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Abstract

A new two-stage unrelated randomized response model is proposed for the estimation of

mean number of individuals who possess a rare sensitive attribute in a given population by

utilizing Poisson probability distribution. when the proportion of rare non-sensitive unrelated

attribute is known and unknown. The properties of the proposed model are examined. The

two-stage unrelated randomized response model provides more efficient estimator of the

mean number of individuals in the population with sensitive attribute than the contemporary

models. The procedure also introduces the measure of privacy protection of respondents and
compares randomized response models in term of efficiency and privacy protection.

Numerical illustrations are presented to support the theoretical results and suitable

recommendations are put forward to the survey statisticians/practitioners.
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1. Introduction

Ofien social surveys include sensitive issues for enquiry which involves stigmatized subject
such as use of illegal drugs, homosexuality, tax evasion, abortion et cetera which people do
not like to disclose to others. Direct questions about sensitive issues often yield untruthful
responses or non-response, which are major problems in sample surveys. Non-
response/untruthful response introduces bias in survey estimates. To cope with such issues,

Warner (1965) initiated a randomized response technique for estimating the proportion 7, of

the population possessing a sensitive attribute. Warner (1965) provided a Bernoulli random

device with outcomes possess a sensitive attribute or not to respondents selected using
simple random sampling with replacement for reporting whether is unobservable to the
interviewer, favours their group or not. Greenberg et al. (1969) have modified the Warner
(1965) model which addresses the two questions: one being the sensitive question and the

other being unrelated non-sensitive and suggested an unrelated question randomized response
model. Moors (1971), Cochran (1977), x and Tracy (1986), Chaudhuri and Mukherjee
(1988). Hedayat and Sinha (1991). Ryu et al. (1993). Singh and Mangat (1996). Tracy and
Mangat (1996), Tracy and Osahan (1999), Singh (2003), Singh et al. (2003), and Kim and

Warde (2005) improved Warner (1965) procedure to obtain more efficient estimator of
sensitive proportion. Mangat and Singh (1990), Kim et al. (1992), and Mangat (1992) have

developed two-stage related and unrelated randomized response models to improve the
efficiency of resultant estimates.

Land et al. (2012) suggested an estimator for estimating the mean number of persons
who possess a rare sensitive attribute by utilizing the Poisson probability distribution. In their
model, the randomized device consist two questions: (a) do you belongs to rare sensitive

attribute 4 7 and (b) do you belong fo rare non-sensifive unrelated attribute ¥ ? Lee et al

(2013). Lee et al. (2016). and Singh and Tarray (2014, 2015) modified Land et al. (2012)




model to estimate the mean number of individuals by utilizing Poisson probability
distribution with respect to simple and stratified random sampling.

%e consider the problem where the number of individuals who possess a rare sensitive
attribute is very small and hence a large sample is required to estimate the mean number of
such individuals. We propose a new two-stage unrelated randomized response model to
obtain the more efficient estimator of the mean numbers of persons \avho possess a rare
sensitive attribute by utilizing Poisson probability distribution. We discuss two situations.

when the population proportion of the rare non-sensitive unrelated attribute is known and
unknown. We shall examine the performance of the estimators in term of efficiency with
respect to Land et al. (2012) and Singh and Tarray (2015) estimators. Numerical illustrations

have been carried out to support the theoretical results along with recommendations to the

survey statisticians/practitioners.

2. The Proposed Model

21
Singh et al. (2003) proposed an unrelated question g}del for estimating the population
proportion 7, of sensitive attribute which is alternative to Greenberg et al. (1969) model in

the sense that the randomized device used in Singh et al. (2003) model has three outcomes (i)

“i belong to sensitive group 4~ with probability 7. (i) “i belong to non-sensitive group ¥~

with probability P,, and (iii) “blank cards™ with probability P, such that Zs b, = 1. 1f blank

card is drawn by the respondent. he/she will report no. The rest of the procedure remains as

usual. The probability 6_ of a yes answer is:

Gx . }){Ir +}).'JT_\' B ( l)

We extend Singh et al. (2003) model in two-stage unrclated randomized response

model. A sample of size n is selected from a finite population of size N by using simple




random sampling with replacement scheme. Each respondent selected in the sample is

instructed to use the first stage randomized device R, which consist two statements (1) “i
belong to sensitive group 4~ with probability 7, and (ii) “Go to the randomized device R,

with probability ( 1- T,) . The second stage randomized device R, has three statements which

is similar as in Singh et al. (2003) model. The probability &, of yes answers from the
respondents using randomized devices R, and R, is:

8,=Ta+(1-T){Pa+Pa )}, 2)
(42)

where 7, denote the true proportion of yes answer from the rare sensitive group and 7,

denote the true proportion of yes answer from the rare non-sensitive unrelated group in the
population.

An estimator of the population proportion 7, is:

é,-(1-T,) Pm,

S AT 3
" Tr(-1)R) 3)
where é, is the sample proportion of yes response. The expected value of 7, is:
E(6,)-Mi-T)Px,
E(#,) (0)-4-T) P 7, %
Y rr@-r)R]
with variance
vz, - (-z), 7| 1-{T,+(1-T)) P} - 2P,(1-T))x, |
A
G ndr(1-T))P
{ i ( .’) ,r} (5)

P,(1-T)m,[1-(1-T)Px, |




Substituting 7, =0 in Eq. (2), the proposed model reduces to Singh et al. (2003)

unrelated randomized response model and when 7, =0 and P_,=(1 - P})._ the proposed model

reduces to Greenberg et al. (1969) unrelated randomized response model.

Using Eq. (2) we estimate mean number of individuals who possess a rare sensitive
attribute by utilizing Poisson probability distribution. when the proportion of the rare non-
sensitive unrelated attribute is known and unknown.

TR . B . i
2.1. Estimation of rare sensitive attribute when the proportion of a rare non-sensitive
unrelated attribute is known:
Let 7, be the true proportion of the rare sensitive attribute 4 in a finite population of size N
. For examples, the proportion of AIDS patients who continue having affairs with strangers,
the proportion of persons who have witnessed a murder and the proportion of persons who
are told by their doctors that they will not survive long due to a ghastly disease et cetera.

Since the attribute under consideration is rare in nature, therefore a large sample of size »

(say n— o0) is drawn from the population using simple random sample with replacement

scheme such that nz, = A >0 as 7, = 0. m, is the true proportion of the population having
the rare non-sensitive unrelated attribute ¥ such that for n > and 7, >0, we have
nm, = A, (i_l_ > 0) which is known. The probability @, of obtaining yes answer in the
proposed procedure is:
0,=Tx+(1-T){Pn+Px,}. (6)
As %th attributes 4 and Y are very rare in the population, hence for » — oo and

0, —0,we have n0, = A, (finite), where

Ay =TA+(1-T){PA+PA}. !




