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a b s t r a c t

A four parameter generalization of theWeibull distribution capable ofmodeling a bathtub-
shaped hazard rate function is defined and studied. The beauty and importance of this
distribution lies in its ability to model monotone as well as non-monotone failure rates,
which are quite common in lifetime problems and reliability. The new distribution has a
number of well-known lifetime special sub-models, such as the Weibull, extreme value,
exponentiated Weibull, generalized Rayleigh and modified Weibull distributions, among
others. We derive two infinite sum representations for its moments. The density of the
order statistics is obtained. The method of maximum likelihood is used for estimating the
model parameters. Also, the observed informationmatrix is obtained. Two applications are
presented to illustrate the proposed distribution.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

The Weibull distribution, having exponential and Rayleigh as special cases, is a very popular distribution for modeling
lifetime data and for modeling phenomenon with monotone failure rates. When modeling monotone hazard rates, the
Weibull distribution may be an initial choice because of its negatively and positively skewed density shapes. However, the
Weibull distribution does not provide a reasonable parametric fit for modeling phenomenon with non-monotone failure
rates such as the bathtub-shaped and the unimodal failure rates which are common in reliability and biological studies.
Such bathtub hazard curves have nearly flat middle portions and the corresponding densities have a positive anti-mode. An
example of bathtub-shaped failure rate is the human mortality experience with a high infant mortality rate which reduces
rapidly to reach a low. It then remains at that level for quite a few years before picking up again. Unimodal failure rates can
be observed in course of a disease whose mortality reaches a peak after some finite period and then declines gradually.
The models that present bathtub-shaped failure rate are very useful in survival analysis. But, according to Nelson (1982),

the distributions presented in lifetime literature with this type of data, as the distributions proposed by Hjorth (1980),
are sufficiently complex and, therefore, difficult to be modeled. Later, other works had introduced new distributions for
modeling bathtub-shaped failure rate. For example, Rajarshi and Rajarshi (1988) presented a review of these distributions
and Haupt and Schabe (1992) considered a lifetimemodel with bathtub failure rates. However, these models do not present
much practicability to be used and in recent years new classes of distributions were proposed based onmodifications of the
Weibull distribution to cope with bathtub-shaped failure rate. Among these, the exponentiated Weibull (EW) distribution
introduced by Mudholkar et al. (1995, 1996), the additive Weibull distribution (Xie and Lai, 1995), the extended Weibull
distribution presented by Xie et al. (2002), the modified Weibull (MW) distribution proposed by Lai et al. (2003) and the
extended flexibleWeibull distribution by Bebbington et al. (2007), among others. A good reviewof thesemodels is presented
in Pham and Lai (2007).
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In this work we present a new distribution called the generalized modified Weibull (GMW) distribution with four
parameters. The new distribution due to its flexibility in accommodating all the forms of the hazard rate function can
be used in a variety of problems for modeling lifetime data. Another important characteristic of the distribution is that
it contains, as special sub-models, theWeibull, exponentiated exponential (Gupta and Kundu, 1999, 2001), EW (Mudholkar
et al., 1995, 1996), generalized Rayleigh (Kundu and Rakab, 2005), MW (Lai et al., 2003) and some other distributions. The
GMWdistribution is not only convenient for modeling comfortable bathtub-shaped failure rates data but is also suitable for
testing goodness-of-fit of some special sub-models such as the EW and MW distributions.
The rest of the paper is organized as follows. In Section 2, we introduce the GMW distribution. Some special cases are

presented in Section 3. Section 4 gives two general formulae for the moments. In Section 5 we provide an expression for the
density function of the order statistics and a simple way to compute their moments. The total time on test (TTT) transform
procedure is used in Section 6 as a tool to identify the hazard behavior of the distribution. Estimation bymaximum likelihood
and testing of hypotheses are outlined in Section 7. Two lifetime data sets are used in Section 8 to illustrate the usefulness
of the distribution. Section 9 ends with some conclusions.

