithm.

Essentially, RAM targets a certain desired acceptance rate a, € [0,1] and uses a
robust estimate of the variance matrix which is computed recursively. At iteration 7, we
sample z* ~ N(0g4,, I4,) and set

Tl = xz—l 4 Sz—lzz7

where S~ satisfies

Y= 8i(sHT = gt {Idz + ' la(z' 2"t — a*]w} (sHT, (A.17)

12
121l

12702 == ()2 +... + (25.)? = (2")"2" and (7);>1 D (0, 1] is a sequence of decreasing step
siz€s.

It is important to point out that although the variance matrix 3’ is computed recur-
sively, it is implicitly a function of the entire past of the chain. This inevitably implies
that even by adopting the MH rule (A.13) the corresponding kernel will not be invariant
nor reversible (and not even Markovian), which is certainly not desirable. However, if
we only update the variance matrix during the burn-in period, the resulting chain will
still have the correct stationary distribution p. If the burn-in period is long enough for
the variance matrix estimates to stabilize, we can therefore use £ in subsequent draws,
which typically ensure an acceptance rate of a, and an improved mixing of the chain
even without further adaptation (Vihola, 2012).

For a practical implementation of RAM, we usually do not evaluate ¥, since only
S is necessary for sampling from the corresponding proposal. Since we can compute S°
via a rank one Cholesky update or downdate (depending on the sign of [a(z|z" ™) — a.];
see Vihola 2012), the method is computationally efficient in practice. Starting from a
positive definite lower-diagonal matrix S,, the Gaussian version of RAM discussed here
is summarized in Algorithm A.2. Note that since the Gaussian kernel is symmetric, i.e.
q(xt|xt1) = g(z""!]x?), the acceptance probability a(z‘|z*~!) in the algorithm is not a
function of q.

Another widely popular class of kernels used for MCMC algorithms are the Gibbs
kernels, the choice of which results in a subclass of MCMC methods known as Gibbs
sampling algorithms. Essentially, Gibbs sampling is used whenever we know the complete
conditionals p(xg|xy,. .., Tk_1, Tk, .. .,2q,) for each k = 1,...,d,, which is frequently
the case in which we know the behavior of p only up to a global proportionality constant
for which evaluation is difficult or unfeasible.

An attractive property of Gibbs sampling is that it always leaves p invariant, regardless
of the order or even the schedule (i.e. deterministic or stochastic) chosen to update the
components. In order to establish this, suppose that the chain is at x* ~ p, where
x' = (af,..., 2} ) and let xf_k] = (af,..., 2}y, 2} ,..., 2 ) for k=1,... d,. Then,
by drawing

.~ planlx] ),
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Algorithm A.2: Gaussian Robust Adaptive Metropolis

Initialization
draw 2° ~ v(x)
set SV =3,
Main recursion
fori=1to B+ M do
draw 2* ~ dN (04, I4,)
compute ' = 771 + §i71y¢
draw u ~ U[0, 1]
p(y")

compute a(y'|z"1) =1A P CED)

if u <= a(y’|z"!) then

set 2t = ¢
end
else
set o¢ = 2!
end
compute S from S*(S)T = §i—1 {[dz + nifa(z')z7h) — .l IZI(ZII } (S=HT
end
we have (x Z+1|x ) Ao Xfik}, implying that their joint probability density under Q is
given by

dQ(Xk < J,‘k X[ K] < X[ }) B d@(Xk < x?ﬂ) dQ(X[_k] < Xf—k})

dztdxi_, drit! x|y ’

where X[_j) := (Xl, ooy X1, Xka1, - - -, Xa, ). Therefore, since the chain is at p and we
have sampled z}* from its complete condltlonal we have

dQ(Xy, < i) dQ(X_y < Xf_k])
drit! dxi_,

= play" x{_y)p(x{_1y)
(i xyy)

= p(zi", XE_@),
as required.

There are several variations of the “vanilla” Gibbs sampling discussed here in which
the structure of the problem at hand is usually exploited in order to obtain efficiency
gains; see e.g. Liu (2008) for various examples. Within the SMC context, there are
also methods which make use of Gibbs sampling steps in order to sample states and even
static parameters, such as e.g. Storvik’s filter (Section 3.2.4.5), Particle Learning (Section
3.2.4.6), Hybrid Liu and West filter with Particle Learning (Section 3.2.4.7), Regularized
Particle Learning (Section 3.2.4.9) and Hybrid Fully-Adapted Liu and West filter with
Regularized Particle Learning (Section 3.2.4.10). All these methods thus possess the
attractive property of leaving the posterior for the static parameters p(6|y;.) invariant
at each step. For completeness, the vanilla Gibbs sampling method discussed here is
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summarized in Algorithm A.3. Regarding computational efficiency, another attractive
feature of Gibbs sampling in practice is the absence of a rejection sampling step as in
MH.

Algorithm A.3: Vanilla Gibbs Sampler
Initialization
draw 2° ~ v(z)
set © + 2

Main recursion
fori=1to B+ M do
for Kk =1 to d, do
draw z), ~ p(zk|2], .. T 1 Thgts - -+ Ta,)
end
set ' +—
set x — '
end
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Appendix B

Linear and Gaussian Hidden Markov
Models

Let (X, Y:)i>0 be an HMM defined by

Xt - AXt,1 + RUt, Ut [ad J\[(O7 [dz>, (Bl)
Y; = BX, + SV, Vi ~ N(0,14,), (B.2)

where (U)o and (V)0 are serially and mutually independent sequences which are also
independent of X, ~ N(X,,%,). Here, d, := dim(X;), d, := dim(Y;), X = R% and
Y =R%. The matrices A and R are (d, x d,), B is (d, X d,) and S is (d, x d,).

The model (B.1-B.2) is an important and recurrent type of HMM throughout the
literature due to the fact that its filtering, prediction and smoothing distributions can
all be computed exactly. These so-called linear and Gaussian Hidden Markov Models
therefore provide us with a natural benchmark for which to test our methods against.

In this appendix we derive the corresponding analytical expressions for the distribu-
tions of X;|Y1., Xi|Y1..—1 and X;|Y7.,, as well as expressions for the likelihood p(y;.,) and
even discuss approximation of the posterior distribution p(6|y;.,) via numerical integra-
tion. Although the notation here draws heavily on Cappé et al. (2005), our exposition
is considerably simpler, and is inspired mostly by Petris (2009). Since throughout this
entire chapter we only take expectations, variances and covariances with respect to P, we
write simply [E, cov and var to denote Ep, covp and varp, respectively.

B.1 The Regression Lemma

Before we move on to compute the filtering, prediction and smoothing state distribu-
tions of the linear and Gaussian HMM, we need to first prove an auxiliary result. Due
to its importance in the theory of linear regression and more generally in multivariate
statistics (Anderson, 2003), this result is sometimes known in the time series literature
simply as the regression lemma (Durbin and Koopman, 2012).