Let y,, ¥5,..., ¥, be a random sample of n observations from the Poisson probability

distribution with parameter A,. The likelihood function of the random sample of »

observations is given as:

o) [
i=1 !

@
Taking natural logarithm on both sides of Eq. (8) and sctting dlogL/dA, to zero, the

maximum likelihood estimator of 4, is:

it o]

We have the following theorems.

Theorem 1. The estimator ﬁs is an unbiased estimator of the parameter /..

B{i )=, (10)

Proof. Since y,, y,,..., y, are independent and identically distributed Poisson varieties with

parameter A, ., we have

R XA

m{ Zf(y:) P,(I-T)A }

[PT—]]P)]{ ZA -P,(1-T,) }

=4,

5

which proves the theorem.

Theorem 2. The variance of the unbiased estimator /'l is:




A Ay . P_,(]-T})/'._,_.
") n[P+T,(1-P)] n[P+1,(1-B)]

Proof. Since y,, y,,..., y, are independent and identically distributed Poisson varieties with

(1D

parameter A, and samples are drawn independently, we have

v(i)- V[[PH“—EJP)]{]Z}) P(I-T) H

@ ; :
n’[B+T,(1-P)] 1 Z 0)
! L] A

W [BL(-R)T 7

), - Bu-1)4

n[PE(-P)] [ (-p)]

hence, it is proved.

Theorem 3. An unbiased estimator of the variance of the estimator /':J is:

V(j) n’ [P|T(1 P)] [Zy] 12

Proof. Taking the expectation on both sides of Eq. (12). we have

E[I}(i‘)]_n [P 11 P) ] (zy']

- 1 o
n“’[g+T;(1-P,)T[;AA]
A R A )Y

BT (-B)] wBen o))

which completes the proof.




Substituting 7, =0 and P, = (! - PJ in Eq. (6). the proposed model reduces to Land et

al. (2012) unrelated randomized response model and for7, = (0. the proposed model reduces

to Singh and Tarray (2015) model.

When the proportion of a rare non-sensitive unrelated attribute was known, Land et al.

(2012) and Singh and Tarray (2015) showed that the variances of unbiased estimators ;7»‘,‘ and

.J:S + by using Poisson probability distribution are:

w4 (I=B)R
V(A |=—+—22, 13
[ "‘) nP, 1 nP," 13)
and
7 ’;" , ],‘?;'.l'
V(AS?.)=H—R.- o (14)
e

2.2, Comparison of Efficiency

The estimator 1 is always more efficient than that of Land et al. (2012) estimator 21,' if

£l

v(i)=v(%).

Which gives the condition, when

The estimator ,im is always more efficient than that of Singh and Tarray (2015)

estimator A, if

V(4 )>7 (%)

Which is true. if

(1-)T+pa | 1+ TER) y BULL) |,
e P, P+T,(I-P)

'
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To have a tangible idea about the efficacious performance of the estimator i_‘ over
Land et al. (2012) and Singh and Tarray (2015) estimators, we compute the percent relative
efficiencies (PREs) PRE (i_,_,/';’ ) and PRE (x:._;,iﬂ. ) for different choices of parametric
combinations. We vary 4 and 4, from 0.5 to 1.5 by step of 0.5; 7, from 0.9 to 0.1 by
decrement 0.2. The percent relative efficiencies presented in Tables 1 and 2 are calculated for

different values of probabilities P,, P, and P,. Tables 1 and 2 present the cases where the

estimator ,J‘ is more efficient than the usual estimators. The percent relative efficiencies

calculate by utilizing the following formulas.

PRE (7,4, 40 x100. (15)

V(1)

and

s 50 Flis
e, )~
v(4)
The results, which are worth discussing, are presented in the following points:

(i). Tables 1 and 2 showed that for all the parametric combinations the values of percent

x100. (16)

relative efficiencies are substantially exceeding 100, which indicate that the estimator A, is

uniformly better than Land et al. (2012) and Singh and Tarray (2015) estimators.

(ii). However, the values of percent relative efficiencies decreasing with the decrease in the
values of 7, while the values of £, P, P,, 4, and 4, are fixed.

(iii). Tables 1 and 2 visible that the values of percent relative efficiencies are showing

increasing trend with the increasing values of / .

(iv). It may also be seen that with the increase in the values of 4, there is a decreasing pattern

in the values of percent relative efficiencies, which is an obvious phenomena.




TABLE 1: Percent relative efficiency of the proposed estimator i with respect to Land et al.

p)

(2012) estimator i‘,‘, :hen the proportion of the rare non-sensitive unrelated attribute is

known

1,
P P P A A,
0.9 0.7 0.5 0.3 0.1

060 020 020 050 050 261.22 22884 19753 16744 13875
.00 35840 301.15 24888 201.60  159.28
1.50  451.76  365.28 29090 22736  173.55
1.00 050 211.13 189.10 167.32 145.82 124.68
1.00  261.22 228.84 197.53 167 44 138.75
1.50 310.30 266.11 224.56 185.80 150.03
1.50  0.50 19420 17527 15644 137.73  119.19
1.00 22794  202.64 17777 15344  129.74
1.50 26122 22884 19753 16744 13875
070 0.15 0.15 050 0.50 194.94 176.96 159.40 14230 125.72
1.00 24962 219.70 191.68 165.57 141.38
1.50  302.69 258.75 219.45 184.42 153.31
1.00 050 16697 154.04 141.21 12850 115091
1.00 19494 17696 15940 14230 125.72
1.50 22249 198.82 176.17 15458 134.12
1.50  0.50 15755 146.16  134.81 12350 112.26
1.00 17634 161.80 147.44 13329 119.36
1.50 19494 17696 15940 14230 125.72
continue
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FIGURE 1. Pictorial representation of percent relative efficiency of the proposed estimator

J, with respect to Land et al. (2012) estimator /, , when P, =0.60,0.70,0.80 and A, =0.50.