2. A generalized modified Weibull distribution

Let FL(t;α, γ , λ) be the cumulative distribution function (cdf) of the MW distribution proposed by Lai et al. (2003). The
cdf of the GMW distribution can be defined by elevating FL(t;α, γ , λ) to the power of β , namely F(t) = FL(t;α, γ , λ)β .
Hence, the density function of the GMW distribution with four parameters α > 0, γ ≥ 0, λ ≥ 0 and β > 0 is given by

f (t) =
αβtγ−1(γ + λt) exp{λt − αtγ exp(λt)}
[1− exp{−αtγ exp(λt)}]1−β

, t > 0. (1)

We can easily prove that (1) is a density function by considering the substitution u = 1−exp{−αtγ exp(λt)}. The parameter
α controls the scale of the distribution, whereas the parameters γ and β control its shape. The parameter λ is a kind of
accelerating factor in the imperfection time and it works as a factor of fragility in the survival of the individual when the
time increases. TheWeibull distribution is a special case of (1) when λ = 0 and β = 1. If X is a random variable with density
(1), we write X ∼ GMW(α, γ , λ, β).
The corresponding survival and the hazard rate functions are, respectively,

S(t) = 1− F(t) = 1− [1− exp{−αtγ exp(λt)}]β (2)

and

h(t) =
αβtγ−1(γ + λt) exp{λt − αtγ exp(λt)} [1− exp{−αtγ exp(λt)}]β−1

1− [1− exp{−αtγ exp(λt)}]β
. (3)

The new distribution has a closed-form survival function and is quite flexible for modeling survival data. We simulate the
GMW distribution by solving the nonlinear equation

tγ exp(λt)+
1
α
log(1− u1/β) = 0, (4)

where u has the uniform U(0, 1) distribution.
Fig. 1 plots some GMW density curves for different choices of the parameters γ and β . The Weibull distribution

corresponds to the particular choice λ = 0 and β = 1.

3. Special distributions

The GMW distribution contains as special sub-models the following well-known distributions:
• Weibull distribution For λ = 0 and β = 1, Eq. (1) gives

f (t) = αγ tγ−1 exp(−αtγ ), t > 0,

which is the classical two parameter Weibull distribution. If γ = 1 and γ = 2 in addition to λ = 0, β = 1, it coincides
with the exponential and Rayleigh distributions, respectively.
• Extreme-value distribution For γ = 0 and β = 1, (1) gives

f (t) = αλ exp{λt − α exp(λt)}, t > 0,

which is a type I extreme-value (also known as a log-gamma) distribution.
• Exponentiated Weibull distribution For λ = 0, the GMW distribution reduces to

f (t) = αβγ tγ−1 exp(−αtγ ) {1− exp(−αtγ )}β−1 , t > 0,

which is the density of the EWdistribution introduced byMudholkar et al. (1995, 1996). If γ = 1 in addition to λ = 0, the
GMW distribution becomes the exponentiated exponential distribution (see, Gupta and Kundu (1999, 2001)). If γ = 2
in addition to λ = 0, the GMW distribution becomes the generalized Rayleigh distribution (Kundu and Rakab, 2005).
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Fig. 1. GMW density curves. (a) Both parameters γ and β vary. (b) Only the parameter γ varies. (c) Only the parameter β varies.

• Modified Weibull distribution For β = 1, the GMW distribution reduces to

f (t) = αtγ−1(γ + λt) exp{λt − αtγ exp(λt)}, t > 0,

which is the density of the MW distribution introduced by Lai et al. (2003).
• Beta integrated distribution The beta integrated distribution was defined by Lai et al. (1998) and its survival function is

S(t) = exp{−αtγ (1− dt)c}, α, γ , d > 0, c < 0.

Fixing d = 1/n and c = −λn and taking n→∞, yields

(1− dt)c =
(
1−

t
n

)−λn
→ exp(λt)

and in the limit

S(t) ≈ exp{−αtγ exp(λt)},

which is the survival function (2) of the GMW distribution when β = 1.
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4. General formulae for the moments

We hardly need to emphasize the necessity and importance of moments in any statistical analysis especially in
applied work. Some of the most important features and characteristics of a distribution can be studied through moments
(e.g., tendency, dispersion, skewness and kurtosis). We now derive an infinite sum representation for the rth ordinary
moment µ′r = E(T

r) of the GMW distribution. We have

µ′r = αβ

∫
∞

0
t r+γ−1(γ + λt) exp{λt − αtγ exp(λt)} [1− exp{−αtγ exp(λt)}]β−1 dt.