Lemma B.1.1 (Regression Lemma). Let X ~ N (pg, Xp2) and Y ~ N(py, Zy,) be

jointly distributed as
X 1 Yoz X
() ])
[Y] [0 R RN (B3)
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where 3, = cov(X,Y) and X, is nonsingular. The conditional distribution of X given

Y is therefore given by
X‘Y ~ N(ﬂzh}a E:p\y)> (B4)

where
Haly = Mz + Exy2;; (y - My)» Eac|y = Yigr — Exyzgylzgy

Proof. Let F' = (X,Y) and denote by pup and X its corresponding mean vector and
covariance matrix given in (B.3). We can then write

p(z,y)
p(y)

() 02 det(5) V7 exp { = H(F = ur) S (F - )

p(zly) =

(2m) =% /2 det(X,,) /2 exp { — %(y — )T Ny — ,uy)}

— (2m) /2 {%gi))} =

e { = [P = S P = ) = 0= )50 - )]

Now, for a generic (2 x 2) block matrix E such that

A B
7=le 5]

it can be proved (Lu and Shiou, 2002) that, if D is nonsingular, the determinant of F is
given by

det(E) = det ( [é g] ) = det(D) - det(A — BD™'C). (B.5)
Further, if both D and (A — BD~'C') are nonsingular, the inverse of F is
L[4 B
E=lo
- (A—BD'C)! —(A—-BD'C)"'BD™! (B.6)
—D7'C(A-BD'C)™' D+ D 'C(A-BD'C)"'BD™". '

Therefore, we can use (B.5) to rewrite the determinant of ¥ as

sz Ea: —15T
det(Sp) = det ( {zfy zyﬂ ) = det (3, ) - det (Sew — 3, %, 51, ),

which implies that the ratio det(Xr)/det(X,,) appearing in the expression for p(z|y)
above is equal to
det(Zp) det(X,,) - det(X,, — ExyEyjilfy)
det(3y,) det(Xyy)

= det(Ser — Bay Sy, B1,) = det(Sy),

where here we define X, := X, — EWE;; Egy.
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On the other hand, (B.6) implies that we can rewrite the inverse of X5 as

-1

[T T
271 — T Ty
F _Egy Eyy
_ SE?—nyzy—;zfy)l—lT 1 —(21 3 -3, Ey—;zgy)—llz;yzly—; 1
=25l (Bar — By Ty B2) 7 By + SIS (B0 — Say Xy 5L ) I8, Ty,
X R 2 Yy ]
R 2D P DD YW b I lzzyzmz S

Using this block inverse expression for X', we can expand the quadratic form (F —
) S (F — i) as

T 1 1 1
— DI =X ey, —
_ = zly zly T = Ha
F— up)S7t (F — pp) = [ l } [ }
( F)XE ( F) Y — Iy > 125@/2@1/ Yy + 27 12;{1/2:0';2 E Y — [y

= (v — p1z) "5, (= pro)+
—(y = ) "8 B0, 5 (7 — )+
— (= )2 Sy B (Y — 1)+
+(y — ﬂy)T(Zyy + X, 1E§y2x|yz Xy, )(?J — Hy)
= (v — 1) "85, (@ — o)+
[Zzyzyy y— My)} 2;&,( — fig)+
— (v — ) oy By Sy (4 — h1)]+
[Ewy yy (v — F‘y)] Ea:|y [E Eyy (y — My)]
+ (Y = 1) 2y (Y — p1y)
= (2 — o) T8 (& — o)+
=2z — p12) " S, [Bay gy (v — )]+
(ST (0 — )] Ty (BT (0 — )]+
+ (5 = 1) 2y (Y — 1)
=Tyt T~ 2:JcTZ e + 1, Zx‘y,ux—i—
— 2275 [Say By (v — )] + 26755 [Say X0y (v — )]+
+ (B Zy  — 1)) S [San S (0 — 1))+
+ (= 1) (Y — 1)
= TZW:JH—
= 20, 5, [#e + Ty Ty (¥ — h1y)] +
+ ,uTEm
+ 2/“‘sz\y [Zmyz (Y My)}‘i‘
+ (S (9 — 1)) S (BT (0 — )] +
+ (5= 1) (v — 1)
T+

_|_

= 'yt
aly’
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- 29052;1 [:ux + Zwyzg;yl (y— Ny)} +

ly
_ T _
+ (e + S0y 20y (v — )] S5, e+ By Dy (y — )]+
+ (v — Ny)TEyy(y — Hy)
= (z— Mcvly)TE;\ly(x — Haly) + (v — Ny)TEyy(y — Hy),

where fip)y = ple + Yo%, (y — py). This in turn implies that the difference (F —
pe) 7 (F — ) — (v — )8, (y — ) is then simply

(@ = traly) TS (= taly) + (= 1) Dy (Y = 1) = (v = 11) iy (y — 114,

which is clearly equal to (z — ,ux‘y)TZ;‘;(m — figly)-
Combinining all these results, we can finally rewrite the corresponding expression for
p(zly) as

plaly) = (m) 2 4Z)
- exp { - % [(F — pp) " SE(F = pp) — (y — 1) 5, (y — uy)] }
= (2m) "%/ det<2w|y)71/2 exp { - %(m - :uz\y)TE;\;(x - valy)}’

which is the density of a normally distributed variable with mean vector ., and variance
matrix Y., as required.

]

Note that in the above proof we have extensively used that the transpose of a product
is given by the product of the transposes in the reverse order, i.e. (AB)T = BTAT.
Another property we have used is that a quadratic form can be equivalently written either
as 2T Aw or w! ATz, since the end result is a scalar (which is, by definition, symmetric).
This is also equal to w” Az for a symmetric matrix A, which is clearly true for Z;ﬁ/

and its inverse, given that Egly = (Bae — BgyX, 21" = X1, — (Z1)7(%,,) 8L, =
Yigw — ZwZ;ylZgy = Y,y (both ¥;, and ¥, are symmetric, and if a matrix is symmetric,
the same holds true for its inverse). Another result deduced from 27 Aw = w” Az and
that we have also extensively used is the association formula for symmetric quadratic

forms (z — w)TA(z — w) = 2T Az — 227 Aw + w” Aw.

B.2 Kalman Filtering and Prediction

Let (X, Y:)i>0 be given by (B.1-B.2). In this section we consider the problem of
computing the filtered law X;|Y7.;, resulting into a celebrated algorithm widely known as
the Kalman filter (Kalman, 1960). As a direct byproduct of this procedure, the analytical
expression for the prediction distribution X;|Y7,_1 can also be obtained.

The Kalman filter is essentially an efficient sequential procedure to compute the mean
and variance of X;|Y1,, which then completely characterizes its distribution (Gaussian
laws are almost-surely determined by their first and second moments). Hereafter, we let
Xy)j = E(Xg|Y1,j) and 3yj; := var(X,|Yi,;) for integers & and j to simplify notation.
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Assume that at time ¢ — 1 we have already computed X;_;—; and ¥;_;;_;. From
Xy = AX,_1 + RU,, it follows that the one-step-ahead prediction state mean X;,_; is
then given by

Xt\tfl L= E(Xt’Yl:t—l)
=E(AX;_1 + RU|Y1:—1)
= AE(X;1|[Y14-1) + RE(U|Y1:4-1)
= AX; -1,

since Uy L Yy, 1 implies E(U;|Y1..—1) = E(U;) = 0. Likewise, the one-step-ahead predic-
tion state variance Y;_ is

Sije—1 = var(Xy|Yi.—1)
= var(AX; 1 + RU|Y1.4-1)
= var(AX; 1|Yi.—1) + var(RU|Yi.1) + 2cov(AX; 1, RU|Yi.1)
= Avar(Xt,l‘Yl:t,l)AT + Rvar(Ut’Ym—l)RT + O(dy xda)
— A% AT + RRT,

since Uy L Yy,4—1 implies var(U;|Y1.4—1) = var(U;) = I, and X;_1|Y1.4—1 L Uy|Y1.4—1 implies
that their covariance is a (d, x d,) zero matrix, i.e. cov(X¢_1,U|Yi:i—1) = Oa, xdy)-

Now, consider the one-step-ahead prediction mean and variance of the observation Y,
given Yy, 1. From Y; = BX; + SV;, we have