Percent relative efficiency vs As
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TABLE 2: Percent relative efficiency of the proposed estimator x, with respect to Singh and

2
Tarray (2015) estimator Aw ,\'vhen the proportion of the rare non-sensitive unrelated attribute
is known
L
P oA P, A A,
0.9 0.7 05 0.3 0.1

060 020 020 050 050 20897 183.07 158.02 13395 111.00
.00 256.00  215.11 17777 144.00  113.77

.50  301.17 24352 19393 151.57 115.70

1.00  0.50 184.74 165.47 146.40 127.59 109.10

1.00  208.97 183.07 158.02 133.95 111.00

1.50 232.72 199.58 168.42 139.35 112.52

1.50  0.50 17655 15934 14222 12521 108.35

.00 19287 17146 15042 12983  109.78

1.50 20897 183.07 158.02 13395 111.00

070 0.15 0.15 050 0.50 165.70 150.41 135.49 120.96 106.86
1.00 192.02 169.00 147.44 12736 108.75

1.50 21756 18598 157.73 13255 110.19

.00 0.50 15224 14045 12875 117.16  105.68

.00 165.70  150.41 13549 12096  106.86

1.50 17896 15992 141.70 12434  107.88

1.50  0.50 14770  137.02 12638 11578 105.24

1.00 156.75 14382 131.06 11848  106.10

1.50 16570 15041 13549 12096  106.86

continue
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080 010 010 050 050 13642 128.09 11990 111.83 103.90

1.00  150.06  138.06 12656 11556  105.06

1.50  163.43 147.44 13258 11880  106.02

1.00 050 12949 12288 11630  109.75 103.24

1.00 13642  128.09 11990 111.83  103.90

1.50 14327 133.15 123.31 113.76 104.51

1.50 050 127.17  121.10  115.05 109.02  103.00

.00 131.81 124.63 11752 11046  103.47

.50 13642  128.09 11990 111.83 103.90

is equal to 0.50; then there are 45 choices of the parameters
P(i=12 3) . T and 4, such that the estimator /, is more efficient. These choices result in a

percent relative efficiencies level from minimum 115.45 to a maximum 451.76. At the same

From Table 1, if 4

5

time for A =0.50, Table 2 shows that the percent relative efficiencies value of the retain

results range between 103.90 and 301.17. Figures 1 and 2 present the values of percent

relative efficiencies with corresponding P (f‘ 1,2 3) and 7" for the fixed value of 4, =0.50,
and for all the values of 0.50 </ <150 with a step 0.50. A close look on Figures 1 and 2

indicate that the values in Figure 1 remain greater than Figure 2 for all situations. We

.

conclude that the estimator A, with respect to Singh and Tarray (2015) estimator are

£

outperformed by the estimator /L with respect to Land et al. (2012) estimator. Similar results

observe for other practicable parameters. Further, based on Figures 1 and 2, & investigator
could make a choice of parameters such that the more efficiency expected from the proposed
model than from Land et al. (2012) and Singh and Tarray (2015) models. The rest of the

results can be read out from the Tables 1 and 2.
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FIGURE 2. Pictorial representation of percent relative efficiency of the proposed estimator

J, with respect to Singh and Tarray (2015) estimator /. when P,=0.60,0.70,0.80 and

,l_,_.=0.50.
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3. Estimation of rare sensitive attribute when the proportion of a rare non-sensitive

unrelated attribute is unknown:
A large sample of size n respondents is drawn from the population by using simple random

sampling with replacement scheme and two random devices D, (R, R,). i=12 are
provided to the respondents. Each respondent selected in the sample is asked to reply yes or

no answer by using the following two-stage randomized device. The randomized device R,,

of D, used in the first-stage presents two statements (i) “I belong to sensitive group 4™ with

probability 7, and (ii) “Go to the randomized device R,,” with probability(] -T,). In

second-stage the randomized device R,, of D, presents three statements (i) “I belong to

sensitive group A~ with probability P,, (ii) “I belong to rarc unrclated group ¥~ with
probability 7,. and (iii) “Blank cards™ with probability P, such that E B =1. Again, the

J
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second random device D, follows the same procedures as described for the random device
D, with alternative probabilities 7, and (/-7;) in first-stage and P, P, and P, in second-
8

stage such that Y’ P —1. Following, these two random devices D, (i=1,2). the

probabilities of yes answers are:

0,=Tm+(1-T,){Px,+Px,}, a7
and
9,=Tm,+(I-T,){Px,+Pn,)}, (18)

where 7 is the true population proportion of the rare sensitive attribute 4 and 7, is the true

population proportion of the rare non-sensitive unrelated attribute Y .

Since A and Y are very rare attributes. we set 76, =24, and nf, =7, are finite,

assuming that, as n > o0, 8, -0 and 6, — 0. By following Section 2, we obtain

A P
[PAT (- PYJAP(1-T)) A = =3 i (19)
i=l
- 2 Y
I:Rf“g (1 - Rr):“r_Ps (1’ '1:)"-_‘- =;Z Vais (20)
=1

where y, denote the first response and y, denote the second response from the i”

respondent.

Solving Eq. (19) and (20), we get the unbiased estimators of the 4, and /1_,, as:

!

Iy = H[Ps(f—?;)i,v,, —P:(f—?})iyz,]. @1

i=1
and

"

b=l n e S 2l | @)

i=1
where
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A=(BP; - BRTRT)(1-T.) - (PP, - BPT,*PT,)(1-T)).
(PP, - BPT+PT)(I-T,) = (PP, - BT, +BT,)(1-T,).
and
B=(PF,- BRI +PT,)(I-T,)- (BF, - BRT+RT)(I-T,),
(BP, - BRI +PL,)(1-T,) (PP, - RRT,+RT)(I-Ty).
Thus, we establish the following theorems.
Theorem 4. The estimator /4, is an unbiased estimator of the parameter 4 : the estimator JL,

is an unbiased estimator of the parameter A, that is

E(%)= 4. @3
and

E(§)=4, . (24)
Proof. Since y,, v,,,..., y,, 1s independent and identically distributed Poisson varieties with

the parameter A,: ¥, Vs, V,, is independent and identically distributed Poisson varieties

with the parameter 4,. we have

n

a2 I - el " g
E() ~E [1’5 (1- l_,)gy,, wiBi( s 1;)2!%}

i

I

-a{pj (1 -zr;,)izs(yn)_ 1;(1_;:;)21¢~(y3,_)}

_.L[ps(;_z;)ia;-Pg(f—miﬂ;}
nA i=1 i=l

Similarly for the rare non-sensitive unrelated atiribute, we obtain

16




Thus the theorem is proved.

Theorem 5. The variances of the estimators /4, and .-1: for the rare sensitive and rarc non-
sensitive unrelated attributes 4 and Y, are

o) [{rn0-R)0-T) Pf{l_f’ﬁ?:(f-ﬂ)}(f-n)" P |4
nA
PR U-L)U-T)EAT, (- B)RP T (1- P}
nAz
PR(-T)U-TRU-T) B (-T}, PP (1-T) (I-1)) ),
nA’ 4

. (25)

and

V(i) BT, -PHPAT (- P BT, (- PO HPAT,(1- P} )2,
v HB“’
L m-n)}"{;-m—ﬂ)}"a
[{Po1,-P)Y PU-T) {PAT,(1-P)Y P.(-T) |4,
' nB’
L PRU-D)(-TPT - BT, (- P},
nB’

. (26)

Proof. Since y,, ¥,,,..., y,, is independent and identically distributed Poisson varieties with

the parameter A,: y,, V,,,..., V,, is independent and identically distributed Poisson varieties

with the parameter 4, and both responses are not independent. we have

()| L{p 0 mEn-ne-n ]