We use the series representation (assuming β real non-integer)

(1+ z)β−1 =
∞∑
j=0

0(β)z j

0(β − j)j!
.

If β is an integer, we can work with the binomial expansion. The last term inµ′r can be expanded (for β real non-integer) to
yield

µ′r = αβ0(β)

∞∑
j=0

(−1)j

0(β − j)j!

∫
∞

0
t r+γ−1(γ + λt)eλt exp{−(j+ 1)αtγ eλt}dt. (5)

Letting x = tγ eλt we can invert to obtain t in terms of xwhen both λ and γ are positive by

t =
γ

λ
F
(
λx1/γ

γ

)
, (6)

where

F(z) =
∞∑
i=1

(−1)i+1ii−2z i

(i− 1)!
.

We have checked (6) and the above power series expansion for F(z) = ProductLog[z] using the software Mathematica that
gives F(z) as the principal solution forw in z = w ew . We obtain

F(z) = z − z2 +
3z3

2
−
8z4

3
+
125z5

24
−
54z6

5
+
16 807z7

720
−
16 384z8

315
+
531 441z9

4480
−
156 250z10

567

+
2 357 947 691z11

3 628 800
−
2 985 984z12

1925
+
1 792 160 394 037z13

479 001 600
−
7 909 306 972z14

868 725
+ O

(
z15
)
.

Hence, we can express t in terms of x from (6) by

t =
∞∑
i=1

aixi/γ ,

where

ai =
(−1)i+1ii−2

(i− 1)!
(λ/γ )i−1. (7)

Changing the variable t by x, the last integral in (5) becomes

I =
∫
∞

0

{
∞∑
i=1

aixi/γ
}r
exp{−(j+ 1)αx}dx.

But {
∞∑
i=1

aixi/γ
}r
=

∞∑
i1,...,ir=1

Ai1,...,ir x
sr /γ ,

where

Ai1,...,ir = ai1 . . . air and sr = i1 + · · · + ir .

Then, I can be rewritten as

I =
∞∑

i1,...,ir=1

Ai1,...,ir

∫
∞

0
xsr /γ exp{−(j+ 1)αx}dx.
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Substituting y = (j+ 1)αx, we can obtain

I =
∞∑

i1,...,ir=1

Ai1,...,ir0(sr/γ + 1)
{α(j+ 1)}sr /γ+1

.

Returning to (5) yields

µ′r = αβ

∞∑
j=0

(1− β)j
j!

∞∑
i1,...,ir=1

Ai1,...,ir0(sr/γ + 1)
{α(j+ 1)}sr /γ+1

, (8)

where (1−β)j = (−1)j0(β)/0(β− j) and the term Ai1,...,ir can be easily computed from (7). Formula (8) for the rthmoment
of the GMW distribution is quite general and holds when both parameters λ and γ are positive and β 6= 1. An alternative
expression for µ′r comes from (7) and (8) as

µ′r = αβ

∞∑
j=0

(1− β)j
j!{α(j+ 1)}r/γ+1

∞∑
i1,...,ir=0

0((i1 + · · · + ir + r)/γ + 1)
(i1 + 1)1−i1 · · · (ir + 1)1−ir

xi11 · · · x
ir
r

i1! · · · ir !
, (9)

where xi = (−λ/γ ){α(j+ 1)}−1/γ .
Eqs. (8) and (9) represent the main results of this section. The advantage of these expressions is that they can be used to

determine moments without any restrictions or conditions on the four parameters. The case λ = 0 is already available in
the literature (see the examples below) and the case β = 1 is also discussed below. The complexity of formulae (8) and (9)
increase when r increases. The first moment from (8) becomes

µ′1 = αβ

∞∑
j=0

(1− β)j
j!

∞∑
i=1

ai0(i/γ + 1)
{α(j+ 1)}i/γ+1

.