E(Y;|Y14-1) = E(BX; 4+ SVi|Yi:—1) = BE(Xy Y1) + SE(V3|Yii—1) = BXyje-1,
since V; L Y7, 1 implies E(V;|Y1,_1) = E(V;) = 0. The corresponding variance matrix is

var(Y;|[Yis—1) = var(BX; + SVy[Y1.4-1)
= var(BXy|Y1.4-1) + var(SV|Yi4—1) + 2cov(BXy, SVi|Yi.-1)
= Bvar(X;|Yi4-1)B" + Svar(V;|Y1.4—1)S™ + 0(4,xa,)
= BY; 1,1 BT + 55T,

since V; AL Yi,—; implies var(V;|Y1,—1) = var(V;) = Iy, and X;|Y1,—1 L V;|Y1,—; implies
that their covariance is a (d, x d,) matrix of zeroes, i.e. cov(X;_1, V;|Yi:i—1) = O, xd,)-

Finally, consider the covariance between these one-step-ahead state and observation
predictions, i.e. between X;|Y1, 1 and Y;|Y7,, 1. It is given by

cov(X¢, Yy Yii—1) = cov(Xy, BXy + SV, Yi—1)
= cov(Xy, BXy|Y14-1) + cov(Xy, SVi|Y14-1)
= Sye-1B” + Od, xa,)
= Et|tleT7

since we again have that X;|Y7,_1 1L V;|Y1; 1 implies that their covariance is the zero
(dy x d,) matrix O(g,xq,)- Note that the covariance between Y;|Y;,_; and X;|Yi,_; is
simply the transpose of cov(Xy, ;| X1.,—1), which is given by BY;,_;.

Given that the sigma-algebra generated by Yi., clearly contains that of Yj., i, i.e.
o(Y14) D o(Y14-1), we have that the conditional distribution of X;|Y}.,—1 given Y;|Yi, 1 is
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the filtering distribution, i.e. (X¢|Y141)|(Y:|Y1.4-1) = X;|Y1.. Since the joint distribution
(see Remark B.2.1 below) of X;|Y}.,_1 and Y;|Y},_ is given by

(e s, )
Yil Y1 BXy—1| | BSy—1 By BT+ SST| )
by Lemma B.1.1 we have that the filtering distribution is Gaussian with mean
Xy = B(X| Vi) = Xyt + o1 BT (BZye 1 BT + SST) 7 (Y, — BXyy 1)
and variance
Sip = var(X| Vi) = Sy — Sy 1 BT (BSy, 1 BT + 557) T By, .

Remark B.2.1. To use Lemma B.1.1, we additionally need to prove that X;|Y7,; 1 and
Y;|Y1..-1 are jointly Gaussian, which is in general a sufficient but not a necessary condition
for them to be marginally Gaussian.

By directly rewriting the joint density of X;|Y1,_1 and Y;|Y1.,—1 as

p(l't; yt|y1:t71> = p(yt\xt, yl:t71>p(xt’y1:t71) = g(yt|xt)p(:vt\y1;t71),

we then simply have to show that X;|Y;.—1 is Gaussian, since g(y:|z;) is Gaussian by
definition, and the product of two Gaussian densities is also Gaussian (note that the last
equality above follows from the fact that Y; is almost surely determined by X;).

We have

P(l’t’ylzt1):/p(17t7i17t1’y1:t1)d37t1
X
:/p(l’t|$t—1,yl:t—1)p($t—1|y1:t—1)d$t—1
X
:/ f($t|$t—1)P($t—1|y1:t—1)d$t—1,
X

which establishes that X;|Y;.—1 is a convolution of the Gaussian densities f(x¢|z:—1)
and p(x—1|y14—1) (the latter follows from induction), which is once again Gaussian, as
required.

It is usual (see e.g. Durbin and Koopman, 2012; Cappé et al., 2005; Petris, 2009)
to restate the above result in terms of the one-step-ahead observation prediction error
€ =Y, —E(Y3|Yi4—1) = Vi — BXy—1. Given Yi4_y, the mean of ¢ is clearly zero and its
variance is the same as that of Y;|Y;,,_1. Defining this variance by I';, and also defining
the so-called Kalman gain by K; := Zt‘t_lBTF n 1 we can collectively restate the entire
sequential procedure as

Xijp—1 = AXyqpe—1, (B.7)
Sijp—1 = AS_11 AT + RRT, (B.8)
e =Y, — BXy1, (B.9)

Iy = BYy 1 BT + 557, (B.10)

K, =Y. BT 1, (B.11)
Xie = Xyp—1 + Kaey, (B.12)
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Vi = L1 — KBy (B.13)

Equations (B.7-B.8) are sometimes known as the Kalman prediction equations, whereas
equations (B.9-B.13) are the Kalman filtering equations. Note that we can completely
restate the filtering set of equations without the prediction part by simply replacing the
appropriate expressions for Xy, and Xy;_; given in (B.7-B.8) in (B.9-B.13).

We initialize the recursion with Xgo := X, and X := ¥, which are typically set to
the mean and variance of Xy3. The entire Kalman filtering procedure is summarized in
Algorithm B.1.

Algorithm B.1: Kalman Filter

Initialization
set X0|0 = Xz/
set 20|0 = EV

compute X = AX,

compute X = A, AT + RRT
compute €; =Y} — BXy|g
compute I'y = By 0BT + S5
compute K1 = Zl‘oBTrfl
compute X3 = Xqjo + Ki€;
compute X3 = X9 — K1BYq)

Main recursion
for t = 2 to n do
compute X1 = AX; 11
compute Xy = AEt_”t_lAT + RR"
compute ¢ = Y; — BXy;_1
compute I';y = BY,;_1 BT + SST
compute K; = Sy, BTT;!
compute Xy = X1 + K€y
compute Xy = Yy — KBy
end

B.3 Forward-Filtering, Backward-Sampling

Before computing the smoothing distributions X;|Y;., of linear and Gaussian models,
we first derive a recursive method for sampling from these distributions, known as the
Forward-Filtering, Backward-sampling (FFBS) algorithm. The FFBS is an invaluable in-
gredient when performing Bayesian inference for model (B.1-B.2), and was proposed inde-
pendently by Carter and Kohn (1994), Frihwirth-Schnatter (1994) and Shephard (1994).
Algorithms which have as their main goal to produce draws from the joint smoothing
distribution Xo.,|Y1., (rather than computing it analytically), are usually referred to as
simulation smoothers.

The FFBS algorithm relies on the backward smoothing recursion

p(-rO:n’yl:n) = p(xoyxl:na yl:n) e p($n|y1n)
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n

- Hp(xk|'rk+1:n7y1:n)a (B14)
k=0

which suggests filtering up to X,,|Y1., and then sampling backwards X,,—1[(Xp, Yi.n), - - -,
Xo|(X1:n, Y1.n); hence the name. Now, each term p(xg|Tki1.m, Y1) is equivalent to

p<xk7 Tit1:m, yl:ﬂ)
p(karl:m yl:n)
. p(yk+1:n|$k7 Tht1:m, ylzk)p($k+2zn|$k, Th41, y1:k)p($k|$k+1, y1:k)p($k+17 y1:k)
B Pkt tenls Thoptins Y1k)P(Thr2en | Ths 1, Y1a) P(Thos1, Y1k)
= p(Tk|Trt1, Y1k), (B.15)

p<xk"xk+l:na yl:n) =

since from (1.2) and item (iii) of Proposition 1.1.1 comes

n

p(yk+1;n|$k,$k+1;my1:k) = p(yk+1;n|xk+1;my1;k) = H g(yj|xj)
j=k+1

and from item (ii) of Proposition 1.1.1 comes

P($k+2:n|93k, Tht1, yl:k) = p($n|SBk+2:n—1, Ty Tht1, yl:k) e 'p($k+2|$k, Tp41, ylzk)
= 1] rejlai)
j=k+2
= p<xk+2:n‘xk+la yl:k)-
Having established that X;|(X;y1, Y1) =% X;|(Xi41, Yii), recall from Section B.2 that
Xi| Vi ~ N(Xt\t, Yift) XY ~ N(AXt|t> Aztu,AT + RRT)-
On the other hand, from (B.1) we can deduce that
cov(Xy, Xi41[Y14) = cov(Xy, AX; + RU|Y1y)