1 2 2 - 2 2 ~
Ry T o) Ty S 0.)
i=1 i=]

o, (f-x)(f-mzcov(y,,.,yg,)}
=1
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L {ef(z-n)"ﬁf;—a’ (1-7})"Zf-.:-zfza(f-ﬂ)(f-n)i%‘e}‘ @7)
where

N =V(»)=EW,)=[P*+T,(I-P)]A+P,(I-T,)4,, (28)

b=V (ys)=EWy)=[P+T,(1- )| A +P;,(I-T,) 4, (29)
and

(10
’1";3 = Cov(ym yz:) = E(yhyZJ ) 'E(y;r)E(yzr)

={P+T,(1- P)HPAT, (1 - PYNA+A)+ P, (1-T,) B (1- T,) (R +4,)
{Pgd; (1-P))P.(1-T,) A +{P+ T, (1- PP (1-T,) A0,

[P (- PR AR (1-T) A, |[{PA T (1- P)}A+P,(I-T3) A, ]

(BT (1-P)HPT,(1- P)} A +RA (1-T)) (1 -Tr) 4, (30)
@
Substituting the Eq. (28). (29) and (30) in Eq. (27). we get the variance of the estimator

:

/. as given in Eq. (25). Following the same procedure as in theorem 5, we can get the
variance of the estimator ;: as given in Eq. (20).
The unbiased estimators of the variances of the estimators i: and ;» are

BT (- BT BT, (1- P 1) P

L3

:}(i’.)i{

K HAJ
PR (-T) (IR (1-B)HP AT (- P}
nd’
JPRU-T)E-TNP(-T) B U-T)}, PR (I-T) (I-1) A,
M! nA?

and
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r}(i.):{P;+7}(1-ﬂ)}{P;+T.a(f-ﬂ)}[{ﬂ”}(J-P;)}*{R*-i‘”;(z’-fﬂ)}]i
'y HBJ
_2{Em(r-a)}"{;—n(hﬂ)}"
[(P+1,-R)Y R(-T)+{PAT,(-P) P(-T) ]
5 nB’

BB (f-f;)(f-f.,){a+z8(? PIHP AL (- PO,

When the proportion of a rare non-sensitive unrelated attributes was unknown, Land et

al. (2012) and Singh and Tarray (2015) derived the variances of the unbiased estimators in‘

and A, by using Poisson probability distribution as:

- il m 2 2 m .
V(h) W[{R(!—a) *B(I-R) - 2rP,(I-B)(-R)) A o

{a-p)-r)2-£-p)-201-P) (-2}, |
and

V (hsr )= ﬁ[{ﬂ’ SBPI- 2B PP PN IBE PR -200PT, |2

4, Comparison of Efficiency
8]

Eq. (25). (31). and (32) yield no clear analytical comparison between ;3 and /:-.,L and between

A, and }:,_s.?. . We compared the estimator .i; with respect to Land et al. (2012) estimator i”‘

and Singh and Tarray (2015) estimator i,_\,,. in term of percent relative efficiencies (PREs).

The formulas of percent relative efficiencies are:

PRE (7}, ) = %%xma (33)

and
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— %100, (34)

In this case we consider that the parametric values in first random device are same as
given in subsection 2.2 but we change the parametric values of 7, and the second random

device as presented in Tables 3 and 4.

The following interpretation may be read-out from the present points.
(i). From Tables 3 and 4 clear that for all parametric combination the values of percent
relative efficiency are substantially exceeding 100, which indicate that the estimator 2:‘ is
uniformly dominating over Land et al. (2012) and Singh and Tarray (2015) estimators.
(ii). Further when the values of 7, of presenting the question related to rare sensitive attribute
in first-stage random device is increasing from 0.5-0.9, we observe the increase in the values
of percent relative efficiency while we observe the zig-zag trend for the values of 7, .

One observation that can be made from Figures 3-4 are that as the values of A change

from 0.50 tol.50 with corresponding A = 0.50 and P, =0.60, the percent relative efficiency

notably differ very much from each other, but when P, is closer to one, then the values of
percent relative efficiency does not differ much. We report results only for the choice of

A, =0.50. Other results can be easily obtained by changing the values of parameters.

However. it follows that the estimator ;‘ with respect to Singh and Tarray (2015) estimator
ﬁ:,_g. is outperformed by the estimator As with respect to Land et al. (2012) estimator i”‘

when the proportion of the rare non-sensitive unrelated attribute is unknown.
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TABLE 3. Percent relative efficiency of the proposed estimator f‘ with respect to Land et al.

2
(2012) estimator i‘,‘," \.vhen the proportion of the rare non-sensitive unrelated attribute is
unknown
1
BB P B T, 4
0.5 0.6 0.7 0.8 0.9
0.60 020 030 035 05 030 050 14426 221.37 29531 357.12 403.65
0.5 1.00 160.25 260.15 366.88 465.31 3545.36
0.5 1.50 170.96 288.72 425.06 561.35 680.23
0.4 1.00 050 17451 224,14 267.78 303.53 331.29
0.4 1.00 19381 256.79 315.24 365.28 405.43
0.4 1.50 20949 28488 35822 423.63 477.81
03 1.50 0.50 191.64 227.58 259.00 28539 306.89
0.3 1.00 21045 25465 29448 32874 357.15
0.3 1.50 227.01 27933 327.85 370.58 406.63
0.70 0.15 040 030 05 050 050 14870 197.50 23996 273.66 298.58
0.5 1.00 16758 23382 29692 35095 393.26
0.5 1.50 181.26 26250 345.66 421.69 48453
0.4 1.00 050 160.55 190.25 215.17 23511 25049
0.4 1.00 17838 216.58 250.00 277.62 299.42
0.4 1.50 193.61 240.11 28235 31837 347.50
0.3 1.50 050 167.49 188.90 207.11 22216 234.33
0.3 1.00 183.03 209.37 23228 251.56 267.36
0.3 1.50 197.15 22848 25634 280.20 300.00
continue
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0.80 0.10 050 025 0.5 050 050 13944 161.40 179.26 193.15 203.55
0.5 1.00 15737 18842 21524 237.09 254.05
0.5 1.50 171.85 211.64 247.82 278.62 303.36
04 1.00 050 13843 151.67 16253 171.23 178.06
0.4 1.00 15146 168.49 182.82 19453 203.85
0.4 1.50 163.27 184.18 20220 217.21 22934
03 1.50 0.50 139.08 148.85 157.09 163.93 169.53
0.3 1.00 14926 161.14 17130 179.82 186.86
0.3 1.50 158.84 17292 185.11 19545 204.06

FIGURE 3. Pictorial representation of percent relative efficiency of the proposed estimator

with respect to Land et al. (2012) estimator 4, . when £, =0.60,0.70,0.80 and Z, =0.50.
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TABLE 4. Percent relative efficiency of the proposed estimator A with respect to Singh and