Further moments, skewness and kurtosis can be obtained from (8) or (9).
When λ = 0, Choudhury (2005), Nadarajah (2005) and Nadarajah and Kotz (2005) show that the moments of the EW

distribution for any r > −γ (both real and integer) are (which follow easily from (8))

µ′r = E(T
r) = βα−r/γ0(r/γ + 1)

∞∑
i=0

(1− β)i
i!(i+ 1)(r+γ )/γ

.

Various closed-form expressions can be obtained as special cases of this formula. In fact, if γ = 1 in addition to λ = 0, the
moments agree with those of the exponentiated exponential distribution that come from the moment generating function
MT (t) of T (Gupta and Kundu, 1999, 2001)

MT (t) = E(eTt) =
0(β + 1)0(1− t/α)
0(β − t/α + 1)

, t < α. (10)

Therefore, it immediately follows that

E(T ) = α−1{ψ(β + 1)− ψ(1)} and Var(T ) = α−2{ψ ′(1)− ψ ′(β + 1)},

where 0(·) is the gamma function and ψ(·) and its derivatives are the digamma and polygamma functions. The mean of
the exponentiated exponential distribution is increasing to∞ as the shape parameter β increases, for fixed α. Also, for
fixed α, the variance increases with β and it increases to π2/(6α). This feature is quite different compared to gamma and
Weibull distributions. In case of the gamma distribution, the variance goes to∞when β increases, whereas for theWeibull
distribution the variance is approximately π2/(6αβ2) for large values of β .
Further, if γ = 2 in addition to λ = 0, Kundu and Rakab (2005) observed that the moments of the generalized Rayleigh

distribution cannot be expressed in a nice form but they showed that

E(T 2) = α−2{ψ(β + 1)− ψ(1)} and Var(T 2) = α−4{ψ ′(1)− ψ ′(β + 1)}.

Finally, the rth moment for β = 1 follows the same lines of the general proof. We can obtain

µ′r =

∞∑
i1,...,ir=1

Ai1,...,ir0(sr/γ + 1)
αsr /γ

,

which is a new result for the moments of the MW distribution.
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5. Order statistics

We now give the density of the ith order statistic Xi:n, fi:n(x) say, in a random sample of size n from the GMWdistribution.
It is well known that (for i = 1, . . . , n)

fi:n(t) =
1

B(i, n− i+ 1)
f (t)F i−1(t) {1− F(t)}n−i ,

where B(i, n− i+ 1) is the beta function.
From (1) and (2) we can write

fi:n(t) =
αβtγ−1(γ + λt) exp{λt − αtγ exp(λt)}

[
1− {1− exp(−αtγ exp(λt))}β

]n−i
B(i, n− i+ 1) [1− exp{−αtγ exp(λt)}]1−βi

.

Using the binomial expansion we can express the density function of the ith order statistic as a finite weighted sum of
densities of the GMW distributions

fi:n(t) =
n−i∑
k=0

wi,kfi+k(t), (11)

where fi+k(t) is the density function of the GMW(α, γ , λ, β(i + k)) distribution and the weights are simply wi,k =

(−1)k
(
i+k−1
k

) ( n
i+k

)
. From (11) we can obtain the rth moment of the ith order statistic using the general formulae (8) and

(9) for the rth moment of the GMW distribution.

6. Hazard rate function shapes

Glaser (1980) gave sufficient conditions to characterize a given failure rate distribution as being bathtub shaped,
increasing and decreasing and upside-down bathtub. A characteristic of the GMWdistribution is that its failure rate function
accommodates all these shapes that depend basically on the values of the parameters γ and β . The study of the hazard rate
function shape involves an analysis of the first derivative h′(t) = dh(t)/dt given by

h′(t) = h(t)
[
γ − 1
t
+ λ

(
1

γ + tλ
+ 1

)
−
log(u)
(1− u)

(γ
t
+ λ

){
1−

βu
1− (1− u)β

}]
, (12)

where u = exp{−αtγ exp(λt)}. Note that 0 < u < 1, then− log(u) > 0, 0 < 1− u < 1 and 0 < 1− (1− u)β < 1. From
(12), it can be verified that