COV(Xt, AXtD/l:t) + COV(Xt, RUtD/l:t)

cov(Xy, Xi| Y1) AT + cov(X,, U Y1) RT

= Val"(Xt|Yl:t)AT + 04, xa, BT

= Zt\tAT7

since by assumption cov(Xy, U;|Y14) = 0. Therefore, the joint distribution of X;|Y;.,; and
Xi41|Y14 is given by

Xi| Y1 ~ N Xyje Yt Zt|tAT
Xir1|Y1a AXy| 7 | ASy, A2t|tAT+RRT '

which, by Lemma B.1.1 and (B.15) implies that X;|(X;11.n, Y1.n) is Gaussian with mean
XFFBS = Xt|t —|— Et‘tAT<AZt‘tAT + RRT)71<Xt+1 — AXt|t> <B16)

tin

and variance

Sy S 1= Sy — B AT (AS, AT + RRT)TTASy,. (B.17)
Starting with X, |Y1.,,, the complete FFBS procedure for producing a draw from Xg.,|Y7.,
is summarized in Algorithm B.2.
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Algorithm B.2: Forward-Filtering, Backward-Sampling

Initialization

draw X, Y1 ~ N (Xpjn, Znjn)

Backward recursion
for t = n-1 to 0 do
compute X} = Xy, + %,, AT(AS, AT + RRT) " (X1 — AXyp)

t|n
Compute EESBS = Zt‘t — EﬂtAT(AEﬂtAT + RRT)ilAEﬂt
draw 2,|(X1p 1 Yiny) ~ A'(XEFES, SFFES)
end

B.4 Kalman Smoothing

We finish our discussion of Kalman-filter based techniques with the so-called Kalman
smoothing algorithm, which is the forward-backward smoother for linear and Gaussian

models.
Recall from Section B.3 that Xi|(Xiy1, Yim) ~ ./\/'()(tF|5BS7 YEFBS) " where XﬁgBS and

t|n

Sin S are given in (B.16) and (B.17), respectively. Since X;|(X;11, Y1) is a function

of Xy11, it turns out that deriving the distribution of X;|Y7., from X;|(X;11, Y1) is as
simple as using the Law of Total Expectation (Proposition C.1.1) and the Law of Total
Variance (Proposition C.1.2) in order to obtain the corresponding mean and variances,
since Gaussian distributions are completely determined by their first two moments.

For the mean Xy, := E(X;|Y1.,), by applying Proposition C.1.1 we obtain

Xipn = E[E(X¢| Xi41, Vi) Vi
=E[ Xy + S AT (AS, AT + RRT) 7N (X1 — AXy) Vi)
= Xy + S AT (ASy AT + RRT) " HE(X 41| Yim) — AXopr)
= Xy + S AT (ASy AT + RRY) N ( Xpapn — AXopr). (B.18)

As for the variance Y, := var(Xy|Yi.,), let M, = (AZt‘tAT + RRT)~L. Then, by Propo-
sition C.1.2,

Yy, = var []E(Xt|Xt+1, Y1:n)|Y1:n] + E[var(Xt|Xt+1, Y1:n)|Y1:,J

= var| Xy, + Sy AT (ASy AT + RRT) N (X1 — AXyy)| Vi) +
+ E[S; — Sy AT (ASy AT + RRT) A Vi,

= var [ Xy, + Sy AT My( X1 — AXyye)| Vi) +
+ Sy — Sy AT My ASy,

= Val"[(fdm - Et\tATMtA)Xﬂt + Zt|tATMtXt+1|}/i:n}

= var[(lg, — Sy AT MA) Xy | Vi ]+
+ var [EtltATMtXtJrl ‘len] +
+ 2cov [Idz - Zt\tATMtA)Xﬂta Et|tATMtXt+1‘Y1:n] +
+ Xy — Zt\tATMtAzﬂt

= 0g, xd, + Sy AT Myvar(Xy1]Y1) M Syp A + 04, a, +
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+ X — Zt\tATMtAEﬂt
= Zt\t - EﬂtATMtAEﬂt + Zt|tATMtZt+1‘thZt|tA7 (Blg)

where in the above derivation we have used that var(Xy;|Y1.,) = Og, x4, (since Xy, is a
constant with respect to Y1.,) and by the same reason cov(X, Xi11) = 04, xq,. We have
also used that M = M, (i.e. that M, is a symmetric matrix), which can be readily
verified from its definition. The forward-backward smoothing procedure derived here is
summarized in Algorithm B.3.

Algorithm B.3: Kalman Smoothing

Backward recursion
for t = n-1 to 0 do

compute Xy, = Xyp + Sep AT My( X1 — AXopr)

Compute Eﬂn = Eﬂt — EtHATMtAZt‘t + Et|tATMt2t+1|thEt|tA
end

B.5 Quadrature-based Estimates of Posterior Densi-
ties

Whenever we are dealing with linear and Gaussian HMMs with static parameters of
a relatively small dimension dy, we might wish to approximate the posterior distribution
of 0 given Y1., = y;., directly via numerical integration (also known as quadrature-based)
methods (Asmussen and Glynn, 2007). This is done e.g. for the AR(1) + noise model in
Section 4.2 to provide a “true” distribution for benchmarking our sequential parameter
learning algorithms.

In order to compute a quadrature-based estimate of the posterior for a linear and
Gaussian HMM (B.1-B.2), we first decompose

P, y1:n) _ PWrnl)p(0) _ p(yrn|0)p(0)
P(Y1:n) P(Y1:n) Jo P(y1:n|0)p(0)d6’

where the last equality follows from Bayes’ theorem. Although in general we cannot com-
pute the integral [o p(y1:n|0)p(0)d6 even under the linearity and normality assumptions,
we can indeed compute the prior p(f) (by assumption) and the likelihood p(y;.,|0).

To show how the likelihood p(y;.,|6) can be routinely obtained as a byproduct of
the Kalman Filter (Algorithm B.1), recall from Section B.2 that the one-step-ahead
observation prediction satifies

p(‘glyln) =

(B.20)

E(Y;|Yi4-1) = BXyi and Iy == var(Y;|[Vi4-1) = BSy 1 BT + SST.

Now, since Y; is Gaussian for each ¢, we have that Y7, 1 and Y;|Y7,_; are also Gaussian
(see Remark B.2.1). Therefore, the one-step-ahead observation predictive density is

p(ytlyl:H, 9) = dN(yt‘BXﬂt—l; Ft)- (B-Ql)
Finally, by (B.21) applying a predictive decomposition to p(y;.,|6) then yields

P(yralf) = p(y110) Hp Yilyr:-1)
t=2
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n

= dN(yllBXHOJ Fl) H dN(yt|BXt‘t_1, Ft)

t=2
n

= H dN(?/tlBXﬂt—l, Ft) (B22)

t=1

Naturaly, the static parameters 6 are typically included in model (B.1-B.2) as a part of
the matrices/vectors A, B, R, S, X, and ¥,,.

In possession of a pointwise estimate of the likelihood for any value of 6 given the
observations Yi., = y1.,, we can also compute the integrand in fe P(y1.|0)p(6)dl for any
value of . This means that we can approximate this integral with

J1 Jag
ﬁ(yl:n) = Z e Z p(yl:n|91,j1a s 79d9,jd9)'
n=l  jay=1

’ p(917j17 cee 79d67jd9)A917j1 T Aed@mjdg’ (B.23)

where in the expression above we sum over all values j, of the kth component of 6
(denoted 6 ;. ), jx = 1,...,Jy and k = 1,...,dy. Although there are several quadrature
rules we can choose from to specify the values 6y ; and increments A6y ;, (Asmussen
and Glynn, 2007), the simplest and most popular method is to choose an equispaced
grid and the midpoint rule, i.e. to let 0,1 = ay, 0y, = by for ai < by and take 0 ; =
ap+(bg—ay)-1/Ji, and Al j, = Ok ;,— 0k j,_,, L =2, ..., Jy_1. This corresponds to a certain
type of Riemannian sum, which under general conditions can be shown to converge to
p(Y1.n) as each ap — —o0, by — o0 and J, — +00; see e.g. Bartle (1976).