2
Tarray (2015) estimator ):M .:‘hen the proportion of the rare non-sensitive unrelated attribute
is unknown
1
B P P P T, i
0.5 0.6 0.7 0.8 0.9
0.60 020 030 035 0.5 050 050 130.88 200.83 26792 32400 366.21
0.5 1.00 138.79 22531 317.75 40299 47232
0.5 1.50 144.09 24334 358.20 473.12 573.32
0.4 1.00 050 16448 211.26 25239 286.09 312.26
0.4 1.00 17583 23297 286.00 33140 367.82
0.4 1.50 185.05 251.64 31643 37421 422.07
0.3 1.50 050 183.67 21811 248.22 27351 294.12
0.3 1.00 19552 236.58 273.58 305.42 331.81
0.3 1.50 20595 253.42 29744 33620 36891
0.70 0.15 040 030 0.5 050 050 131.76 17500 212,63 24248 264.56
0.5 1.00 13913 19411 24650 29136 32648
0.5 1.50 14446 20921 27548 336.09 386.16
0.4 1.00 050 14952 177.18 20039 21896 233.28
0.4 1.00 158.06 191.91 221.51 24599 26531
0.4 1.50 16535 205.07 241.14 27191 296.78
0.3 1.50 050 15926 179.61 19692 211.24 2228l
0.3 1.00 167.34 191.42 21237 230.00 244.44
0.3 1.50 174.69 202.45 227.13 24828 265.82
continue
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0.80 0.10 050 025 05 050 050 12477 14441 16039 17282 182.13
0.5 1.00  131.14 157.02 17936 197.58 211.71
0.5 1.50 136.29 167.85 196.54 220.98 240.60
04 1.00 050 130.04 14247 152.68 160.85 167.27
0.4 1.00 13552 150.76 163.58 174.05 182.39
0.4 1.50 14049 15848 17399 18690 197.34

0.3 1.50 050 133.17 14252 15041 15695 162.32

0.3 1.00 137.78 148.75 158.12 16599 17248
0.3 1.50 142.12 154.71 165.62 17487 182.58

FIGURE 4. Pictorial representation of percent relative efficiency of the proposed estimator

/. with respect to Singh and Tarray (2015) estimator .im., when P, =0.60,0.70,0.80 and

£}
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When conducting personal interview on sensitive issues or highly personal questions, a

major concern in randomized response technique is how to procure solid estimate of the

population proportion of individuals who possess to stigmatizing character while at the same

time the privacy of respondents is protected. So the degree of privacy is an essential part of
the randomized response procedure and practice. Leysieffer and Warner (1976), Lanke
(1976). Anderson (1977). Flinger et al. (1977). Nayak (1994). Yan and Nie (2004), Bhargava

and Singh (2002)., Guerriero and Sandri (2007), Giordano and Perri (2012), and among

others have discussed both the efficiency and privacy by comparing the variance of different
estimators under equal levels of confidentiality. Zhimin and Zaizai (2012) introduced a new
intuitive alternative jeopardy measure of privacy protection and compared arner (1965),
Greenberg et al. (1969), Mangat and Singh (1990), Kuk (1990). and Mangat (1994) models in
terms of efficiency and privacy protection. They have also mentioned that the ciency and
respondents privacy protection do not necessarily move in opposite directions. Bose (2016),
Ryz and Grest (2016), and Bose and Dihidar (2018) have also discussed about respondent
privacy measures for different situations. The brief review of some privacy measures
including Zhimin and Zaizai (2012) are given below in the following section 5.
5. Review of Some Privacy Measures
5.1. Leysieffer and Warner (1976) Jeopardy Measure a

58

Consider a dichotomous population is divided into two groups that is sensitive group A with
unknown proportion 7, and its complement 4° with unknown proportion (/-7,). Let a

dichotomous response model is with a typical response R is “yes™ (say. » ) or “no” (say. n).
The conditional probabilitics P(R/A) and P(R/A“) that a response R comes from an

individual of groups A4 and A°. These probabilitics are called the design probabilities of a

randomized response survey. They are controlled by the researcher and are known both to the
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interviewee and the interviewer. Using these design probabilities Leysieffer and Warner

(1976) introduced the measure of jeopardy carried by response R about A and A°, that is

_P(R/4)

- P(R/A)’

g(R/A) = ;(ﬁ:?c)] - & (R/Ac)

and the values of g(R/A) [g(R/A‘)J greater than unity indicate that response y(n) is

(33)

jeopardizing with respect to A4 (A‘"), in the sense that with this response individuals of group

A(A‘) are more likely to belong to group A4 (A) than to group A° (A) They have also
(1) @

mentioned that an unbiased estimator of 7, exist if and only if

P(y/A4)-P(y/4°)=0. (36)

Suppose, without loss generality, that P (y/A4) > P(y/A") , so that

g(v/A)=1 and g(n/A")Z-‘:-J.
For the sake of efficiency, one needs as large magnitudes as possible for g(y/4) and

g(n/ A‘) and both above unity. Hence, from the practical point of view, regarding protection

of privacy, one fix maximal allowable level of g(y/A) is k&, and g(n/A") is k,. The

problem now becomes one of constrained, that is

I<g(y/4)sk, and  1<g(n/4°)<k,.

Hence, jeopardy degree lower than k, and %, would ensure respondents a higher

degree of protection, but this would necessarily increase the variance of the estimators.

5.2. Lanke (1976) Jeopardy Measure

When A° is not stigmatizing, Lanke (1976) proposed another measure of privacy protection

and made the argument that the respondents want to hide their membership in group 4 but
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not membership in group A°. So, based on this focus on “maximum suspicion of belong to

groupA ”. Lanke (1976) introduced a measure of protection as

L= max{P(4[y),P(4/n)}. (37)
The smaller value of I = max{P (4/y).P (A/n)} the more the privacy is protected.

5.3. Zhimin and Zaizai (2012) Jeopardy Measure

Zhimin and Zaizai (2012) introduced an another measure of privacy protection based on the

idea that the posterior probabilities P(4/R) and P(A°/R)of respondents belong to groups

A and A° by giving the response R . These are the revealing probabilities. By Bayes’s rule,

P(R)P(A/R)
P(4)

P(R)P(A°/R)

P(4°%)

P(R/A)- . P(R/4°)

. and

P(R/4A) P(4°) P(4/R)

P(R/4°) P(4) P(A/R)

Following Leysieffer and Warner (1976) and without loss of generality, the probability

of a yes response by using random device is
%=P(y/A)z,+P(y/4°)(1-m,)

1]
[Py P14 x5,

If a sample of » individuals is drawn from the population by using simple random

sampling with replacement. The unbiased estimator of 7, is
i-P(y/4°)

) P(y/A)-P(y;’A") i

16 5]
which is defined if and only if P(y/A4)- P(y/A") #0 and /4=n,/n is sample proportion of

(38)

T,

yes answer in the sample.
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The variance of unbiased estimator «, is obtained as (Zhimin and Zaizai (2012))

|
T ("1 B )_

V(FE’_.,)= n[ﬂ_ﬁ{ _P(Afy)]l:P(A/n)'E.-I] :

(39

It is clear from Eq. (39) that
. oV (4
_m >0 and ﬂ <0.
oP (4y) oP(A/n)
For the sake of efficiency. one needs the higher level for P(A4/y) and lower level for

P(A/n).