• For γ ≥ 1, 0 < β < 1 and ∀t > 0, h′(t) > 0, h(t) is increasing;
• For 0 < γ < 1, β > 1 and ∀t > 0, h′(t) < 0, h(t) is decreasing;
• For 0 < γ < 1 and β →∞, h(t) is unimodal;
• If λ = 0, γ > 1 and γ β < 1, h(t) is bathtub shaped;
• If β = 1, we have h′(t) = αtγ−1 exp(λt)[(γ + λt){(γ − 1)t−1 + λ} + λ] = 0, and by solving this equation, a change
point can be obtained as t∗ = (−γ +

√
γ )/λ. It can be seen that when 0 < γ < 1, t∗ exists and is finite. When t < t∗,

h′(t∗) < 0, the hazard rate function is decreasing; when t > t∗, h′(t∗) > 0, the hazard rate function is increasing. Hence,
the hazard rate function can be of bathtub shape.

The distinct types of hazard shapes of the GMW distribution are illustrated in Fig. 2 for some selected parameter values.
In order to identify the type of failure rate of the lifetime data, many approaches have been proposed (see, Glaser (1980)).

A graphical method based on the TTT transform introduced by Barlow and Campo (1975) will be used as a tool to illustrate
the variety of the hazard rate shapes. For this purpose, the empirical TTT transformH−1F (r/n) can be used as a tool to identify
the hazard shape for a given data set. The scaled empirical TTT is given by

φn

( r
n

)
=
H−1F (r/n)

H−1F (1)
=

r∑
i=1
Ti:n + (n− r)Tr:n

n∑
i=1
Ti

, (13)

where r = 1, . . . , n and Ti:n, for i = 1, . . . , n, represent the order statistics of the sample. If the empirical TTT transform
is convex, concave, convex then concave and concave then convex, the shape of the corresponding hazard rate function
for such failure data is, respectively, decreasing, increasing, bathtub and unimodal (Barlow and Campo, 1975; Aarset, 1987;
Mudholkar et al., 1996). Then, the TTT-transform can illustrate the variety of the hazard rate curves for a lifetime distribution.
The scaled TTT transform for the GMW distribution can be defined as

φF (u) =
H−1F (u)

H−1F (1)
, 0 < u < 1, (14)
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Fig. 2. GMW hazard rate functions. (a) The distribution has a bathtub hazard rate function. (b) The distribution has an unimodal failure rate.

where H−1F (u) =
∫ F−1(u)
0 {1 − F(x)}dx and the function F−1(u) is obtained numerically from (4). In order to obtain φF (u)

and the scaled TTT-transform, the integrals are calculated numerically from the survival function (2). Plots of the scaled
TTT-transforms for the GMW distribution to show its model flexibility are given in Fig. 3.

7. Maximum likelihood estimation

Let Ti be a random variable following (1) with the vector of parameters θ = (α, γ , λ, β)T . The data encountered in
survival analysis and reliability studies are often censored. A very simple random censoringmechanism that is often realistic
is one in which each individual i is assumed to have a lifetime Ti and a censoring time Ci, where Ti and Ci are independent
random variables. Suppose that the data consist of n independent observations ti = min(Ti, Ci) for i = 1, . . . , n. The
distribution of Ci does not depend on any of the unknown parameters of Ti. Parametric inference for such data are usually
based on likelihood methods and their asymptotic theory. The censored log-likelihood l(θ) for the model parameters is

l(θ) = r log(αβ)+
∑
i∈F

{(γ − 1) log(ti)+ log(γ + λti)+ λti − αt
γ

i exp(λti)}

+ (β − 1)
∑
i∈F

log
[
1− exp{−αtγi exp(λti)}

]
+

∑
i∈C

log
[
1−

{
1− exp(−αtγi exp(λti))

}β]
,

where r is the number of failures and F and C denote the uncensored and censored sets of observations, respectively.
The score functions for the parameters α, γ , λ and β are given by

Uα(θ) = rα−1 +
∑
i∈F

(v̇i)α{v
−1
i − (β − 1)(1− vi)