In closing, our quadrature-based pointwise estimate of the posterior p(6|y1.,) is thus

given by
) P(Y1:n|0)p(0)
pOyim) = ————
( |y1 ) P(?ﬂ:n)

for each value of 6, with p(yy.,) defined in (B.23). Note that for numerical stability we
usually work with the estimate of the log-posterior, log p(0|y1.,), although in this case we
additionally have to deal with a log-sum of exponentials (see Section E.3). Typically, we
evaluate the posterior (B.24) over the same interval used for computing (B.23).

(B.24)

B.6 Optimal Proposal Distributions

We now discuss how to compute the optimal importance weights p(y;|z;—1) and opti-
mal state proposal distribution p(z;|z;_1,¥:) in a scalar-valued linear Gaussian HMM.

Proposition B.6.1. Let (X4, Y;)i>0 be an HMM defined by

G, = F + 1U;4, ntNN(07T2)7
Y, =G, + oV, e ~ N(0,0%),

where Gy := G(X3) and F; :== F(X;_1) are (possibly nonlinear) functions of X; (G is also
assumed to be invertible), Xo L (€;)i>0 L (Mt)t>0, dw = dy =1 and G(X) =R. Then

p(ye|zi—1) = AN (| Fy, 0% + 72). (B.25)
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and

2 2 2,2 -1
B _1 o’ Fy+1y o1 dG(z)
plofeis.) = V(60| T B ) [ e
where G~ denotes the inverse of G and |dG(x)/dx|;iG,l(xt) is the Jacobian of the trans-

formation of X; — G(X;) evaluated at the point G~ (z).

Proof. We start with the optimal weights. Since G(X) = R, they are given by
plulrs) = [ bl Gelr)dC
G(X)

+o0
= / p(ytIGt, «thl)p(Gt|xt71)th

oo

400
= /_ g<yt’Gt)f<Gt‘xtfl>th

400
= f(Gt|$t—1)9(yt|Gt)th
oo 1 1 1
= Wexp —?(Gt—Ff}' WGXP{—@(%—Gt)Z}th

T2 o2

1 oo
= exp
2wV o272 /_oo
1 { 1
2w\ o212 2
oo
1 1
= — eX RS
ooz D 2077

oo 11
: / exXp { - = 2.2 |:G§<O'2 + 7'2> — 2Gt(0'2Ft + T2yt):| }th

. 20
1 10?2+ 72 chFt2 + szf

= ———- eX _— = .

oV o2 P 2 o212 o2+ 72

oo 102+ 72 9 o’F, + Tgyt
. /_OO eXp { — 5—027-2 |:Gt — 2Gt <—0_2 + 7'2 )+

02Ft+72yt 2 Uth+7'2?Jt ?
+ 2 2 B 2 2 dGy
o“+T o“+T

BN SRR G Sk il [tk A W K sk AN

2V o272 2 o272 0% + 72 0%+ 72

+oo 102 + 72 Jth_i_szt 2
'/_Oo exp{—§ o272 {Gt_( 02 + 72 )] }th’

where from the second to the third equations we have applied (1.2) and (1.1). In the
last equation, the integral is equal to \/270?72/(02 + 72), which is the proportionality
constant for a normally distributed random variable with mean (o2 Fy+72y;)/(0?+7%) and

2
{ _%[Gf — 2GR By 2tht+G1?} }th
1
2
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variance (0272)/(c? + 72). On the other hand, the difference inside the first exponential

is equal to

(PF7 + 1%y}) (0% +7°) = (°Fy + T?y:)
(02 + 72)2
_ o F? + 0?72 F? + 4?2 + o?7%y? — o' F? — 2022 Fyy — T'y?
(02 +72)2
027'2Ft2 — 202 Fyyy + JQszf

(02 +72)2
(?/t - Ft)2
(02 4 72)2°

= (0*7)
Therefore,
(lzes) 1 lo? + 7'2( 2,2) (v — F)? [ 210272
Ty 1) = ———exp — = o°T N
PYt| T o2 p 5 o272 (02 + 72)2 o2 + 72
1 1 1
= exp{ — ~———(y, — F})* ¢,
27 (02 + 72) P { 20%+1° (v~ F) }

and Y;| X;_; is Gaussian with mean F; and variance o? + 72, ie.

p(yt|xt—l) = dN(ytlFt7 (72 + ’7—2). (BQ?)

We now move on to compute the optimal state proposal distribution. In Proposition
2.1.1 we have established that

J(Gilze1)g(ye| )
p(yt|$t—1)

p(Gilr 1, y:) = oc f(Gelri-1)g(ye|xe).

Now, in the derivation of (B.27) we have shown that the product f(G¢|z—1) - g(y:|Gy) is

proportional to
1o% + 72 o o2F, + 2y, \ |?
exps — ————— - —— .
P 2 o272 ! o+ 12

Therefore, Gy|(X;_1,Y;) is Gaussian with mean (02F; + 72y;)/(c? + 7%) and variance
(0%7%)/(0? + 72), i.e.

p(Gielri1,y:) = dN(Gt (B.28)

o?Fy + 1%y, o?r?

o2+712 To2+72)
As for the distribution of X;|(X,_1,Y;), since X; = G(G!(X;)), we simply have to
transform p(Gy|xi—1,y:) in (B.28) accordingly, i.e.

-1

dG(z
p($t|$t—17yt) = p(G_l(It>|l‘t—1,yt) ) ( )
dx =G~ (z¢)
2f 2 2,2 d -1
_an (G| T oo [ dG(@) (B.29)
o2 +712 o247 dr | ,_g-1(z,)
OJ
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Appendix C

Useful Properties of Conditional
Expectations

In this appendix we present some properties of conditional expectations that are useful
in the main presentation of the text. As stated at the end of Chapter 1, we will avoid
relying on the general characterization of conditional expectations (Shiryaev, 1995; Shao,
2003) in order to facilitate the exposition. In practice, this means that we always assume
that in a given probability space (£2, F,P) the conditional probability density (with respect
to suitable measures dz and dy dominating P) of a random variable X € X’ given another
random variable Y € ) is always well-defined, and is given by

p(z,y)

ply)
Similarly, the conditional expectation of X given Y is also always assumed to be well-
defined (as long as Ep(| X|) < 400, where Ep denotes expectation with respect to P), and
is given by

p(xly) =

Ep(X|Y) := /X:U -p(z|y)de.

A property of conditional expectations that we often use here is that Ep(X|X) = X.
In terms of conditional probabilities, the analogous property is

p(z,z)  p(z)
p(z|x) (@) (@) dx(dx). (C.1)
Instances of where we implicitly use this property are in e.g. the proofs of Theorem 2.1.1
and Proposition 2.1.1.
As an example, consider computing Ep[h(X, Y)|Y] for a P-integrable and B-measurable
function A. It is intuitive that the density with respect to which we have to integrate is
p(z]y), but this can be formally shown using (C.1), i.e.

Eo[h(X,Y)|Y] = /X HCry)p(e.yly)dndy

= o h(x, y)p(z|y)p(yly)dzdy

h(x, y)p(z|y)dy (dy)drdy

X

<

h(z,Y)p(z|Y)dz.
xYy

I
T—
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C.1 Total Expectation and Variance

In this section we prove two results frequently known as Law of Total Ezxpectation
(sometimes Law of Iterated Expectations) and Law of Total Variance. Again, see e.g.
Shiryaev (1995) and Shao (2003) for their statements and proofs in the general case.