Zhimin and Zaizai (2012) have also mentioned that the response R (say “yes” or “no™)
is non-jeopardizing if and only if revealing babilities of a respondent being perceived as
belonging to group A based on his response R are equal to 7,. To be useful. the design
cannot be totally non-jeopardizing.

The revealing probabilities P(A/y) and P(A/n) which departures from P(A) could

be treated as a measure of revelation of secrecy. By Bayes’ rule

jr[

R TN T e

and

1]
2 (-7 (P (7 A) PG

P(Afn)-

Letting r(y)=P(y/A)/P(y/;4-) andr(n)=P(n/A)/P(n/3), we have

P(4/R)- —— " , (40)
) ,+(1-7,)(1/7(R))
The closer the value of P(4/R) to =, . this is equivalent to the closer 7(R) is to unity:

the higher is the protection to a respondent’s privacy in the proposed procedure. The 7(y)
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and r(n) are quantities at the investigator’'s disposal and a function only of the design

probabilities not of =, . For a dichotomous response model, these quantities are directly

related to each other if one increases the other must be decreases. Zhimin and Zaizai (2012)
introduced a new measure of privacy protection of respondents as

I

M(R)=| 1-S[z(¥)-=(m)] | 1)

The closer the value of M (R) to zero, the more the privacy is protected and the term

M (R] contains the two alternative forms of R .

To shown the performance of the proposed two-stage unrelated randomized response
model over Greenberg et al. (1969) and Singh et al. (2003) unrelated randomized response
models in term of efficiency and privacy protection of respondents. We consider the privacy

protection measure proposed by Zhimin and Zaizai (2012).

6. Efficiency vs Privacy Protection of the Unrelated Randomized Response Models
Now, we study the measures of privacy protection and the efficiency of unrelated randomized

response models.

6.1. Greenberg et al. (1969) Model

Greenberg et al. (1969) proposed an unrelated randomized response model in which each of

the » respondents. selected by using simple random sampling with replacement scheme,

required the response to answer the questions without revealing to interviewer I belong to
sensitive group 47 with probability P, and “I belong to nn—sensitive group Y7 with
probability (/- P,). where both the questions are unrelated and the second one is a

completely harmless question. The design probabilities are
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P(y/A)=P+(1-P)x, and P(y/A°)=(1-P)z,.
where 7, is the true proportion of the rare non-sensitive unrelated group in the population.

The values of P(A4/y). P(A/n). and the measure of privacy protection M,; (R) obtain

by following the Eq. (40) and (41).

P(4/y)= 7, (1 _I_J)[(j_ g;};,._/'{la—(;— P)m, }J "
P(A/n)= ¥ | "
w1 (-2 )P (-,
and
ﬁ}-%}- (1-p)]
M(;(R) Qn,.(f-ﬂ)[l'ﬁl'(}_ﬂ)}|. (44)

The efficiency of Greenberg et al. (1969) estimator 7, = [6‘1{; -(1-P)m, ]/ﬂ is

v (s,) - B ) 7) , 7 (- F)1-(-F)w | @43
n nP, nP’
6.2. Singh et al. (2013) Model
Singh et al. (2003) proposed an unrelated RR model which is alternative to Greenberg et al.
(1969) model in the sense that the randomized device used in Singh et al. (2003) model has

three outcomes (i) I belong to sensitive group A with probability P, (ii) “I belong to non-

sensitive group ¥ with probability P,, and (iii) “Blank cards” with probability P; such that

X Bl
The design probabilities are

P(y/A)=P,+Pr, and P(y/4')= Pz,
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where 7, denotes the true proportion of the rare non-sensitive unrclated group in the
population.
The values of P(4/y). P(A/n), and the measure of privacy protection M (R) obtain

by following the Eq. (40) and (41).

T

P(Afy)= = . 46
R N R R 4

P(Aln)= B4 _ . 47
( ) Tyt (‘!-H.-I)[{j-Pzﬁl'}/{j-R‘ 'Pznr}]

and

vt ()= | 2] (48)
s 2P, [1- Py ] |

The efficiency of Singh et al. (2003) estimator 7, [és - Py, ]/PJ, is

V(ﬁ's) 7, (7-7,) LT (1-P- 2P_,J’I}.)+ P [1 . 1’3.11',,] - 49)

2
n nP, nh:

6.3. Proposed Model

By following the procedure as given in section 2. the design probabilities of the proposed

model are
P(y/A)=T+(I-T,)(P+Pm,) and P(y/A°)=(I-T))Pm,,
where 7, is the true proportion of the rare non-sensitive unrelated group in the population.

The values of P(4/y). P(A/n). and the measure of privacy protection M, (R) obtain

by following the Eq. (40) and (41).
T

o (- m)[(-1,) P, (T (1-1) (B P )]

P(4/y)= (50)
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P(4/n)= s . 1)

"Tfﬁ(‘t = IA)[{} - ("i ‘TJ)P?TJ' }f'f{Jr =3 ‘("' = Tf) (PFPJEI')}]

and
F ]
| BHEET)[B - 2P, {P (1 1,)+T,)
M, (R)= 2P,(-T)x, [1 P(-T)x] | ¢

The efficiency of the proposed estimator 7, = [63_4 -P(1-T,)m, J/[T: +P,(!- ]})] is

() Tlm) Bl TR (- 1)) 250 1) |
@" n{T,+P,(1-T,)} 53)

(-T)n [1-R(1-T) ]

n{T+P,(1-T,)f

7. Comparisons of Unrelated Randomized Response Models
We have made efficiency comparisons of the proposed model with Greenberg et al. (1969)
and Singh et al. (2003) models in the following theorems:

Theorem 6. The Greenberg et al. (1969) model and Singh et al. (2003) model have the same

privacy protection and efficiency for P, = (I- P,).

Theorem 7. The Greenberg et al. (1969) model and proposed model have the same privacy
protection and efficiency if 7, =0 and P,=(I-P,).

Theorem 8. The Singh et al. (2003) model and proposed model have the same privacy

protection and efficiency if 7, =0.

Comparing two designs. the more protective model has the value of M (R) closer to

zero. We shall now specify when one unrelated randomized response model is more

protective than another by accomplish a numerical study.
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8. Numerical Study

To have some idea about the efficiency and for the measure of privacy protection of

respondents in randomized response models, we choose the designs parameters in this

manner that the value of P(A4/R) close to 7, and M (R) close to zero. Tables 5, 6, and 7

present the values of P(A/R), M(R). and variance ¥ (.) for the previously discussed

models along with the different design parametric values.