−1
} +

∑
i∈C

β(1− vi)β−1{1− (1− vi)β}−1(v̇i)α,

Uγ (θ) =
∑
i∈F

{log(ti)+ (γ + λti)−1} +
∑
i∈F

(v̇i)γ {v
−1
i − (β − 1)(1− vi)

−1
}

+

∑
i∈C

β(1− vi)β−1{1− (1− vi)β}−1(v̇i)γ ,

Uλ(θ) =
∑
i∈F

ti{1+ (γ + λti)−1} +
∑
i∈F

(v̇i)λ{v
−1
i − (β − 1)(1− vi)

−1
}

+

∑
i∈C

β(1− vi)β−1{1− (1− vi)β}−1(v̇i)λ,

Uβ(θ) = rβ−1 +
∑
i∈F

log(1− vi)−
∑
i∈C

log(1− vi)(1− vi)β{1− (1− ui)β}−1,

where

vi = exp{−αt
γ

i exp(λti)}, (v̇i)α = −vit
γ

i exp(λti), (v̇i)γ = −viαt
γ

i log(ti) exp(λti)

and (v̇i)λ = −viαt
γ+1
i exp(λti).
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Fig. 3. Different forms of φF (u) for the GMW distribution. (a) Increasing shape (α = 0.5, γ = 1.5, λ = 0.1, β = 0.5). (b) Bathtub shape (α = 0.5, γ =
0.8, λ = 0.1, β = 0.8). (c) Unimodal shape (α = 10, γ = 0.48, λ = 0.1, β = 15).

The maximum likelihood estimate (MLE) θ̂ of θ is obtained by solving the nonlinear likelihood equations Uα(θ) = 0,
Uγ (θ) = 0, Uλ(θ) = 0 and Uβ(θ) = 0. These equations cannot be solved analytically and statistical software can be used to
solve the equations numerically. We can use iterative techniques such as a Newton–Raphson type algorithm to obtain the
estimate θ̂. We employed the programming matrix language Ox (Doornik, 2007).
For interval estimation of (α, γ , λ, β) and tests of hypotheses on these parameters we obtain the observed information

matrix since the expected informationmatrix is very complicated andwill require numerical integration. The 4×4 observed
information matrix J(θ) is

J(θ) = −

Lαα Lαγ Lαλ Lαβ
. Lγ γ Lγ λ Lγ β
. . Lλλ Lλβ
. . . Lββ

 ,
where the elements of this matrix are given in the Appendix.
Under conditions that are fulfilled for parameters in the interior of the parameter space but not on the boundary, the

asymptotic distribution of
√
n(̂θ − θ) is N4(0, I(θ)−1),

where I(θ) is the expected information matrix. This asymptotic behavior is valid if I(θ) is replaced by J (̂θ), i.e., the observed
information matrix evaluated at θ̂. The asymptotic multivariate normal N4(0, J (̂θ)−1) distribution can be used to construct
approximate confidence intervals and confidence regions for the individual parameters and for the hazard rate and survival
functions. The asymptotic normality is also useful for testing goodness-of-fit of the GMW distribution and for comparing
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Table 1
MLEs of the model parameters for the serum-reversal data, the corresponding SE (given in parentheses) and the measures AIC, BIC and CAIC

Model α γ λ β AIC BIC CAIC

Generalized 7.4e−06 0.649 0.023 0.491 779.8 795.7 795.8
Modified Weibull (1.5e−07) (0.471) (0.006) (0.116)
Modified 0.002 0.356 0.014 1 781.4 793.3 793.4
Weibull (0.000) (0.297) (0.002)
Exponentiated 1.2e−09 3.557 0 0.785 808.2 820.2 820.2
Weibull (3.3e−10) (0.477) (0.138)
Exponentiated 0.007 1 0 3.701 839.3 847.3 847.3
Exponential (6.0e−05) (0.638)
Weibull 1.8e−08 3.113 0 1 808.0 816.0 816.0