Proposition C.1.1 (Law of Total Expectation). Let X and Y be random variables
defined on a common probability space (2, F,P) such that Ep(|X|) < +00. Then

Ep[Ep(X|Y)] = Ep(X). (C.2)

Proof. The definition of Ep[h(Y')] for a P-integrable and B-measurable function A requires
that

Therefore, by taking h = Ep(X|Y) (which by assumption is a B-measurable and P-
integrable function of Y'), we have

_ p(z,y)
y )

:/X/ya:-p(x,y)dydx
:/Xx-p(x)dx

= Eo(X).

EP[EP(XIY)]Z/ Uxx-p(xw)dw} p(y)dy

Yy
X

p(y)dydx

The change in integration order made in the derivation above is justified by Fubini’s
theorem (integrals of probability densities are always finite, and by assumption Ep (| X|) <
+00). Note that we implicitly have used that the integral over ) of the joint density

p(x,y) is equal to the marginal p(z), i.e. [, p(z,y)dy = p(z).
0

Proposition C.1.2 (Law of Total Variance). Let X and Y be random wvariables
defined on a common probability space (0, F,P) such that Ep[|h(Y)h(Y)T|] < +oc0 and
Ep[|X XT|] < 400, where AT denotes the transpose of matriz A.. Then

varp(X) = varp[Ep(X|Y)] + Ep[varp(X|Y)]. (C.3)

Proof. For a P-integrable and B-measurable function h, the variance of A(Y') under P is
defined by

vars (V)] i= B { [A(Y) — Be[n(Y )] [0(Y) — Ee[n(V)])" }
which we can decompose as

vars (V)] = Ep { [1(Y) = Es[h(V)]] [(Y) = Es[h(¥)]] " }
=Ep {h(Y)h(Y)" — h(Y)Ep[h(Y)]" — Ep[h(Y)]R(Y)" + Ep[h(Y)]|Ep[h(Y)]" }
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= Ee {h(Y)h(Y)"} — Ep[n(Y)]Es[2(Y)]" +
— Ep[A(Y)|Ep[R(Y)]" + Ep[A(Y)|Ep[2(Y)]"
= Ep {L(Y)R(Y)" } — Ep[n(Y)]Ep[h(Y)]".

This means that by taking h(Y) = Ep(X|Y") we then have
varp[Ep(X|Y)] = Ep {Ep(X|Y)Ep(X|Y)" } — {Ee[Ep(X[Y)|HEe[Ep(X|Y)]" }
and, since by Proposition C.1.1 follows that Ep[Ep(X|Y)] = Ep(X), this is equivalent to
varp[Ep(X|Y)] = Ep {Ep(X|Y)Ep(X[Y)"} — Ep(X)Ep(X)".

On the other hand, again applying Proposition C.1.1 we can write the expectation
Ep|varp(X|Y)] as
Eplvarp(X|Y)] = Ep {Ep[ X X"|Y] — Ep(X|Y)Ep(X|Y)"}
=Ep(XX") — Ep {Ep(X|Y)Ep(X|Y)"}.
Finally, using these results we can write the variance of X under PP as
varp(X) = Ep(XXT) — Ep(X)Ep(X)T
=Ep(XX") — Ep {Ep(X|Y)Ep(X]Y)"} +

+ Ep {Ep(X|Y)Ep(X|Y)"} — Ep(X)Ep(X)"
= Val"ﬂm[]EP(X’Y)] + EP [V&f[p)(XlY)],

as required.
O]

Corollary C.1.1 (Rao-Blackwell Inequality). Assume the conditions of Proposition
C.1.2. Then
varp(X) > varp[Ep(X|Y)]. (CA4)

Proof. By Proposition C.1.2, we have
varp(X ) = varp[Ep(X|Y)] + Ep[varp(X|Y)]

and, since Ep[varp(X|Y')] is an almost surely-P nonnegative variable, the inequality follows
directly.
[l
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Appendix D

Likelihood and Regularization
Functional Estimators

In this appendix we derive an estimator for a general regularization functional and
show that expressions (3.29) and (3.47) are particular instances of this estimator. The
functional itself might be seen as an extension of (3.26) for the case in which interest lies
in regularizing the entire past trajectories (X¢.;—1, 6p.t—1) instead of only (X;_1,6;_1), and

is defined by

_1lToi—1,004—1, Y1:4—
R(Xt, @tlth_l) — / p(yt 1|x0.t 1, 00:t—1, Y1:¢ 2) .
Xtx ot P(Yi—1|Y1:4—2)

: p(%:t—h 00:1—1 |yt—1, y1:t—2)d$0:t—1d90:t—1

_1|xi_q, 0,
:/ g(yt 1| 1= 1)]9($0:t—1790:1%—1|?/1:t—1)dIo;t—Ml@o:t—l, (D-l)
XtxOt p(yt—1|y1:t—2)

where from the first to the second line we have used that p(y;_1|zo.4—1,00.t-1,Y14-2) =
9(yi—1]xe-1,0,_1), implied from (1.2).

Naturally, the most common way to estimate (D.1) is by replacing p(zo.¢—1, o.t—1|Y1:¢-1)
with its particle approximation p(zo.¢—1,004—1|y1.4-1), yielding

~ _1|xi—1,0i-1)
R(Xt X @t’ylzt—l) 3:/ g(yt 1| i l)p(QJO:tfl;90:t71’ylztfl)de:tfld(gO:tfl
XtxOt p(yt—ﬂyl;t—z)

N
g(yt—1|$t—1,9t—1) i
= wy_ 10, i dxg.4—1d00.1—1)dxo-4—1d00.4—

1 N
= ————— > w19l 0i0) b
p(yt—1|y1;t_2) P t—1 ( t 1| t—1- "t 1) ( )

However, since p(y;_1|y1..—2) is in general not available in closed form, we need to make
an additional approximation by replacing p(y;_1|y1.+—2) with an estimator p(y;_1|y1.4_2) in
(D.2). The estimator we adopt here is an extension of the likelihood estimator! proposed
by Pitt et al. (2012) in the context of our sequential learning framework.

Here we refer to the estimator of P(Yt—1|y1:t—2) as a “likelihood estimator” due to the fact that the
likelihood p(y1.;) admits the decomposition p(y1.1) = p(y1) [Tp—s P(k|y1:6—1), which can therefore be
estimated by simply replacing each p(yg|y1.x—1) with its corresponding estimate p(yg|y1.k—1)-
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More specifically, we have?
p(Yelyre-1) = / P(Ye, o, k, Oo:t|yr1:0-1)drodkdbo.
XtHlx{1,..,N}xOt+!

= / p(9t|$t, To:—1, K, 01, ylzt)p(yt|$o;t, k,80.-1, yufl)'
XtH1x{1,.., N} x©t+1

p(xt‘xo:tfly k,00.-1, y1:t71)p(~”€0:t71, k, 90;#1\y1;t71)d$0:tdkd90;t> (D-3)

As before, we can obtain an estimator p(y;|y1..—1) of p(y¢|y1.4—1) by simply replacing
p(xﬂ:t—la ]{?, 00:t—1‘y1:t—1) in (D3) with its partiCIe approximation ﬁ(xO:t—b k? 90:t—1’y1:t—1)7
given by

ﬁ(‘x():tflu ]C, HO:tfl‘ylzt—l) = Z w5115($6:t717ki796:t71)(dﬂ?o;tfldkdeozt,l).