For the selected values of the design parameters. the results appear very interesting and

may be guide for researchers in finding a suitable randomized response model. However, as

mention in section 5.3, the measure of privacy protection M (R) is a function only of the
design probabilities of the randomized response model and this measure itself may be used to
compare the various randomized response models between them with respect to the privacy
protection, For instance, from Tables 5, 6, and 7 we observe that the proposed model with
P,=0.05, P,=090 and T, = 0.4 indicates more respondents’ privacy protection and better

performance in terms of efficiency than Singh et al. (2003) and Greenberg et al. (1969)
models when P, =020, P,=0.60 and P, =0.40. It is observed that the efficiency and

respondents’ privacy protection is not always in conflict. Further, we see that Singh et al.
(2003) and the proposed models provide a higher degree of privacy protection with 7, = 0.7
and 7, = 0.3 then Greenberg et al. (1969) model but less efficient. The proposed model is
also more protective when 7, = 0./ and &, = 0.3 than existing models but not more cfficient.

However. sometimes. the value of M (R) closer to zero. this is not equivalent the value of

P(A/R) closer to m,. The ﬂst of the results can be read out from the summarized presented

in Tables 5, 6, and 7.
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TABLE 5. Greenberg et al. (1969) model values of P(A/y). P(A/n). nV (#;).and M(R)

for different values of 7,. 7, and P,

P, , M (R)
0.1 0.3 0.5 0.7
1]
P(AlY) 0.111 0.325 0.529 0.723
0.1 0.9 P(A/n) 0.050 0.168 0.321 0.525 0.201
nV (&) 14760 13.440  12.040  10.560
1]
P(Aly) 0.132 0.370 0.578 0.761
0.25 0.9 P(A/n) 0.025 0.090 0.187 0.350 0.199
nVv(#,) 3.360 3.000 2.560 2.040
P(Aly) 0.162 0.427 0.635 0.802
0.40 0.9 P(A/n) 0.014 0.052 0.115 0.233 0.064
nV (i) 1.522 1.402 1.202 0.922
a
P(Aly) 0.207 0.502 0.702 0.846
0.55 0.9 P(A/n) 0.008 0.031 0.070 0.150 0.216
nV(#,) 0.821 0.810 0.719 0.548
1]
P(Aly) 0.114 0.331 0.536 0.730
0.1 0.7 P(A/n) 0.075 0.238 0.421 0.630 0.055
nV (i) 23.04 22.440  21.760  21.000
continue
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P(Afy) 0.140 0.387 0.596 0.775

e . P(A/n) 0.050 0.168 0.321 0.525 0023
nV (i) 3.960 3.840 3.640 3.360
P(A/y) 0.178 0.455 0.661 0.820

0.40 0.7 P(A/n) 0.033 0.117 0.236 0.420 0.131
nV(z) 1.553 1.552 1.472 1.312
P(A/y) 0.233 0.540 0.733 0.865

0.55 0.7 P(A/n) 0.021 0.077 0.164 0.315 0.471
nV () 0.770 0.825 0.799 0.694
P(Aly) 0.119 0.343 0.550 0.740

0.1 0.5 P(A/n) 0.083 0.259 0.450 0.656 0.020
nV(i,) 24840 24960  25.000  24.960
P(A/y) 0.156 0.416 0.625 0.795

0.25 0.5 P(A/n) 0.062 0.204 0.375 0.583 0.133
nV () 3.840 3.960 4.000 3.960
P(A/y) 0.205 0.500 0.700 0.844

0.40 0.5 P(A/n) 0.045 0.155 0.300 0.500 0.381
nV(#,) 1.402 1.522 1.562 1.522

continue
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1] -
P(A/y) 0.276 0.596 0.775 0.889

0.55 0.5 0.867
P(A/n) 0.031 0.110 0.225 0.403
nV (i) 0.666 0.786 0.826 0.786
P(Aly) 0.132 0.370 0.578 0.761

0.1 0.3 P(A/n) 0.087 0.270 0.463 0.668 0.116
nV(z,) 20160  21.000  21.760  22.440
P(Aly) 0.190 0.475 0.678 0.831

0.25 0.3 P(A/n) 0.070 0.225 0.403 0.612 0.394
nV (i) 3.000 3.360 3.640 3.840
P(Aly) 0.263 0.580 0.763 0.882

0.40 0.3 P(A/n) 0.053 0.180 0.338 0.544 0.867
nV(#,) 1.072 1312 1.472 0.867
1]
P(Aly) 0.360 0.685 0.835 0.922

0.55 0.3 P(A/n) 0.038 0.135 0.266 0.459 1.719

nV(i;,) 0508 0694 0799 0825

Figures 5. 6, and 7 show the behaviour of the values of variance and privacy protection

as the value of 7, change regardless of changes in the values of the other parameters

P(i=12). T, and 7,. Figures 5, 6. and 7&0“-'5 that as the value of P, is close to 0.1, the

privacy protection of respondents of the retained cases remaining close to zero, but the

variances takes on very large value except only the proposed model. However, as the value of
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P, is close to one, the privacy of respondents is jeopardy only on Greenberg ct al. (1969)

model. With P, close to one, it could be difficult to protect the respondent privacy in

Greenberg et al. (1969) technique. It is interesting to note from Figures 6 and 7 that the value

of P, remains either close to zero or one, there seems to be no restriction on the choice of the

parameters. From Figure 7, it seems that when P, is close to zero and P, is close to one, and

then there is a combination of 7;, 7, and 7, which could lead to more protection and

smaller variance of the proposed model. Following the discussion of the results we conclude

that the proposed model is more efficient and more protective for any given level of the

proportion between 0.3-0.9 of a non-sensitive characteristic 7, in a population.

FIGURE 5. Relationship between variance of the Greenberg ct al. (1969) model and M (R)

for different values of 7, m, and P,.
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TABLE 6. Singh ct al. (2003) model values of P(A/y). P(A/n). nV (#;). and M (R) for

different values of 7. 7, and P, (i=1,2,3)

P P, Ty M(R)
0.1 0.3 0.5 0.7
P(A/y) 0132 0370 0578  0.761
0.20 0.60 0.9 P(A/n) 0059 0195 0361  0.568 0.032
nV(ig) 6160 6000 5760  5.440
P(A/y) 0120 0346 0553 0.742
0.15 0.70 09  P(A/n) 0062 0203 0372 0.581 0.083
nV(#,) 10176 9.750  9.243  8.656
P(A/y) 0112 0328 0532 0726
0.10 0.80 0.9  P(A/n) 0066 0216 0391  0.600  0.109
nV(ag) 19710 18750 17.710 16.590
P(A/y) 0105 0312 0515 0712
0.05 0.90 0.9  P(A/n) 0075 0240 0424  0.632 0.100
nV(ig) 60310 57.750 55.110 52.390
P(A/y) 0140 0387 059  0.775
0.20 0.60 0.7  P(A/mn) 0067 0219 0395 0604  0.065
nV(ig) 6160 6240 6240  6.160
continue
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P(A/y) 0126 0358  0.566  0.752