(3.3e−98) (0.325)
Generalized 1.3e−05 0 2 1.455 817.3 825.4 825.3
Rayleigh (2.0e−07) (0.215)

this distribution with some of its special sub-models using one of the three well-known asymptotically equivalent test
statistics—namely, the likelihood ratio (LR) statistic, Wald and Rao score statistics.
We can compute the maximum values of the unrestricted and restricted log-likelihoods to obtain the LR statistics for

testing some sub-models of the GMWdistribution. For example, wemay use the LR statistic to check if the fit using the GMW
distribution is statistically ‘‘superior’’ to a fit using the MW or EW distribution for a given data set. In any case, hypothesis
testing of the typeH0 : θ = θ0 versus H : θ 6= θ0, can be performed by using any of the above three asymptotically equivalent
test statistics. For example, the test of H0 : β = 1 versus H : β 6= 1 is equivalent to compare the MW distribution with the
GMW distribution. In this case, the LR statistic is

w = 2{l(̂α, γ̂ , λ̂, β̂)− l(̃α, γ̃ , λ̃, 1)},

where α̂, γ̂ , λ̂ and β̂ are the MLEs under H and α̃, γ̃ and λ̃ are the estimates under H0. Mudholkar et al. (1995) in their
discussion of the classical bus-motor-failure data, noted the curious aspect in which the larger EW distribution provides an
inferior fit as compared to the smaller Weibull distribution.

8. Two application examples

8.1. Serum-reversal data

The data set refers to the serum-reversal time (days) of 148 children contaminatedwith HIV from vertical transmission at
the university hospital of the Ribeirão Preto School of Medicine (Hospital das Clínicas da Faculdade de Medicina de Ribeirão
Preto) from 1986 to 2001 (Silva, 2004; Perdoná, 2006). Serum-reversal is a process of disappearance of anti-HIV antibodies
(antitoxin) in blood (neutralization of anti-HIV serology) in an individual who previously showed positive anti-HIV serology.
Serum-reversal can occur in children born from mothers infected with HIV. Their children are born with positive anti-HIV
serology (vertical HIV transmission),which can occur due to the intrauterine or intra-parturition transplacental transmission
of the mother’s antibodies to her baby during labor or in the period following childbirth while the infant is breastfed.
After a few months, the mother’s antibodies are eliminated and the anti-HIV serology changes from positive to negative.
In fact, the child had never been infected with HIV. Fig. 4a shows that the TTT-plot for the data set has first a convex
shape and then a concave shape. It indicates a bathtub-shaped hazard rate function. Hence, the GMW distribution could
be an appropriate model for the fitting of such data. Table 1 gives the MLEs (and the corresponding standard errors in
parentheses) of the parameters and the values of the following statistics for somemodels: AIC (Akaike InformationCriterion),
BIC (Bayesian Information Criterion) and CAIC (Consistent Akaike Information Criterion). The computationswere done using
the subroutine MAXBFGS in Ox. From the values of these statistics, we may infer that the top two models are the GMW and
MW distributions and the other distributions are far worse for this data set.
In order to assess if themodel is appropriate, we plot in Fig. 4b the empirical survival function and the estimated survival

function of the GMW distribution which provides a good fit for the data under analysis. Additionally, the estimated hazard
rate function in Fig. 4c is a bathtub-shaped curve.

8.2. Radiotherapy data

The data set refers to the survival time (days) for cancer patients (n = 51) undergoing radio therapy (Louzada-Neto
et al., 2001). Fig. 5a shows that the TTT-plot for the data set has first a concave shape and then a convex shape, which
indicates that the hazard rate function has a unimodal shape. Hence, an appropriate model for fitting such data could be the
GMW distribution. Table 2 gives the MLEs (and the corresponding standard errors in parentheses) of the parameters and
the previous statistics for various models. The preferred models based on the AIC and CAIC criterions are the EW and GMW
distributions. However, the lower values of BIC for the EW andMWdistributions indicate that thesemodels could be chosen
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Fig. 4. (a) TTT-plot on serum-reversal data. (b) Estimated survival function and the empirical survival for serum-reversal data. (c) Estimated hazard rate
function for the serum-reversal data.