Since from (1.2) and item (ii) of Proposition 1.1.1 we also have p(y¢|xo.¢, k, 6o.t—1, Y1.4—1)
_g(yt|xt79t 1) and p(@¢|zo.—1, K, Oo:—1, Y14—1) = f (20| To- 1791: 1), this yields

ﬁ(ytlyl;t_ﬂ = / p(9t|xtafi0:t—17éO:t—l’ylzt)g(ytuta ét—l)’
XtHIx{1,...,N}xO©t+1
($t|$t 179:5 1) ($0t 1, k, 0. 1|y1t 1)d$0tdk’d90t

:/ f(xt’i’tfhétfl)g(yt‘wtvétfl)p(et‘xtaj(]:tflaéo:tflayl:t)'
X+l {1
N
) Z wfilé(méztfl,ki,%:tfl)(de:t—lddeO:t—l)dxo:tdk'dQO:t- (D-4)

Now, let i, = (b, ki, Oy, Y1) and mh', = ma(wh, y, ki, 0h, 1, y14) respectively
denote the unnormalized importance weights and unnormalized intermediate weights at
time ¢t. As their own names imply, these quantities are the terms that we sum in order
to obtain the (thus normalized) corresponding importance weights w! and intermediate
weights \i that then sum to one across i = 1,..., N. That is, they satisfy

A T, . T,
Zj:l Tow,t Zj:l Tt

and from relation (D.5) and the recursion (3.14), an explicit expression for the unnor-
malized weights 7, , is given by
ki il pi i i i
W, fxl Ty, 0 1)g(yelt, 0 ) (‘9 |It7x0t 179015 1> Y1:t)

Gt ) . ~
‘ W];ft q(x b1, Obs 15 Y1:t) (9 |‘Tt7x0t 17007& 1:ylt)

(D.6)

For clarity, it is useful to express wi’ | = w(zh, |, ki, 05, 1,Y1.4—1), which due to the point
mMasses 0, (dx():t_ldk‘dﬁ():t_l) in (D.4) is equivalent to w(zo.4—1, k&, 0o.t—1, Y1.4—-1)
prior to integration. Along with (D.6), this allows us to write (D.4) as

(@1 -ki:00,0—

ﬁ(yt|y1:t—1) = / f(xt|fi't—17ét—l)g(yt|xtaét—l)p(9t|mtajO:t—laéO:t—lyylzt)'
Xt+H1x{1,... N}xOt+1

2Here, dk is understood as a measure (e.g. the counting measure) dominating the marginal probability
measure associated with the auxiliary variable k € {1,...,N}.
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270:t

N
: Z w@o:t—l, k, Oo.—1, yl:t—1)5(mgzt_1,k, 0 _1)(d$o:t—1dkd90:t—1)d%:tddeo:t
i=1

= / w($0:t—1, k, 0041, ylzt—l)f($t|fit—17 ét—l)g(yt|$ta ét—l)'
XtH1x{1,...,N}xOt+1

p(9t|flft> To:t—1, éo:t—l, ylzt)'
7T/\(!700:t—1, k, 0041, yl:t) Q($t|f0:t—1, 00:t—1, yl:t) Q(Qt |9Ct, Zo:—1, 0o:—1, yl:t) )

WA(CL‘O:t—l,kfaHO:t—layl:t) Q($t|§70t 1750t 15 ylt)Q(et’%,fo:pl,éo:tq,yl:t)

Z a o, (dzos—1dkdBo, ) dwoydkdbo

=1

and, by again using that m(zos_1,%, 0o.t—1, y1:e) = mr(x8y 1, ki Oy 1, Y1) = Wl;ft inside
the integral due to the point masses, we further have

A - w<x0:t717 k, 0.1, yl:tfl)
p(yt|y1:t—1) = .
xtrix 1 Nyxot+t TA(Toi—1, K, 0001, Y1)

f($t|a~7t—17 ét—l)g(yt|$ta ét—l) p(9t |1't7 To:t—1, éO:t—la yl:t) '
Q($t|3~70:t71, 0o:—1, y1:t) Q(9t|$t, To:—1, Oo:—1, Z/1;t)

- (x| Tos—1, Bo:t—1, Y1:4)q(0¢| e, To—1, Bo:—1, Y1:t)*
N

Y s ke (dTor—1dkdBo, 1) daodkdbyy. (D.7)

270:t
=1

Note at this point that the last term in (D.7) is proportional to the density from
which we resample (z}., 1,05, ;). Recall from Section 3.2.2 — more specifically equation
(3.12) — that in resampling each (zF, | 6% ) and k; itself is selected with probability
A= qkil @y, Oy Y1), satisfying AfF = 7l / Zjvzl 7,4+ That is, here we have

N
P (Tot—1, k, Oo:e—1]y1:0) = Z )\fié(xézt_hki,eé:t_l)(dQZO:t—ldkdeO:t—l)- (D.8)

Since perfect draws can be produced from (D.8) through resampling, this means that we
can make a further approximation by replacing (D.8) with

N
D 37t (- a k)

and, since the summation in the last line of (D.7) is given by

N
ki
Z 7T,\,t5(xg:t71,ki,egjt71)(dl‘o:t*ldkdeomfl) =

Nk T
=3

1

N N
N {Z Z (xo;t—lvkiveti):t—ﬂ(dx():t_ldkde():t_D’
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this entire term can be approximated by

N Ny
{Z Wf\,t} Z N‘S(mg:t_l,ki,eg:t_l)(d$0:t—1dkd90:t—1)-
j=1 i=1
Substituting this into (D.7) then gives

l wxi*akaezf,y;,
p(yt|?/1:t—1) :/ ( 0:t—1 0:t—1, Y1:¢ 1)'
X

tHlx{1,...,.N}xOtt+l 7-()\(1'0:15—17 ka 00:t—l7 yl:t)

f(fft ’ft—la ét—l)g(yt|fft, ét—l) p(9t|£l?t, To:t—1, éO:t—lv yl:t) )
Q(It|350:t71, 00:t—1, yl:t) Q(9t|$€t, Zo:—1, 0041, yl:t)

q(x| Tow— 1, 0ot 15 Y1:6)q (O] T, Towt— 1, B0t 1, Y1)

.{Z%}ZN i, ket (dzos_1dkdfo,_y)dzodkdbo

=1

{Zﬂif}Z/ x()t 1ak'z,90t 1 Y- 1)
; X

tx@t T th 1akza‘9()t 1aylt)

($t|$t 179 )9t 2, t_1)p(9t|$t’956%_1798%—17?/1:1&)-
($t|$0:t—1a HO:t—lv Y1:t) Q(9t|xt) Thy 1500415 Y1:t)

Q(ﬂft’fo:t*l, éO:tfla yl:t)Q(et\iUt, To:t—1, éO:tfla yl:t)d$td9t

N
_ i L.
=42
=1
N

Z / T (‘rt? Ié:tfh ki? 9t7 eé:tfh yl:t>Q<xt7 9t|j6:t717 éé:tfh yl:t)dxtdeh (Dg)
Xtx Ot

where in the last line of (D.9) we note that the product of the marginal proposals
g @y, 08,1 y1e) and q(6,]F, |, 0L, | y14) can be expressed as the joint proposal
(@, 0|15 Oie—1 Y1)

Now, in general the integral in (D.9) still has no analytic solution. We therefore
make a final approximation by sampling the pair (z¢, 6?) directly from the joint proposal
q(xe,0,]%, 1,0, 1, y1) for each 7 and replacing this density in (D.9) with its (exact)
Monte Carlo estimate

A ~1 "’,L' 1
q<xt7 6t|x0:t717 90:t—17 yl:t) = _5(x§,9§)(dxtd9t)v

N
yielding, at last,

ﬁ(yt|y1:t—1) = {Z 7T>\t}

N

1
Z/ $t7$0t 17k270t796t 173/1t) 5(x§,9§)(d$td9t)dxtd9t
1 J At

1=

N . .
_ § { T xtvat 171{;'79;796;1&7173/1:15)
- Tr/\t N

i=1
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_ {Z%}{Zﬂgyt}. (D.10)