S e i P(A/n) 0072 0232 0413  0.622 0.006
nV(&g) 11.110 11056 10.923 10.710
P(A/y) 0115 0335 0541  0.733

0.10 0.80 0.7 P(A/n) 0079 0248 0435  0.643 0.024
nV(&g) 24510 24190 23.790 23.310
P(A/y) 0107 0316 0519 0715

0.05 0.90 0.7  P(A/n) 0087 0270 0463 0668  0.027
nV(wg) 92710 91.590 90390 89.110
P(A/y) 0156 0416 0625  0.795

0.20 0.60 0.5  P(A/n) 0073 0234 0416 0.625 0.190
nV(ig) 5440 5760  6.000  6.160
P(A/y) 0137 0379 0588  0.769

0.15 0.70 05  P(A/m) 0078 0247 0434 0642  0.098
nV(wg) 10301 10.621 10.861 11.021
P(A/y) 0122 0348 0555 0.744

0.10 0.80 0.5  P(A/mn) 0084 0263 0454 0660  0.041
nV(m,) 24190 24510 24750 24910

continue
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P(A/y) 0109 0322 0526 0721

M e s P(A/n) 0091 0280 0476  0.679 0.010
nV(itg)  99.190 99.510 99.750 99.910
P(A/y) 0190 0475 0678  0.831

020  0.60 03  P(A/m) 0077 0244 0430 0638 0433
nV(g)  4.000 4560 5040  5.440
P(A/y) 0160 0423 0631  0.800

0.15 0.70 03  P(A/n) 0082 0257 0447 0654 0262
nV(a) 7750 8443  9.056  9.590
P(A/y) 0136 0377 0586  0.767

0.10  0.80 03  P(A/n) 0088 0271 0464 0669  0.142
nV(g) 18750 19710 20.590 21.390
P(A/y) 0116 0336 0542 0.734

0.05 0.90 03  P(A/m) 0093 0285 0482 0.684  0.058
nV(ig) 79750 81.510 83.190 84.790
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TABLE 7. The proposed model values of P(4/y). P(A/n). nV (7). and M(R) for

different values of 7. 7. F,(i=1.2 3) and 7,

p P T g - M(R)
0.1 0.3 0.5 0.7
P(A/y) 0224 0527 0722 0858

020  0.60 0.4 0.9 P(A/n) 0025 0.09 0187 0350 0417
nV (i) 0.867 0923 0.898 0.793
P(A/y) 0203 0496 0.696 0.842

015 070 04 09 P(A/n) 0023 008 0175 0331 0254
nV (i) 1019 1.038 0978 0.837
P(A/y) 0.186 0469 0673 0828

0.10 080 04 09 P(A/n) 0020 0075 0159 0307  0.127
nV(ig) 1179 1158 1057 0.876
P(A/y) 0173 0446 0653 0814

0.05 090 04 09 P(A/n) 0017 0065 0140 0276  0.024
nV(g) 1347 1280 1133 0.906
P(A/y) 0217 0516 0714 0853

020 0.60 03 0.7 P(A/n) 0040 0139 0273 0467 0436
nV(ig) 1155 1263 1290 1237

continue

41




P(A/y) 0.195 0483 0.685 0.835

015 070 03 0.7 0.282
P(A/n) 0.040 0.141 0277 0472
nV(ig) 1441 1516 1511 1426
P(Aly) 0.177 0454 0.660 0819

010 080 03 0.7 P(A/n) 0.041 0.143 0281 0477  0.167
nV(ig) 1789 1826 1.782 1.659
P(A/y) 0.163 0429 0.637 0.804

0.05 09 03 0.7 P(A/n) 0042 0.146 0286 0483  0.080
nV (i) 2221 2212 2122 1950
P(A/ly) 0217 0517 0714 0853

020  0.60 02 0.5 P(A/n) 0055 0184 0344 0551 0513
nV(i) 1541 1.750 1.879 1928
P(Aly) 0192 0478 0.681 0833

0.15 070 02 0.5 P(A/n) 0058 0.192 0357 0564 0349
nV (i) 2096 2291 2406 2441
P(Aly) 0172 0445 0652 0814

0.10 080 02 0.5 P(A/m) 0061 0201 0370 0578 0231
nV (i) 2894 3.071 3.168 3.185

continue

42




P(A/y) 0.156 0416 0.625 0.795

0.05 0.90 0.2 0.5 0.145

P(A/n) 0064 0211 0384 0593

nV(is) 4.106 4260 4333 4.326

P(Aly) 0232 0539 0731 0.864
020 0.60 0.1 03 P(A/n) 0068 0222 0399 0608  0.697

nV(zg) 1963 2365 2688 2931

P(A/y) 0199 0490 0.691 0.839
015 070 01 03 P(A/m) 0073 0233 0415 0.623 0476

nV(i) 3.030 3479 3848 4138

P(Aly) 0.172 0446 0.652 0.814
0.10 080 0.1 03 P(A/n) 0077 0245 0431 0638 0318

nV (i) 4979 5497 5935 6.293

P(Aly) 0150 0406 0614 0.788
0.05 090 0.1 03 P(A/n) 0082 0257 0447 0.653  0.202

nV(g) 9.093 9.722 10271 10.740

9. Conclusion
We extend Singh et al. (2003) model into two-stage unrelated randomized response model for
estimation the mean number of individuals in a given population who possess to sensitive

attribute by utilizing Poisson probability distribution. The model @, includes most of the

randomized response models currently present in the literature based on unrelated-question

methods. Apart from the analytical comparisons which provide the conditions under which
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the estimator ,’:_Y is more efficient than Land et al. (2012), and Singh and Tarray (2015)

@
estimators. The estimator /. of the mean number of individuals is also more efficient than

Land et al. (2012), and Singh and Tarray (2015) estimators when the proportion of the rare
non-sensitive unrclated attribute is unknown. The model &, with modifications performs
better in terms of efficiency and privacy protection of respondents than Singh et al. (2003)
and Greenberg et al (1969) models. We recommend utilizing two-stage unrelated
randomized response model in sampling surveys practice when a researcher deal with a rare

sensitive characteristic. It incurs no additional sampling cost, it is more protective of privacy

protection, and it yiclds are more efficient estimators of the mean number of individuals A,

and the sensitive proportion 7, .

FIGURE 6. Relationship between variance of the Singh et al. (2003) model and M (R) for

different values of 7, 7, and P,(i=1,2 3).
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FIGURE 7. Relationship between variance of the proposed model and M (R) for different

valuesof =, m, and P, (i =12, 3).
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