Table 2
MLEs of the model parameters for the radiotherapy data, the corresponding SE (given in parentheses) and the measures AIC, BIC and CAIC

Model α γ λ β AIC BIC CAIC

Generalized 0.168 0.483 0.0002 6.326 593.3 601.0 594.1
Modified Weibull (0.049) (0.297) (0.0001) (2.662)
Modified 0.001 1.245 0.001 1 594.4 600.1 594.9
Weibull (0.0001) (0.181) (0.0002)
Exponentiated 0.656 0.293 0 18.359 592.1 597.9 592.6
Weibull (0.109) (0.140) (8.366)
Exponentiated 0.002 1 0 1.018 598.2 602.1 598.5
Exponential (0.0007) (0.018)
Weibull 0.004 0.930 0 1 597.8 601.7 598.1

(0.0003) (0.110)
Generalized 0.000001 0 2 0.342 607.4 611.3 607.7
Rayleigh (5.0e−08) (0.057)

as the best models to fit the data. In any case, since the differences of the three statistics are quite small for the GMW, MW
e EW distributions, the proposed distribution seems to be a very competitive model for lifetime data analysis. In Fig. 5b, we
plot the empirical survival function and the estimated survival function for the GMWdistribution which gives a satisfactory
fit. Furthermore, Fig. 5c shows that the estimated hazard rate function has a unimodal shape.
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Fig. 5. (a) TTT-plot on the radiotherapy data. (b) Estimated survival function from the fitting of the GMW distribution and the empirical survival function
for the radiotherapy data. (c) Estimated hazard rate function for the radiotherapy data.

9. Conclusions

We introduce a four parameter lifetime distribution called ‘‘a generalized modified Weibull (GMW) distribution’’ which
is a simple extension of the modified Weibull distribution (Lai et al., 2003). The new model extends several distributions
widely used in the lifetime literature and is more flexible than the exponentiated Weibull and the modified Weibull sub-
models. The proposed distribution could have increasing, decreasing, bathtub and unimodal hazard rate functions. It is
then useful to model lifetime with a bathtub-shaped hazard rate function. We provide a mathematical treatment of this
distribution including the order statistics. Explicit algebraic formulae for the moments which hold in generality for any
parameter values are given. We provide finite weighted sums for the moments of the order statistics. The application
of the proposed distribution is straightforward. We discuss maximum likelihood estimation and testing of hypotheses
for the model parameters. The GMW distribution permits testing the goodness-of-fit of some well-known distributions
in reliability analysis by taking these distributions as sub-models. The practical relevance and applicability of the new
model are demonstrated in two applications and whether some special sub-models could provide similar fit while being
more parsimonious models. These applications demonstrate the usefulness of the GMW distribution, and with the use of
modern computer resources with analytic and numerical capabilities, it can be an adequate tool comprising the arsenal of
distributions for lifetime analysis.
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Appendix

The elements of the observed information matrix J(θ) for the parameters (α, γ , λ, β) are

Lαα = −rα−2 +
∑
i∈F

[
−

{
(v̇i)α

vi

}2
+
(v̈i)αα

vi

]
− (β − 1)

∑
i∈F
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(v̇i)α

1− vi
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+
(v̈i)αα

1− vi

]

+β
∑
i∈C

[
−(1− vi)β−2

{
β − 1+ (1− vi)β

}
{(v̇i)α}

2{
1− (1− vi)β

}2 +
(1− vi)β−1(v̈i)αα{
1− (1− vi)β

} ] ,
Lαγ =
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i∈F
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v2i
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(v̈i)αγ

1− vi

}
+β

∑
i∈C

[
−(1− vi)β−2

{
β − 1+ (1− vi)β

}
(v̇i)α(v̇i)γ{

1− (1− vi)β
}2 +

(1− vi)β−1(v̈i)αγ{
1− (1− vi)β

} ] ,
Lαλ =

∑
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−
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where

vi = exp{−αt
γ

i exp(λti)}, (v̇i)α = −vit
γ

i exp(λti),

(v̇i)γ = −viαt
γ

i log(ti) exp(λti), (v̇i)λ = −viαt
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i exp(λti),
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