=1 =1

As for the regularization functional estimator, replacing p(y;—1|yi14—2) with the corre-
sponding p(y;—1|y1.+—2) obtained from (D.10) at time ¢ — 1 in (D.2) results in

N i i i
Zi:l wy_1g(Ye—1|7}_1, 05 1)
ﬁ(yt—1|ylzt—2)
N 7 7 i
Zi:l wy_1g(Y—1|7}_1, ;1)

- N N '
{Zi:l Ttl} {Zj:l 7Tf\,zt—l}

In closing, we can see how (D.11) generalizes the functional estimates of smooth jit-
tering (3.29) and FALW (3.47) by making the appropriate substitutions. For smooth
jittering, we have wi,, = g(y1|zi_1,0;_,), which is also equal to g(y,—i|zi_y,0i ;)
given that in this method #?_, = #_,. This implies that w!_, = g(y,_1|2i_,0!_,)/
Z;.V:l 9(yi—ilxl_1,6]_) and 7%, , = wi_,, which in turn implies that Y1 7%, , =
SV wi_, =1, from which (D.11) then becomes

R(Xt X ®t|y1:t_1) =

(D.11)

ZN g(ytfl‘xifljeifl)

i i
i— - 1|71, 0
i=1 Zjv=1 g(yt—l\fg,lﬁi,l)g(y | t—1>"Yt 1)

(T, TR Y )
N i i 2
_ NZ [ Ig(yt—1|xt—1u‘9t—1)l ] .
> )

i=1 j=1 g(ytfl‘x{—b 0/,

E(Xt X @t|y1;t_1) =

For FALW, we have 7,, ; = 1, implying that w; , = 1/N and that 7§, |, = wj ,
p(ys_1|xt 5, 0! ). In this case, (D.11) then becomes

N i i N i i
R(th@t| ) _ Z¢:1 %g(yt—lpﬁt_p 0; 1) _ Z g(igtfl’xt—la 9t-1)
Yra—1 N 1 N 1 i i . ZN ( |:vj 0’ )
Zi:l N Zi:l ﬁp(ytfl‘wt—%et—z) i=1 2uj=1P\Yt-1|Tt—2, Vi 2
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Appendix E

Practical Implementation Notes

In this appendix we briefly describe some important details about the practical imple-
mentation of the algorithms described in this work. Often overlooked, these aspects are
not only of theoretical interest in their own right, but also sometimes vital for a proper
application of inference techniques for HMMs in practice.

E.1 Regularization of Constrained Parameters

Let § € © be a parameter we want to regularize (see Section 3.2.3) such that dy :=
dim(0). Since the regularization kernel K usually maps from R% to R% whenever © is
a proper subset of R% it might occur that the regularized parameter 6 ~ K (6) might not
be limited to ©. Therefore, in order to avoid a rejection-type procedure (which might be
inefficient, such as when 6 occurs close to the border of ©), we actually propose mapping

1 = 1(0), Y(0) =R, 0=y (n), YT (RY) = 6.

Therefore, through the use of the invertible and B-measurable function v, we can regu-
larize 7] ~ K (1) € R% and then take 6 = ¢/~'(7}), which is guaranteed to be constrained
within ©.

As an example, take ¢ and o2 in the AR(1) + noise example of Section 4.2. Here,
—1< ¢ <1ando? >0, so that © = (—1,1) x R*. By taking n := (n1,1m2) = ¥(0) =
(tanh™!(¢),log(c?)), we have n € R? and 6 = ¢~1(n) = (tanh(n1), exp(n2)). A LW filter
(see Section 3.2.4.2) regularization step here at time ¢ therefore consists of drawing

i_y ~ N(my, BViy),

and setting 0, = ¢~ 1(77’_,) for each i, where m!_, and V;_; defined in (3.19-3.20) are
here taken as functions of (ni_,)¥, rather than (¢ )Y ,.

E.2 pMCMC on Constrained Parameter Spaces

Now, consider the same setting of Section E.1 but suppose that instead of regular-
ization we now want to perform inference for 6 € © based on the particle MCMC of
Section 3.1. Analogous to regularization, whenever we use a proposal distribution which
is not constrained to © (such as e.g. Random Walk Metropolis proposals; see Section
A.4), in order to avoid rejection sampling steps we also perform the MCMC moves on the
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transformed parameters 1 and then obtain the original parameters through 6 = ~!(n).
The difference here, however, lies in the fact that for pMCMC the acceptance probability
is affected by the choice of parameter transformation 1.

Recall from Section 3.1 that the acceptance probability for the proposed ¢’ given the

current 6 is . ) ) )
P(y1:0")p(0") ¢(6]6")

P(y14|0)p(0) q(6'10)

Now, although we can easily define a proposal ¢(n|n’) acting on the space H := ¢(0), we

usually only have priors for . We therefore need to take into account the transformation
0 = 1~1(n), yielding the prior for n as

a(@'|6) =1 A (E.1)

pla) = (0 = v )| 2

)

o=t~ (n)

where |0¢ ! (2) /0| ,—y-1(; is the Jacobian of the transformation ¢ : © — R%. However,
since it is usually more convenient to evaluate the priors and likelihoods as a function
of 0, we can use the Inverse Function Theorem (Rudin, 1976, pg. 221) to express the
Jacobian as [0¢(z)/0x| L () @and thus rewrite the acceptance probability (E.1) as

yi:|0")p(6") U(%’(x)/ ax|;w<9>] q(n|n’)
WilPO) [|oy(a)/0a] L, | 20710

nay 4 A B
afd0) =175 (E.2)

As an example, consider the Stochastic Volatility model of Section 4.4. Since here
0 = (¢,7%,0%) € (—1,1) x R* x R*, we take ¥() = (tanh™'(¢),log(7?),log(c?)), with
associated Jacobian

1

-1 12 0 0 -1
'azg(x) :‘ 0 -,-iQ 0 :|(1_¢2)_72.02'
T la=y(0) 0o 0 %

Given that here the proposal to move from 7 to n’ is

q(n'In) = dN (n,%)

for some covariance matrix ¥ and that ¢ is a symmetric function in (1/,7), i.e. ¢(1'|n) =
q(n|n’), the acceptance probability (E.2) in this case becomes

oy 1 Pal0)p@) [[L = (¢)] - ()% - (0")?] a(n'[n)
a(0']0) = 1 A B(y12]0)p(0 1= 7202 q(n)
1 Dy @)p(@) | [1 ~ (¢)?] - ()% - (0")?

P(y1:410)p(0) 1—¢?)-72.02 |

E.3 Computing Log-sums of Exponentials

Now, consider the problem of computing

L(z) :=log (Z exp(xj)> , (E.3)
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where x := (z1,...,2y). This type of functional appears e.g. when computing im-
portance weights in SMC methods or when computing quadrature-based estimates of
log-posterior distributions (see Section B.5), and the main problem associated with it
is that whenever some values x; are large (in magnitude), there is overflow (if they are
positive) or underflow (if they are negative). In order to improve upon this erratic nu-
meric behavior, we will show in this section how we can compute L(z) without having to
evaluate such large terms.

First, let m := max(zy,...,2y). Using standard properties of logarithms and expo-
nentials, we can then rewrite (E.3) as

L(z) =log Zexp(xj))

= log g Ezi—% eXP(%’))

N
= log | exp(m) Z exp(;)
=1

=m + log <Z exp(z; — m)> . (E.4)

In (E.4), none of the evaluated terms in the sum is greater than 1, since by definition
max;<j<y { exp(z; —m)} = exp(m—m) = exp(0) = 1, avoiding the numerical instability
associated with computing L(z) via (E.3).
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